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Preface 


In this monograph we present some recent developments in the theory 
of generalized functionals of Brownian motion and their applications to 
stochastic differential equations, inverse problems (identification), nonlin- 
ear filtering, Navier-Stokes equations, optimization, and optimal control. 
First, we give a brief summary of the Wiener-It6 multiple integrals, con- 
struct an abstract Lə space over the Wiener measure space, and present 
a Fourier analysis on this space leading to the Riesz-Fischer theorem. We 
discuss some of the basic properties of these multiple integrals and related 
functional analysis on Wiener measure space. Subsequently these results 
are extended by constructing Hilbert spaces of generalized functionals which 
contain the abstract Lə space as a dense subspace. This leads to a Gelfand 
triple of generalized functionals. We consider some important topics on 
compactness and weak compactness, including their characterization on 
such spaces. This is used to study optimization and inverse (identification) 
problems related to stochastic differential equations in finite and infinite 
dimensional spaces. Similar results on functionals of fractional Brownian 
motion and Lévy process, in particular the centered Poisson process, are 
briefly presented. These results, a significant part of which are collected 
from the work of the author, have not been presented in book form previ- 
ously. 

We then discuss the pioneering work of Hida who constructed, for the 
first time, a class of generalized functionals of Brownian motion. These 
functionals of Hida are based on L2-Sobolev spaces admitting H*,s € R, 
valued kernels in the multiple stochastic integrals. These functionals are 
more general than the classical Wiener-It6 class. More recent developments 
by the author allows us to introduce an even broader class of generalized 
functionals which are based on Lp,1 < p < oo, spaces and Lp-Sobolev 


vii 
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spaces admitting kernels from the spaces W?’*, s € R. This permits analysis 
of a very broad class of nonlinear functionals of Brownian motion, which 
cannot be handled by either the Wiener-It6 class or the Hida class. For 
s < 0, they represent generalized functionals on the Wiener measure space 
like Schwartz distributions on finite dimensional spaces. Also, we introduce 
some further generalizations and construct locally convex topological vector 
spaces of generalized functionals and discuss their applications. For the first 
time in the literature, we introduce vector measures with values in the space 
of generalized functionals of Brownian motion and consider their application 
to nonlinear filtering with solutions which are stochastic measure valued 
processes. 

There are 9 chapters in this monograph. In Chapter 1 we introduce 
some background materials necessary for application of generalized func- 
tionals. Chapters 2-7 present functionals of Brownian motion, including 
fractional Brownian motion and Lévy processes, in the order of increas- 
ing generality. Chapter 2 presents regular functionals of Brownian motion 
(in finite and infinite dimensional Hilbert spaces), Gaussian random fields, 
fractional Brownian motion and Lévy process. In Chapter 3, we present a 
class of generalized functionals covering the classical Wiener-It6 class that 
leads to a Gelfand triple possessing Hilbertian structure. In Chapter 4 we 
consider some important aspects of functional analysis on such spaces and 
their application to optimization and inverse (identification) problems. In 
Chapter 5 we present the class of generalized functionals due to Hida. In 
Chapter 6 these results are further extended by constructing several classes 
of generalized functionals based on Ly, 1 < p < oo, spaces. Also studied 
in this chapter are vector measures with values in the space of general- 
ized functionals of Brownian motion and Gaussian random fields. These 
are new developments, and are used there in the study of inverse problems 
and nonlinear filtering. In Chapter 7 we construct generalized functionals 
based on the duals of Sobolev spaces W’?. This is further extended by 
constructing abstract generalized functionals using the so-called Gelfand 
triple. Here also, for the first time in the literature, we introduce and 
study the properties of vector measures with values in the space of Wiener- 
Ito distributions. These results are then applied to Nonlinear Filtering 
problems and Stochastic Navier-Stokes equations, including their optimal 
control. The natural space for solutions of such systems is the space of 
measure valued processes, or equivalently vector measures with values in 
the space of Wiener-It6 distributions as mentioned above. In Chapter 8, 
we describe some fundamental elements of the Malliavin calculus and their 
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Preface ix 


applications. We construct Sobolev spaces on Wiener measure space and 
utilize them in the study of abstract evolution equations on Fock spaces. 
The Malliavin calculus is also used here in the study of stochastic differ- 
ential equations. In particular, we consider the questions of existence and 
smoothness of densities of measure valued functions induced by the solu- 
tions of stochastic differential equations. Further, using Malliavin calculus 
we generalize the central limit theorem due to Nualart from finite to infinite 
dimensional Hilbert spaces. In Chapter 9, we consider evolution equations 
on Fock spaces. We start with the Malliavin and Ornstein-Uhlenbeck op- 
erators and consider linear and semilinear evolution equations on abstract 
Fock spaces and Wiener-Sobolev spaces. We prove existence, uniqueness 
and regularity properties of solutions for these equations. 

Target Audience: The book is intended for an audience that includes 
research workers in the field, mathematicians, and mathematically inclined 
scientists who want to apply stochastic analysis to physical problems. The 
book should also be useful to graduate students who may wish to apply or 
advance the theory presented here. For this purpose, problems for exercise 
are added at the end of each chapter. The recommended prerequisites for 
smooth reading are measure theory and functional analysis. 

The author would like to thank Professor T. Hida for his encouragement 
throughout the writing of this monograph. Also thanks are due to Dr. Swee 
Cheng Lim of the World Scientific Publishers for his many valuable tech- 
nical suggestions. I would also like to thank Ms. Lai Fun Kwong of WSPC 
for her incredible patience in proofreading the entire manuscript. 
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Chapter 1 


Background Material 


1.1 Introduction 


In this chapter we present some background materials required for study 
of the rest of the monograph. Further, we include some areas of applica- 
tions involving stochastic differential equations to illustrate the usefulness 
of generalized functionals of Brownian motion in the following chapters. In 
section 1.2, we present basic properties of Wiener process and define the 
classical Wiener measure space. In the following section, we present some 
results on existence, uniqueness and regularity properties of solutions of 
stochastic differential equations in finite dimensional spaces. In section 1.4, 
this is extended to stochastic differential equations on infinite dimensional 
Hilbert spaces. This section also includes briefly some results on measure 
valued solutions. In section 1.5, we consider filtering problems in both fi- 
nite and infinite dimensional spaces and present the main results used later 
in the monograph. In section 1.6, we include some basic results from the 


theory of vector measures which are useful for the rest of this book. 


1.2 Wiener Process and Wiener Measure 


Let (Q, F, P) be a complete probability space and {F;,t > 0} be an in- 
creasing family of complete subsigma algebras of the sigma algebra F. The 
family {F;,t > 0} is assumed to be right continuous having left limits. By 
right continuity one means that F; = Fi} = Ns>tFs, and by left limit, it is 
understood that limss; Fs = Fi- = o(Us<tFs)) where o(Us<tFs)) denotes 
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the sigma field generated by the union. We call (Q, F D F;,t > 0,P) the 
filtered probability space or a probability space with a filtration. For any 


F-measurable random variable Z, we let 
m(Z) = E(Z) =f Z(w)P(dw) 
denote its expectation (mean) and i 
V(Z) = E{(Z - E(Z))*} 
its variance. 


Definition 1.2.1 A real valued process {W (t),t € I = [0,00)} is called a 
standard Brownian motion (or Wiener process) if it satisfies the following 
two properties: 

(i): P{ W(0) = 0} = 1, 

(ii): Over disjoint intervals { (ti, ti+1] C I}, the increments of W given 
by {W (ti+1) — W(ti)} are independent Gaussian random variables with 


mean zero and variance {(ti+1 — ti)}. Hence for any Borel set T C R 


= fay 2m(ti+1 — ti)) exp{—(1/2)(27/(tiz1 — ti))}de. (1.1) 


From these properties one can easily deduce the following important 
properties of Brownian motion. 

(P1): E(W(t)W(s)) =tAs. 
(P2): E(W (t) — W(s))? = |t—s|, IE(W(t) — W(s))* = 3(¢ — s)?. 
(P3): For any € > 0, lim,_,, P{|W(t) — W(s)| >£} =0. 
(P4): 
(P5): 


P4): lims pi Z010] < r} = 0 for any r € [0,00). 


P5 P{ supe, are |W (tina — W(ti)| < coh = 0, where 


Tn = {0 = to < ty < t2- < tn-1 < tn =T < œ} 


is any partition of the interval J = [0, T] with the supremum taken over all 


such partitions. 


(P6): lims: p{ mool > e} = 0,V £ > 0, and a € [0, 1/2). 


[té—s|* 


It follows from the property (P2) and the well-known Kolmogorov’s 


criterion for continuity of stochastic processes that the Brownian motion W 
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Background Material 3 


is continuous with probability one. Even better, it follows from the property 
(P6) that Brownian motion is actually Holder continuous with exponent 
a € (0,1/2). According to (P4), Brownian motion is nowhere differentiable 
(in the classical sense) and according to (P5), it has unbounded variation 
on any interval with probability one. Hence the length of the path traced 
by a Brownian particle over any finite time interval is +00 with probability 
one. It is very clear from these properties that Brownian motion is quite a 


wild process. 


An n-dimensional standard Brownian motion defined on the probability 
space (Q, F, P) is nothing but n independent copies of the scalar Brownian 
motion and it has exactly similar properties as stated above except the 
change necessary for dimensionality as indicated below. For any Borel set 
T c R”, and any s,t € I, 


P{W(t) —W(s) Er} 
= f rlt- sly") exp{(—1/2)lelf lt sia. (1.2) 
From this expression, it follows that for any €,7 € R” and t,s € I, we have 
E(W(t),€) =0, Ef{(W(), €)*} = téli, 


and IE{ (W(t), €)(W(s),7)} = tA s(é,7). 
The reader can also verify that the characteristic function of the random 
variable W(t) is given by 


Efe" O-)} = exp{(—1/2)#|€|?} 


for every t € I and € € R”. 

In view of the above, we see that the sample paths of the Brownian 
motion are elements of the space of continuous functions starting from the 
origin. We denote these by Co(I, R) for the scalar case, and Co(I, R”) 
for the n-vector case. These are Banach spaces with respect to the sup- 
norm topology. We can view the Brownian motion W as a random vari- 
able W : Q 3 w — W(w) with values in Co(I, R”). In other words 
W(w) = {w(t),t € I} is a particular realization corresponding to the ele- 


mentary event w. Using an increasing family of finite dimensional distribu- 
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tions defined on cylinder sets of the form 


{ci = {x € Coll, R”) : a(t1) E T1, ,a(te) E Te}, 


{ti} € I, {Ti} € Bn,k € N), 


and using the finite dimensional Gaussian distributions such as (1.2) in- 
duced by the Brownian motion one can construct a sequence of countably 
additive measures on an increasing family of cylinder sets. Then by use of 
the well-known Kolmogorov extension theorem, one can construct a count- 
ably additive measure u™ on the sigma algebra o(C) generated by the class 
of cylinder sets C of the Banach space Qo = Co(J, R”). 

This measure is then extended to the class of Carathéodory measur- 
able sets of the set Qo by use of the outer measure constructed from the 
probability measure uW. We denote this extension also by uw. This is the 
classical Wiener measure space which we denote by (Qo, Bo, wu”). It was 
Norbert Wiener [Wiener (1938)] who first constructed this measure and 
hence it is usually known as the Wiener measure. A detailed account of 
the method of construction of the Wiener measure as discussed above is 
given by Yeh [Yeh (1973)]. Note that uW = PW! where W is the map 
W : Q > Coll, R”) as introduced above. Conversely, for any measur- 
able map X : Q — C(I, R”), let w* = PX! denote the corresponding 
measure induced on the path space Co(J, R”). If, under this measure, the 
elements of Co(I, R”) satisfy component wise the properties (i) and (ii) of 
Definition 1.2.1, then we have the Wiener measure uW = p*. 


In the sequel, we consider both measurable functions and generalized 


functions on the Wiener measure space. 


It is well known that for decades Physicists and Engineers have been us- 
ing Gaussian white noise which is basically the time derivative of the Wiener 
process. We have already noted that Brownian motion is nowhere differ- 
entiable in the classical sense. But by virtue of the well-known Schwartz 
distribution theory [Adams (1975)] Brownian motion has derivatives of all 
orders in the distribution sense. For example, for any € € C§°(I,R”), 
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C@™-functions with compact supports, and any integer m > 1, 


(a fat” W(-), €(-)) = | (W(t), €(t))dt = (-1)” | (W(t), E (t))dt, 


I 
and it is a well defined Gaussian random variable with mean zero and 


variance 
V= f IED (£)|2,,dt < 00. 
I 


For m = 0, the reader can easily verify that 


B(w) -E(/ (VE. €()ae) = f tns (E; Els))dsdt. 


Thus, the m-th derivative of Brownian motion denoted by W (™ is a random 
distribution (in the sense of Schwartz), not a function, and, for any pair 
{€,n} € CF (I, R”), it is easy to verify that 


EL (W, E (W™,n)} = f EAS (EO (sn (8)) ends 


= fe OW) rod 


I 


More on Wiener measure space and the measure space constructed by 
Hida on the dual of a suitable nuclear space (white noise processes) see the 
work of Hida [Hida (1980)] [Hida (2008)]. 


1.3 Stochastic Differential Equations in R? 


Before we consider stochastic differential equations, it may be useful to 
present a brief motivation for the first time readers. In the study of dy- 
namical systems, differential equations are used as models for the physical 
system under consideration. This is given by an ordinary differential equa- 


tion on Rf as follows 
a(t) = b(t, 2(4)), 2(0) = 20,t € 1 = [0,7], (1.3) 


where b : [0,00)x R? — R¢, and x € R? is the initial state and T € (0,00). 
Under suitable assumptions on the vector field b, such as continuity on 
I x Rt, one can prove the existence of a solution locally in time (possibly 
with finite blow up time). Under the assumptions of measurability in t € I 
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and local Lipschitz and (at most) linear growth property in the argument 
x € R?, one can prove the existence of a unique solution x(t) = x(t, xo), t € 
I, continuously dependent on the initial state £o. Given the vector field b, 
the evolution of the process x is entirely determined by the initial state. 
Often in the real world, the vector field b may not be precisely known. 
For example, the contact friction of the car tire on the roadbed, which 
determines the dynamics of motion of the car on the road, is not often 
precisely known. Thus, if one uses an imprecise b, one may find significant 
discrepancy between the natural process and the process determined by 
the model b. Also there are situations where the initial state xp is not 
precisely known. Under these conditions, one is forced to consider a model 
that can capture such discrepancies and indeterminacies in a probabilistic 
fashion. This can be done by introducing an additional perturbation € to 


the dynamics given by 
a(t) = b(t, x(t)) + €(t),t > 0, (1.4) 


where the most popular model for the process € is the white noise of com- 
patible dimension. As seen in the previous section, white noise is the formal 
derivative of Brownian motion and so, as it stands, the equation (1.4) has 
no classical meaning. The correct way is to write it as an integral equation 


which is symbolically written as 
de(t) = b(t, x(t))dt + dW(t),t > 0. (1.5) 


However, this model also is not very satisfactory since the fluctuation here 
is purely additive and independent of state. The intensity of random fluc- 
tuation may also depend on time and the current state, and hence a more 


satisfactory model is obtained by considering the following system, 
de(t) = b(t, x(t))dt + o(t, x(t))dW (t), t > 0, (1.6) 


where o is a matrix valued function of time and the current state with 
compatible dimension. Given the current sate x(t) = 7, an intuitive in- 
terpretation of this model can be given by writing it as an incremental 


equation as follows 


a(t + At) = 7 + b(t, n)At + o(t, 7) AW (1.7) 
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where AW (t) = W(t + At) — W (t) denotes the increment of the Brownian 
motion over the time interval (t,t + At]. Clearly, given the current state 
x(t) = n, the conditional expectation of the random variable x(t + At) 
is given by m(n) = 7 + b(t,7)At and its covariance (matrix) is given by 
V(n) = At a(t, n)o(t,7)* provided W is a standard Brownian motion. In 
case of nonstandard Brownian motion, the incremental covariance matrix 
of W is a positive square matrix Q. In this case V = At a(t, n)Qo(t,n)*. It 
is clear from the expression (1.7) that x(t + At) is conditionally Gaussian 
and hence one may consider the process x to be locally Gaussian, though 
globally it is far from it. Geometrically, in the state space R%, given that 
x(t) = 7, one may picture z(t + At) as a random vector describing a ball 
of radius r(n) = /TrV(n) centered at the point m(n). Clearly, for At 
sufficiently small and V nonsingular, the conditional probability law of the 
random variable x(t + At), given z(t) = 7, is approximately Gaussian and 
for any Borel set T C R?, we have 
P{ax(t + At) E T|x(t) =n} 


= (1/(20)*/?|V|¥/?) i. exp —(1/2){(€ — m(n))V~* (€ — m(n))}d£, 
where |V| is the determinant at the matrix V. Taking the ball Bren (m(n)) 
for IT one can verify that most of the probability mass is concentrated in 
this ball and hence it is reasonable to call this the ball of uncertainty of 
the position of the random vector z(t + At) issuing from m(n). Clearly, as 
At — 0, the ball shrinks to the point n. 


In order to study the system (1.6), or equivalently the associated integral 


equation 
t 


t 

x(t) = xo +f b(s, x(s))ds +f a(s,x(s))dW(s),t € I = (0,T], (1.8) 
it is necessary to andetan the onon of stochastic (Itô) integral to justify 
the last term in the above equation. This can be found in any text book 
on stochastic differential equations [Skorohod (1965)], [Ahmed (1998)]. We 
present a brief outline. Let L$(I,£(R", R?)) denote the class of matrix val- 
ued functions {F} (or functions with values in the space of linear operators 
L(R”, R*)) defined on I which are F; adapted and satisfy 


ef | F(t) lls dt = E | THR (HF Od < 00. (1.9) 
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Then, let S*(I, £(R", R“)) C LS(I, L(R”, R“)) denote the class of simple 
functions in the sense that, for every F € S*(I,£(R", R“)), there exists 
a finite disjoint partition of the interval I giving I = U5" (ti, tizi], and 
random matrices {M;,0 < i < m — 1} € L(R", R?) with M; being Fs 
measurable, so that 


m-1 
E t) = yo X (ti tiga] ©) M 
1=0 


For any such F the stochastic integral is given by 


F)= [Fe t)dW(t -E uw (tiz1) — W(t,)]. 


This is a well defined R? valued F-measurable random variable. By us- 
ing conditional expectation and their properties, it is easy to verify that 
IEZ(F') = 0, and that 


EIZ(F)lza = J, E || M: lls (tizi = ti) = ef I| FŒ) llirs at. 


Now we use the fact that simple functions are dense in L4(1, L(R”, R®)). 
Thus for F ¢€ LS(I,£(R",R“)) there exists a sequence Fẹ € 
S*(I, £(R", R?)) such that Fi, + F in LS(I,£(R", R?)). The Itô inte- 
gral of F with respect to the Brownian motion W is then given by 
T(F) = lim vet )dW (t). 
k— oo 

This gives a brief outline of Itô eat For more on this topic see [Sko- 
rohod (1965)], [Hida (1980)], [Ahmed (1998)]. Now we present some basic 
results on the question of existence and regularity properties of solutions 
of stochastic differential equations driven by standard Brownian motion. 
Recall that a measurable stochastic process x = {x(t),t > 0} is said to be 
F,-adapted if for each t > 0, the random variable x(t) is measurable with 


respect to the sigma algebra Fz. 


Definition 1.3.1 Let B% (I, L2(Q, R“)) denote the class of F; adapted R? 


valued random processes having uniformly bounded second moments given 
by 
sup{E|zx(t)|za,t € I} < œ. 
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Endowed with the norm topology, || x || = \/sup{IE|x(t)|%.,t € I} for 
x € B? (I, Lo(, R“)), this is a Banach space. 


Theorem 1.3.2 Consider the system (1.6) in the integral form (1.8) and 
suppose the initial state xo has finite second moment and there exists a 
K € La(L) such that 
b(t, 2) Zac || o, 2) Peg KOLL + lela} (1.10) 
b(t, 2) — blt, 9) Put || o(t,2) — olt, Y) [Brs< K Ole — ya}. (1-11) 
Then, the integral equation has a unique solution x € B% (I, Lo(Q, R%)) 
and further, with probability one, x € C(I, RG): 


Proof Detailed proof can be found in any of the books [Skorohod (1965)], 
[Hida (1980)], [Ahmed (1998)]. We present a brief outline. Define the 
operator G by 


(Gx)(t) = zo +f b(s, x(s))ds +f a(s,x(s))dW(s),t € I. (1.12) 


Under the growth assumption (1.10), it is easy to verify that Œ maps 
B2 (I, Lo(Q, R?)) to itself. Further, under the Lipschitz assumption (1.11), 
for sufficiently large m, the m-th iterate G™ of G is a contraction in 
the Banach space B% (I, L2(Q, R?)). Hence, by Banach fixed point the- 
orem, G™ and consequently, G itself has one and the same fixed point 
in B% (I, Lo(Q, R¢)). To prove that x € C(I, R?) almost surely, one uses 
Borel-Cantelli Lemma [25]. e 


Itô Differential: In the study of stochastic differential equations, Itô dif- 
ferential plays a significant role. First consider the ordinary differential 


equation 
t = b(t, x), x(0) = xzo,t E€ I, 
and let y € C1?(I x Rt), and consider the approximation 
Ax x z(t + At) — x(t) ~ b(t, x(t))At. 
Then 
p(t + At, x(t + At)) ~ v(t, x(t) + (3p/It)At + (Dy, b(t, x(t)))At 
+ (1/2)(D?(y)b, b)(At)? + o(At) (1.13) 
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where 0y/0t denotes the partial of y with respect to t, Dy = {ip} denotes 
the gradient of y with respect to x and D*y = {0;0;~} the matrix of second 
partials with respect to x. Thus the differential increment of y is given by 
Ay ~ (0v/dt) At + (De, b)At + o( At). 
Neglecting all terms of (small) order o(At), we have 
dolt, (t) = (Op/dt) dt + (Delt, a(t)), b(t, a(t))dt. (1.14) 
This is valid for all y € C!1(I x R%). Now consider the stochastic differen- 
tial equation (1.6) and let p € C!?(I x R?) and compute the differential 
increment of the function y(t, x(t)) along the solution trajectory of equa- 
tion (1.6). Using similar approximation as (1.13), it is easy to verify that 
the differential increment is given by 
Ay ~ (0p/dt)At + (Dy, b)At + (o* Dy, AW) 
+ (1/2) < (o* D’ yo) AW, AW > + o(At), 
(1.15) 


where AW = W(t + At) — W(t). Note that the last two terms of the ex- 
pression (1.13) are of order o(At) for ordinary differential equations and 
hence has not made any contribution to the final result (1.14). In con- 
trast, for stochastic differential equations, the infinitesimal increment of 
y given by (1.15) contains terms such as (o*Dy, AW) and the quadratic 
term (1/2) < (o*D?yo)AW, AW > which are not of small order o(At) 
and hence cannot be omitted. Since the components of W are mutually 


independent standard Brownian motions, it can be verified that 
(1/2) < (o* D’ po) AW, AW >—> (1/2)tr(D? pao" )dt 


with probability one as At —> dt. The rules of thumb are dtdW = 0, dtdt = 
0, (dWidW;) = ô: jdt. Thus, in the limit, it follows from the expression 
(1.15) that the It6 differential of y is given by 


dy = Lydt + (o* Dy, dW), (1.16) 


where the operator L is a second order partial differential operator given 
by 


Ly = (0y/0t) + (b, Dy) + (1/2)tr( D2 yao"). (1.17) 
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For rigorous and detailed proof see Ikeda-Watanabe [Ikeda (1989)]. 
Some simple examples: For illustration we present few simple examples. 


(E1) Consider computing the stochastic integral 


T 
raf w(t)dw(t) 


where w is the scalar Brownian motion. For y, take y(w) = w°. Using the 
Itô differential rule given by (1.16) it is easy to see that 


dp = 2wdw + dt. 
Thus 


T 
w? (T) = 2f w(t)dw(t) +T, 


and hence 


T 
Í wdw = (1/2 {w° (T) — T}. 


On the other hand, if we consider this as an ordinary Stieltjes integral, then 


we will have 


T 
f wdw = (1/2)w?(T). 


Since w has unbounded variation, this integral cannot be defined as Stieltjes 
integral. However, if the integral is interpreted in the sense of Stratonovich 
[[Ahmed (1998)], p23] the result is correct. Unlike Lebesgue and Lebesgue- 
Stieltjes integrals, the stochastic integral is quite illusive. Consider the 
partition 0 = to < tı < t2- t; < E < ae = T; and suppose we wish 
to evaluate the Fiep EJ = E{ J w w(t)} by taking the limit of 
the sum E{); o 1 (Ti) (w(tiza — w(t ae Ti € |ti, ti+1]. For existence of a 
unique limit one must specify the exact value of 7; from the set [t;, t;41]. In 
general, for an arbitrary 7; € [¢;,ti+1], the reader can easily verify (using 
the properties of iterated conditional expectations) that 


n-1 
EJ = im, dn — ti). 


Clearly if we choose 7; = t; we have the Ito integral, giving EJ = 0. If 
we choose the mid point, 7; = (1/2)(ti41 + ti), we obtain the Stratonovich 
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integral giving EJ = T/2. Since 7; can be any point from the interval 
(ti, ti41], this integral has infinitely many values and the range is the closed 
interval [0, T]. 


(E2) Consider the Scalar equation 
d = a&dt + BEdw, 


where a and 8 are constants. This model is widely popular in finance 
where it is used to model the stock price {€(t),t > 0}. This model was first 
proposed by Fischer Black and Myron Scholes for stock price dynamics and 
hence it is known as the Black-Scholes model. To solve this, take y = logé. 
Then using the Ito differential of y, it is easily seen that 


de = (Dy)dé + (1/2)(D*y) < dé, d£ > = (a — (1/2)6*)dt + Bdw. 


Hence 


s(t) =ef | ‘(a (1/2)62)ds + 1 Baw) t>o, 


If one uses the classical calculus, the solution is given by the same expression 
but without the 6? term. Again this is not justified since the stochastic in- 
tegral with respect to Brownian motion cannot be computed as the Stieltjes 


integral. 


Before closing this section we present a result on continuous depen- 
dence of solutions. The reader will have no difficulty proving this result. 
Let B2 (I, L2(Q, R“)) denote the space of bounded measurable stochastic 
processes adapted to F;,t > 0, having finite second moments. Equipped 


with norm topology, 
sup{(Elx(t)|3.2)!/?,t € T}, 


it is a Banach space. The class of F;-adapted R?¢-valued stochastic processes 
which are continuous with probability one having finite second moments is 
denoted by L$(Q, C(I, R¢)). Endowed with the norm topology, 


Ellebi ry), 


this is also a Banach space and it is clear that L%(Q,C(I,R®)) C 
B% (I, Lo(Q, R?)). 
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Theorem 1.3.3 Let Taa = {(b,0)} denote the set of all admissible drifts 
and diffusion coefficients satisfying the Lipschitz and growth properties 
(1.10) and (1.11) uniformly for a fixed K € La(I). Let (bn,on) € Taa 
satisfying bn —> bo and on —> oo for almost allt € I and each 
x € R*, and let Lon —> Xo in the mean square sense. Then the solu- 
tions of equation (1.6), corresponding to the sequence {(bn,on)} and de- 
noted by x” = L(bn, On), converge uniformly on I with probability one to 
the solution x° = T(bo, co) corresponding to the pair {bo,00}, and further 
x° € L$(Q,C(, R?)) C B& (I, Lo(Q, R®)). 


Proof. The proof is based on the Doob’s martingale inequality, the Borel- 
Cantelli Lemma, the Lebesgue dominated convergence theorem, and the 
generalized Gronwall Lemma. For detailed proof see [[ Ahmed (1988)], The- 
orem 7.4.7, p360], and [[Skorohod (1965)], Theorem 1, p83] where more 


general processes with jumps are considered. e 


Remark 1.3.4 Consider the path space C(I, R?) furnished with the usual 
sup-norm topology and the associated metric giving a complete separable 
metric space X, = (C(I, R?), p). Let M(X,) denote the space of probability 
measures on X,. It is well known [[Parthasarthy (1967)], Theorem 6.7, 
p47] that the necessary and sufficient condition for weak compactness of 
any family of probability measures {u”} on a complete separable metric 
spaces X, is tightness. That is, for each £ > 0, there exists a compact set 
K: C X, such that w"(X, \ Ke) < e for all n € N. Since the solutions of 
the system equation (1.3.6) belong to L$(Q, C(I, R%)), in view of Theorem 
1.3.3, x” —> x° in the metric topology p with probability one. Thus the 
corresponding sequence of measures u” E€ M(X,) converges weakly to the 
measure u? E€ M(X,) corresponding to x°. This implies that the sequence 
{u"} C M(X,) is uniformly tight. This is useful in the study of Markovian 


feedback control problems 
dx = b(t, x, u(t, x) dt + a(t, x, u(t, x))dW, 2(0) = x0,t € I,u € Uaa 


where Uaa is a compact metric space and the cost functional is given by 


J(u) = f p(s, uju” (da) 


P 
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with y : Xp x Uaa — [0,00]. The problem is to find a control from the 


admissible set Uaa that minimizes J. 


Remark 1.3.5 Let M(R?) denote the space of probability measures de- 
fined on the sigma algebra of Borel sets B4 of R¢. In view of Theorem 1.3.3, 
it is clear that for each t € I, x(t) is a well defined R? valued random 
variable and hence for each D € Ba, u} (D) = Prob{x"(t) € (D)} is well 
defined. Let u?,t € I, denote the measure induced by x°(t),t € I. In view of 
the preceding result, it is clear that for each t € I, the sequence of measures 
{u} }n C M(RÌ) is tight and converges weakly to 2. Again, this result is 
very useful in control theory where the drift and diffusion parameters of the 
system (1.6) are given by {b,,(t, x), on(t,x)} = {b(t, x,u”), o(t, v7, u”)} with 
{u"} taking values (possibly) from a compact metric space U. In general, 
for u € Uaa, let pj denote the measure induced by the solution x“(t) for 
t € I. Then, for each t € I, the reachable set of measures induced by the 
controlled SDE is given by 
R(t) = {v € M(R%) : v = pt = L(x” (t)),u € U}. 

Under some additional assumptions it can be shown that R(t) C M(R3) 
is relatively weakly compact for each t € I. This fact is useful in the study 
of optimal control. For example, one may wish to find a feedback control 
policy that minimizes the probability of hitting an insecure zone O, an open 
subset of R?. The appropriate cost functional for this problem is given by 
J(u) = sup{u¥(0),t € I}. The problem is to find a control u° € Uaa such 
that J(u?) < J(u) for all u € Uaa. 


1.4 Stochastic Differential Equations in H 


In this section we wish to present a brief outline of stochastic differen- 
tial equations on infinite dimensional Hilbert spaces. Let H and U be 
two separable Hilbert spaces each with a complete orthonormal basis. Let 
(Q, F, F:, P) be a filtered probability space with F, being an increasing fam- 
ily of subsigma algebras of the sigma algebra F and W = {W (t),t € I}, an 
F, measurable cylindrical Brownian motion taking values from U. A Brow- 


nian motion W taking values from U is said to be cylindrical if it has the 
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representation 


W(t) = > Bilt)ui 


where {u;i} is a complete orthonormal basis of U and {6;} are mutually 
independent standard Brownian motions. Clearly, the covariance operator 
for this process is given by tI where J is the identity operator in U. In 
other words, the characteristic function of this process is given by y(t, £) = 
B{e(W(-8)} = e(4/2)l§lo, The corresponding Gaussian measure is known as 
the cylindrical Wiener measure and it follows from the well-known Minlos- 
Sazanov theorem [Gihman (1971)] that it is not supported on U since the 
identity operator is not nuclear. 
In general, a nonlinear (semilinear) stochastic differential equation on 
Hilbert space H is given by 
dx = Axdt + B(x)dt + C(x)dW, x(0) = x,t € I, (1.18) 
where A (generally unbounded) is the infinitesimal generator of a Co- 
semigroup S(t),t > 0, of bounded linear operators in H. We use standard 
notations to denote the resolvent set p(A) of the operator A and R(A, A) = 
(AI — A)~! for the corresponding resolvent. The maps B : H — H and 
C : H — L(U, H) are bounded nonlinear operators where £(U, H) is the 
space of bounded linear operators from U to H. In infinite dimensional 
spaces, for deterministic systems, such as (1.18) with C(x) = 0 and zo 
a fixed element of H, there are several notions of solutions such as clas- 
sical, strong, mild and weak [Ahmed (1991)]. In the study of stochastic 
systems there are two major notions of solutions known as strong and weak 
(= martingale) [Da Prato (1992)]. This applies to both finite and infinite 
dimensional spaces. For the stochastic system (1.18), we present a formal 


definition of a solution. 


Definition 1.4.1 An F; adapted process x = {x(t),t € I}, with values in H 
is said to be a mild solution (considered as strong solution in the stochastic 


sense) if it satisfies the following stochastic integral equation 


a(t) = S(t)ao +f S(t —r)B(a(r))dr +f S(t—r)C(a(r))dW(r), 
(1.19) 
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fort € I, P-almost surely. 


For proof of existence and regularity properties of solutions we need 


some basic assumptions. 
Basic Assumptions: 


(A): The operator A with domain and range in H is the infinitesimal 
generator of a Co-semigroup of bounded linear operators in H satisfying 
sup{|| S(t) llent € I} < M. 


(B): The operator B : H — H is continuous and there exists a constant 
b > 0 such that 
|B(a)liz <b + leli), and |B(x) — BYy)liz < bla — yli 
for all x,y € H. 


(C): The operator C : H — L2(U, H) (the space of Hilbert-Schmidt 
operators) is continuous and there exists a constant c > 0 such that 
Il C(x) lw, ms eC + leli), and || C(x) - C) IZ, ele — ylz- 
Theorem 1.4.2 Consider the system (1.18) and suppose the assumptions 
(A), (B) and (C) hold. Let U be a separable Hilbert space and W a cylindri- 
cal Brownian motion with incremental covariance being an identity operator 
in U. Then, for every Fo-measurable initial state xo € La(Q, H), the system 
(1.18) has a unique mild solution x € Bg (I, Lo(Q, H)). Further, the solu- 
tion has continuous modification in the sense that there exists a continuous 
process & such that Prob.{x(t) 4 (t), t € I} =0. 


Proof As in the finite dimensional case, define the operator G by 
t t 
(Ga) (t) = S(t)ao +f S(t — r)B(a(r))dr +f S(t —r)C(a(r))dW(r), 
0 0 
(1.20) 
te I. We show that G is a bounded operator in BS, (I, L2(Q, H)). Clearly, 
for x € B& (I, L2(Q, H)) x(t) is F adapted and hence (Gx) (t) is also Fi 
adapted. Using our assumptions (A), (B), (C) we will verify that 
i 


E|(Gz)(t)|2, < M?Blao[%; + tM? ii (1 + Bla(r)[2,)ar 
0 


+m f (1 + Eja(r)|3,)dr. (1.21) 
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The first two terms on the right hand side are standard. Considering the 


first term, we have 


E|S(t)x0|2; < M?Tr(Po) = M7E|zx9|?,; < 00. (1.22) 


Considering the drift term (second term) in (1.20) and denoting it by z(t) 
it is easy to verify that 


t 
Bla (th < iM? f (+ Ble(r) far (1.23) 
0 
where My = M vb. We prove the validity of the last term. Define 


O= f se- (r))dW (r). 


Let {en} be any complete orthonormal basis of H and {un} any complete 
orthonormal basis of the Hilbert space U. Since W is a cylindrical Brownian 


motion, it has the representation 


(t) = ys uj Bi(t) 


where {8;} are independent standard Brownian motions. By straightfor- 
ward computation, it is easy to see that 


E(z2(t) jen) H = -5 Efi C* (x ))S*( t— r)en, u;)’dr. 


Thus, 


OO 


BaO = BL eO mielai ))S* (t — r)en |l? dr 


-e f | C(e) (t-r) lèsan dre (1:24) 


Hence it follows from assumption (A) and (C) that there exists a constant 
Me > 0 such that 


Eja) < M2 | Q+ Elele): (1.25) 


Thus we have proved that Ga €e B% (I, Lə(Q,H)) for every x € 
B% (I, L2(Q, H)) showing that G is a bounded operator in B4 (I, La(Q, H)). 
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By following similar steps and using the Lipschitz properties as stated in 
assumptions (B) and (C), we can prove that there exists a constant y > 0 
dependent on {M, b,c, T} such that 


E|(Gx)(t) — (Gy) < al E|x(r) — y(r) [iar (1.26) 


for every x,y € B% (I, Lo(Q, H)). Thus G is Lipschitz. Define the metric 
p = pr derived from 
pi (x,y) = sup E{|x(s) — y(s)|#r}.t € T. 
O<s<t 
With respect to this metric, B% (I, L2(Q, H)) is a complete metric space. 
By repeated substitution of (1.26) into itself, we obtain 


p(G"2,G"y) < ((yTY"/n!)? play). (1.27) 
So for n sufficiently large, the n-th iterate G” of G is a contraction. Thus it 
follows from Banach fixed point theorem that G” and hence G itself has one 
and the same fixed point which we may denote by x € B& (I, L2(Q, H)). 
This proves the existence and uniqueness of a (mild) solution for the 
stochastic differential equation (1.18). Under certain additional assump- 
tions, pathwise continuity follows from the factorization technique coupled 
with Yosida approximation A, = nAR(n, A) of A and stochastic Fubini’s 
theorem. For details see [Proposition 7.3, p184] Da Prato and Zabczyk [Da 
Prato (1992)]. This completes the proof. e 


In the above theorem we assumed that both B and C are uniformly 
Lipschitz. This assumption can be relaxed to allow local Lipschitz prop- 
erty. Under this relaxed assumption, the existence and uniqueness proof is 


slightly modified by use of stopping time. 


In some applications, the drift vector B may be controlled or may de- 
pend on some parameters. Here we present a result on continuous depen- 


dence of solutions with respect to such parameters. 


Corollary 1.4.3 Let S be a compact Hausdorff space and suppose that the 


operator 


B:S xH — H 
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is jointly continuous and satisfies the condition (B) of Theorem 1.4.2 uni- 
formly with respect s E€ S. Suppose the remaining assumptions of Theo- 
rem 1.4.2 hold. Then s — x(-,s) is sequentially continuous from S to 
B$ (I, Lo(Q, A)). 


In some applications it is possible to choose the unbounded operator 
A from a given class. For example, let Go(M,w) denote the class of in- 
finitesimal generators of Co semigroups {S'4(t),t > 0} of bounded linear 
operators in H. Suppose Go C Go(M,w) with a fixed pair of stability pa- 
rameters {M,w} in the sense that 


I| Sa(t) leans Me", t > 0, 
for all A € Go 


Corollary 1.4.4 Suppose the assumptions (A), (B), (C) hold. Let Go C 
Go(M,w) satisfy the following property: Every sequence An € Go has a 
subsequence, relabeled as the original sequence, and an element Ag E€ Go 
such that for each A € p(Ao) N p(An) for alln € N, 


R(A, An) => R(A, Ao) 


as n —> oo where Tso denotes the strong operator topology on L(H). Let 
In, Lo E BU (I, Lo(Q, H)) denote the mild solutions of equation (1.18) cor- 
responding to A= A, and A = A, respectively with the same initial state 


zo. Then, as n > 00, £n —> zo in B% (I, Lo(Q, H)). 


Proof We give a brief outline. The proof is based on a fundamental 
result from semigroup theory, in particular, Theorem 4.5.4 and Remark 
4.5.5 [[Ahmed (1991)], p133] along with Lebesgue dominated convergence 
theorem and Gronwall lemma. Under the given assumptions, according to 
Theorem 4.5.4 of [[Ahmed (1991)], p133], the semigroup Sn = {5;,(t),t > 
0}, corresponding to An, converges in the strong operator topology to the 
Co semigroup So = {S,(t),t > 0} corresponding to A, uniformly in t € I. 
Using this result in equation (1.19) for S, and So and taking the difference 
and then rearranging terms in a suitable way, one can readily verify that 
the assertion follows from Lebesgue dominated convergence theorem and 


Gronwall lemma. Here the assumptions (B) and (C) are used. e 
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1.4.1 Measure Solutions 


Results presented in the preceding subsection with respect to the SDE 
(1.18), require that the nonlinear operators B and C are lipschitz having 
at most linear growth. These are results that guarantee solutions which are 
stochastic processes with values in H. If the operators B and C are merely 
continuous and possibly bounded only on bounded sets, there may not exist 
any solution in the sense of any of the standard notions like strong, mild, 
weak or martingale. However, if H is finite dimensional local solutions may 
exist with finite blowup time. In contrast, there are examples of determin- 
istic systems in infinite dimensional spaces with continuous vector fields 
[Godunov (1974)], [Fattorini (1997)], [Ahmed (1999)] which do not have 
solutions. For detailed justification, why even a martingale solution may 
not exist see [Ahmed (1999)]. In recent years a new notion of solution has 
been introduced. This is known as measure solution or relaxed solution. In 
other words, instead of a path process x(t), t € I, taking values from H, it is 
a measure valued stochastic process {j4,t € I} taking values from M(H), 
the space of probability measures on the Borel subsets of the Hilbert space 
H. 

Instead of going into details, we present the appropriate evolution equa- 
tion corresponding to our system (1.18) on the space of measures. For 
details, see [Ahmed (2005)],[Ahmed (1999)], [Ahmed (2006)] and the ref- 
erences therein. The evolution equation is written in the weak form as 


follows 
duely) = be(Ay)dt + pi(By)dt+ < m(Co), dW (t) > for t > 0, (1.28) 


where uoly) = v(y) and the operators {A,6,C} are given by 


(Ay)(£) = (1/2)Tr((D*y)CO*)(E) (1.29) 
(By)() = (A* DeC), 8) + (B(E), De(€)) (1.30) 
(Cp) (E) = CO" (E)De(E), (1.31) 


with the test function y belonging to the class 


UV = {p € BC(H) : De, D’y exist, continuous, and bounded on H} 
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and the domains of A and B are given by 
D(A) ={y € Y : (1/2)Tr((D?y~)CC*) € BC(H*)} (1.32) 
D(B) = {py € Y : (A*Dy(€), £) + (B(E), De(é)) € BC(H*)}, (1.33) 


where H* = BH is the Stone-Cech compactification of H turning it into 
a compact Hausdorff space with H being homeomorphic with a dense sub- 
space of H*. Stone-Cech compactification is a technique for embedding a 
Tychonoff topological space in a compact Hausdorff space. For details on 
Stone-Cech compactification the reader is referred to [Willard (1970)]. The 
technical reason for introducing the space H* is to capture the support 
of the measure solution which may otherwise escape H. For details see 
[Ahmed (2001)] and [Ahmed (2005)]. Readers feeling uneasy with the no- 
tion of Stone-Cech compactification may simply disregard this and assume 
the original state space to be a compact Hausdorff space denoted by H7. 


Let M,yq(H*) denote the space of regular bounded finitely additive 
measures on Ht and II,pa(H*) C Mroal HY) the subset of probability 


measures. Let 
Mı (I x Q, BC(A*)) C Li 2(I x Q, BC(A*)) 


denote the space of F; adapted random processes with values in BC(H*) 


furnished with the norm topology given by 


lol =f (Eott Jacar)?) at 


The dual of this space is given by MẸ >(I x Q,Mprba(H*)) which con- 
sists of weak star measurable and F;-adapted processes taking values in 
M,va(H*). In other words, for each y € M1, 9(I x Q, BC(H*)) 


= A olt a)mu(da) 


is an F; measurable scalar valued random process. Here we have suppressed 
the w variable. Clearly, for each ¢ € BC(H*+), the process {u(ġ),t € I} is 
an element of B4 (I, L2(Q)). For more details, see [Ahmed (2005)]. With 
this introduction we are now prepared to give a formal definition of measure 
solution for the SDE (1.18). 
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Definition 1.4.5 A random process {{14,t € I} satisfying 
p € MX al x Q, , Trsa(H*)) C MX o(T x 2, Mrva(H*)) 


is said to be a measure solution of equation (1.18), equivalently (1.28), if 
for every p E D(A) D(B) the following identity holds with probability one 


mio) =r | ror f 


t 


AE J < jia(Cy), dW (8) >, 
(1.34) 


for allt € I. In case the system starts from state xo, the initial measure v 


is a Dirac measure and so v(y) = y(xo). 


Remark 1.4.6 Note that if both B and C turn out to be sufficiently 
smooth, the system (1.18) has a solution in the usual sense (a path pro- 
cess) which is an H valued process {x(t),t € I}. Then the measure val- 
ued process (dE) = d2(¢)(d€) is a solution of equation (1.34) and hence 
Llp) = vy(a(t)) and the identity (1.28) reduces to the It6 differential of 
the process y(x(t)). For a detailed discussion on the deep distinction that 
exists between martingale and measure solutions see [Ahmed (1999)]. 


For details on existence and uniqueness of measure solutions, interested 
readers may see Theorems 3.3 and Theorem 4.1 of [Ahmed (2005)] and 
Theorem 3.2 of [Ahmed (1999)]. Here we present only the statement of the 


theorem without proof. 


Theorem 1.4.7 Suppose A is the infinitesimal generator of a Co- 
semigroup in H and the maps B : H —» H and C : H —> L(U, H) are 
continuous and bounded on bounded sets satisfying certain approximation 
properties and W is an U -valued cylindrical Brownian motion. Then, for 
every zo for which P{|zo]a < co} = 1, with law v, the evolution equation 


(1.18), equivalently (1.28), has at least one measure valued solution 
HE Mx (I x Q, Mroa( A*)) 


in the sense of Definition 1.4.5 and further, t + u is weak star continuous 
P-as. 


Here, we are only interested in the fact that for each p € BC(H+) with 
compact support, the process t — p(y) is an element of L% (I, L2(Q)). 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


Background Material 23 


This will allow us to construct canonical Wiener-It6 expansions. In fact, we 
go beyond this and admit much larger class of measure valued process con- 
taining the classical Wiener-It6 class as mentioned above. This is discussed 
in Chapters 6 and 7. 


Remark 1.4.8 The notion of measure valued solution was first introduced 
for deterministic systems on Banach spaces [Fattorini (1997)], [Ahmed 
(1999)], [Ahmed (2006)], [Ahmed (2000)] admitting discontinuous vector 
fields (see also the references therein). For example, equation (1.18), with 
C = 0 and xo € H a fixed element, reduces to a deterministic system with 
B a nonlinear Borel measurable map from H to H bounded on bounded 
sets (not subject to classical Lipschitz and growth conditio). In this case 
equation (1.28) reduces to a deterministic differential equation on the space 
IL,ba(1), the space of regular bounded finitely additive probability mea- 


sures. This is written in the weak form: 


(d/dt)i(~) = ue(By), Holy) = bxo(~) = (xo) 


for y € D(B). For existence of measure solutions for such deterministic sys- 
tems see the references [Fattorini (1997)], [Ahmed (1999)], [Ahmed (2006)], 
[Ahmed (2000)] and also the citations therein. 


1.5 Nonlinear Filtering 


In this section we present the basic equations for nonlinear filtering both 


in finite and infinite dimensional spaces. 


1.5.1 Finite Dimensional Filtering 


Before we present the fundamental equations of nonlinear filtering, we give a 
brief outline of the original filtering problem. Consider the process {&(t),t > 
0} governed by the SDE in R”, 


dé = b(€)dt + o(€)dW, €(0) = x € R”,t € I, (1.35) 


where b : R” — R” is the drift, o : R” —> L(R?, R”) is an x p matrix 


valued function determining the diffusion and W is a p-dimensional Wiener 
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process with incremental covariance given by Q € M(p x p). The process £ 
is not directly accessible to the observer, but a noisy measurement of it is 
available and this is given by the SDE in R™ 


dy = h(€)dt + o0(t)dV, y(0) = 0 € R™,t ET, (1.36) 


where h : R” — R” and oo : I — L(R™, R™) and V is an m-dimensional 
Wiener process independent of the Wiener process W. 

The problem is to find the best estimate of €(t) or, more generally, a 
functional of €(t) y(€(t)), given the observed history {y(s),s < t} up to 
time t. In general, by a best estimate we mean an estimate that is unbiased 
and has minimum variance. Let F/,t > 0, denote the smallest family 
of (complete) sub sigma algebras of the sigma algebra F with respect to 
which the process {y(t),t > 0} is measurable. It is well known that the 
best estimate is given by the conditional expectation of y(&(t)) relative to 


the sigma algebra F”. Indeed, define 


P(t) = E{y(E(t))|F7}. 
Since E(t) = E{y((t))}, it is clear that this estimate is unbiased. We 
verify that it has the minimum variance. Let n(t) be any other F? measur- 
able estimate of y(€(t)). Then the reader can easily verify that 


E{(n(t) — EON FP} = ME) — AE? — GH)? + ELEF. 


Clearly, it follows from this expression that it attains its minimum if, and 


only if, n(t) = (t). Hence, we conclude that the conditional expectation 
is the best unbiased minimum variance estimate. Let Q#(-) denote the 
conditional probability measure of €(t) given the history of y till time t. 
That is, for any Borel set K C R”, 


Q}(K) = Prob.{&(t) € K|F?}. 
Hence 
a= f earl) 


and therefore, it is the conditional probability measure that determines the 
optimal filter. It is well-known that Q/,t > 0, satisfies Kushner’s equa- 


tion which is a nonlinear stochastic partial differential equation [[Ahmed 
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(1998)], Theorem 3, p179]. On the other hand, the unnormalized measure 
tt, defined by Q#(-) = px(-)/ue(R"), satisfies a linear stochastic partial 
differential [[Ahmed (1998)], Theorem 2, p176]. It is the linearity of this 
equation that makes it so attractive. It is however, not a probability mea- 
sure valued process, but a bounded and positive measure valued process. 


This equation, written in the weak form, is given by 


dyr(y) = u (Ap)dt + (14(Ro hy), dy) rm, pole) = v(y),t > 0, (1.37) 
where ọ is any test function belonging to the domain of the operator A. The 
matrix Ro = oo Ro where R is the incremental covariance of the Wiener 
process V representing the measurement noise. It is assumed that Ro is 
a nonsingular matrix valued function for all t € J. The operator A is the 
infinitesimal generator of the Markov process {€(t),t > 0}. It is given by 
the partial differential operator 


(Ap) (£) = (0(z), Do(x))+(1/2)Tr((D*4)(x)a(z)), with a(x) = o(x)Qo*(2). 


In the sequel, we use the linear stochastic partial differential equation (1.37), 
known as the Zakai equation [Ahmed (1998)]. 


Recall that the pair {€,y}, solving the equations (1.35) and (1.36) re- 
spectively, is continuous (or has continuous versions). Thus, it belongs to 
the Banach space C = C(I, R"*™) P-a.s. Let u! denote the probability 
measure induced by the pair {€,y} on the Borel field B(C) of C and p? the 
measure induced when the vector h of equation (1.36) is set equal to zero. 
It is well known [[Ahmed (1998)], p179] that u! is absolutely continuous 
with respect to measure u° and the Radon-Nikodym derivative of u! with 
respect to u? is given by 

dp! = q dp? 
where 


q= ex{ f (Ra h do) == (1/2) [crotn, nas}. 


Under the measure u°, the process y is a Brownian motion with covariance 
Ro. Thus, we can rewrite the equation (1.37) in terms of an innovation 


process V, with incremental covariance R again. This is given by 


dyur(p) = m(Ap)dt + (14(Ro hy), dV) zm, uolo) = v(e), t = 0, (1.38) 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 


by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


26 Generalized Functionals of Brownian Motion and Their Applications 


for every y € D(A). For details on this topic, interested reader may refer 
to [Ahmed (1998)]. 


1.5.2 Infinite Dimensional Filtering 
Here the system is given by 
dE = A€dt + B(€)dt + RY? dW, €(0) = x,t > 0. (1.39) 
We introduce the following assumptions: 
(H1): A is the infinitesimal generator of a Co-semigroup S(t),t > 0, in 
H and there exist M > 0,w > 0 such that 
Il $@ leans Me. 


(H2): The operator Rı € LI (H) (positive nuclear). 
(H3): B: H — H is Lipschitz continuous. 


Under the above assumptions, for every Fo measurable H valued random 
variable zo, equation (1.39) has a unique mild solution. If in addition 
xo € La(Q, H), then the solution € € B% (I, La (Q, H)). Later in the sequel, 
it is the strong solution that we are interested in. 

The observation process (measurement process) is governed by a finite 
dimensional SDE given by 


dy = h(E(t))dt + R3” dW, y(0) = 0,t > 0. (1.40) 
For the measurement dynamics we assume: 


(H4): h: H — R’ is a continuous bounded map, 
(H5): Rə € L(R?, R?) is invertible. 


Another technical assumption of significant importance for the existence 
of an invariant measure is 
(H6): The operator Qx € LI (H), where 


Qn= f S(r)RıS*(r)dr. 


As our basic reference measure, we choose the Gaussian measure u’ = 


N(0,Qo.) which has mean zero and covariance Q. This is the invariant 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


Background Material 27 


measure induced by the solution of the linear evolution equation 


dn = Andt + Ry/?dW,,n(0) = xo. (1.41) 


Clearly, the solution of this equation is given by 
t 
n(t) = S(t)t0 + J S(t —r)RY/aW,(r),t > 0, 
0 


which is also known as the Ornstein-Uhlenbeck process. And it follows 
from the exponential stability of the semigroup S (see assumption (H1)) 
that u° is its invariant measure. For any y € UC,(H, R), the Banach space 
of bounded uniformly continuous functions on H, for which the function 
x — (Az) has a continuous extension to all of H, is denoted by ya(.-). 
Now define the set 


Do = {y € UC? (H, R) : pa € UC? (H, R), D? € UC (H, £1 (H))} 


and the operators 


Ap = Aog + Bop, Y € Do, (1.42) 
Aoy = (1/2)tr(D’p(x)R1) + (x, A*Dy(x)), £ € Hyp € Do, (1.43) 
Boy = (B(x), De(x)), x € H, ẹ € Do. (1.44) 


The Zakai equation for the infinite dimensional filtering problem, written 


in the weak form, is then given by 


diu (p) = m(Ap)dt+ < ml(pRz +h), dy >, uo(y) = v(p), p € Do.(1.45) 


Note that this equation has exactly the same form as that of the finite 


dimensional case. 


For applications, we consider only the measure solutions. However, 
using the invariant measure u° and some additional assumptions, one can 
prove the existence of Radon-Nikodym derivative of the measure solution 
{uu t > 0} with respect to the invariant measure u°’ giving a density valued 
solution q in the Hilbert space L2(u°, H). The measure valued process pu 
is then given by u(dx) = q(t, x)u° (dx). For more details on this topic see 
[Ahmed (1997)], in particular the Proposition 3.1. 
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1.6 Elements of Vector Measures 


In this section we present only very basic elements of the theory of vector 
measures. Let X be any Banach space and S any set with S denoting an 
algebra of subsets of the set S and © denoting the sigma algebra of subsets 
of S (also known as Borel field). In the literature a set function p : S — X 
is called a vector measure and it is said to be bounded if its range u(S) is 
a bounded subset of X. It is said to be additive if, for every disjoint pair 
D,E ES, 


(DU E) = u(D) + (E). 


Clearly, this property holds for any finite family of disjoint S- measurable 
sets {Di}i<i<n. The class of vector measures satisfying this property is 
known as the space of finitely additive vector measures. 

An X valued vector measure defined on S is said to be countably ad- 
ditive if, for every pairwise disjoint S measurable sets {D;}i>1 satisfying 
UD: ES, 


„(U D;) = > uD.) 


Definition 1.6.1 A finitely additive X valued vector measure u is said to 
have bounded variation on D € S if 
|u|(D) = sup >> |u(a)|x <œ 
we OET 
where m is any finite disjoint S measurable partition of the set D and the 


supremum is taken over all such finite partitions n. The total variation of 


u is then defined as |u|(S) = sup{|u|(D), D € S}. 


Clearly, if the measure u has finite variation it is a bounded vector 
measure. A more relaxed notion of variation is the semivariation as stated 


below. 


Definition 1.6.2 An X valued vector measure u is said to have finite 


semivariation on D € S, if 


I| u || (D) = sup{|z*u|(D) : x* € Bı(X*)} < 00, 
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where B,(X*) denotes the closed unit ball of the dual X* and |a* u| denotes 
the variation of the scalar measure x* 1. The semivariation of u is then 


given by 
I # || (S) = sup{|| u || (D), D € S}. 


Remark 1.6.3 We give here an example of a vector measure which has 
finite semivariation but co variation. Let f : I = [0,T] — X be a weakly 
measurable (but not strongly measurable) and Pettis integrable function 


on I. Then the measure u given by 


wa) = f (eat 


is an X valued countably additive vector measure defined on the sigma 
algebra X of subsets of the interval J. Since for each «* € X*, t — |x* f(t)| 
is measurable and integrable, it is clear that, for each ø € &, 


| u || () = sup{|a*(H)|(o) : @* € Bi(X")} < œ 
and 
sup Hl (o)} < sup f le" fiat a € Ba) < oo 
a OET 

where the supremum on the left hand side is taken over all finite disjoint 
measurable partitions of the interval I. Hence py has finite semivariation but 
since f is not (strongly) measurable and therefore not Bochner integrable 
(see Definition 1.6.7), the measure yz has infinite variation. 

Here is an elementary example. Let J = [0,1], = ø(I), A Lebesgue 
measure, X = L,(I),1<p< œ, andy: © — X is a vector measure given 
by v(E) = xx(-), characteristic function of the set E € X. Clearly v(E) € X 
for each E € X. Let F € X with A(F) > 0 and F = UL, F; with {F;} being 
mutually disjoint © measurable partition of F with A(F;) = A(F)/n,n € N. 
Clearly, for every n € N, 


WIE) > Solve, 
i=1 


x = A(R)? =n? DPF). 


Since p > 1, this shows that v does not have finite variation. But it has 


finite semivariation. Indeed, the semivariation of v on F is given by 


| v || (F) = sup{|(2*v)|(F), £" € Bi(X")} 
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where X* = L,. Using the same partition, it is easy to see that 


n 


dI@*)(F)| = TI S r Oxe Aa] <Il 2* lrer) AF). 


i=1 
Since this is valid for any such partition, taking the supremum of the sum on 
the left over all such partitions, we have |x*v|(F’) <|| x* ||z,(r) ((F))1/?, 
Clearly, it follows from this that 


lv || (F) < AB)? < œ 
verifying that v has finite semivariation. 


Let Mfabu(&, X) denote the vector space of finitely additive bounded X 
valued vector measures. It is well known that May, (,X), furnished with 
the total variation norm, is a Banach space. This is easy to verify since X 
is a Banach space, see Diestel [Diestel (1977)]. 


Let M.aby(%, X) denote the class of countably additive bounded vector 
measures. It is a closed linear subspace of Myaby(%, X) and hence it is also 


a Banach space. 


Lemma 1.6.4 An X valued vector measure of bounded variation is count- 


ably additive if and only if its variation is countably additive. 
Proof See [[Diestel (1977)], Proposition 1.1.9, p3]. 


It is clear from this result that if u € Meaby(,X) then the positive 


measure v(-) = |u|(-) is an element of Mo (©). 


Like the uniform boundedness principle for linear operators, there is a sim- 


ilar result for vector measures originally proved by Nikodym. 


Theorem 1.6.5 (Nikodym Uniform Boundedness Principle) Let A be any 
index set and suppose {[ta,a E€ A} is a family of X valued bounded vector 
measures defined on X. If for each o € X£, sup{|| uala) ||,a E A} < œ, 


then the family {ta.,a@ E€ A} is uniformly bounded in semivariation that is, 


sup{|| Ha || (S),a@ € A} < œ. 


Proof See [[Diestel (1977)], Theorem 1.3.1, p14]. 
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Definition 1.6.6 Let (S, Xv) be a finite positive measure space. A function 
f:S — X is said to be v-measurable if there exists a sequence of v-simple 
functions fn of the form 


n 
fri = 5 LiXoi 
i 


with 2; € X and c; € E such that fa — f (strongly) for v almost all 
s E€ S, that is, || fn(s) — f(s) ||x— 0 for v-almost all s € S. 


Definition 1.6.7 (Bochner Integral) A v-measurable function f is said to 
be Bochner integrable if there exists a sequence of v-simple functions { fn} 
such that 


I Il f(s) — fals) [Ix v(ds) — 0. 


In this case the integral of f on any set D € X is given by 


[fom v(ds) = lim pints) (ds). 


n—->oco 


Note that the limit of the integral on the right hand side is the limit 
of a finite sum of elements of X weighted by the measure v. The space of 
Bochner integrable functions is denoted Lı (S, X, v; X) = Lı (v, X). 


Similarly, L (v, X), 1 < p < œ, denotes the space of v-measurable X 
valued functions {f} such that 


IF leE ( f 1O I vas) ae 


These are normed vector spaces, and, with respect to the norm topology, 
they are Banach spaces. For p = 00, Laæ(v, X) is defined in the same way 


as scalar valued functions. 


In general, for infinite dimensional Banach spaces X, the topological (con- 
tinuous) dual of L,(v,X),1 < p < œ is not L4(v, X*) ((1/p) + (1/4) = 1), 
and the dual of Li(v, X) is not L..(v,X) unless the Banach space X sat- 
isfies some additional properties. 


An important notion that arises in functional analysis and, in particular, 


in the study of vector measures, is the concept of Radon-Nikodym property. 
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Definition 1.6.8 (Radon-Nikodym Property) Let (S,%,v) be a finite mea- 
sure space and X a Banach space. The Banach space X is said to have 
the Radon-Nikodym Property with respect to the measure v, if for every v- 
continuous vector measure u : © — X, there exists an f € Lı(v, X) such 


that du = fdv or equivalently, 


E I t(s)v(ds), 


for every D € X. A Banach space X is said have the Radon-Nikodym 
Property (RNP) if it has this property for every finite measure space. 


Theorem 1.6.9 For 1< p< œ, the dual of the Banach space L,(v, X) 
is Lq(v,X*) where q is the conjugate of p, ((1/p) + (1/¢) = 1), if, and only 
if, the dual X* of X has the RNP with respect to v. 


Proof See Diestel [Diestel (1977)], [Theorem IV.1.1, p98]. 


Well known examples of Banach spaces which satisfy the Radon- 
Nikodym property are reflexive Banach spaces and separable dual spaces. 
Clearly all Hilbert spaces have the RNP. 


In the absence of Radon-Nikodym property, the duality results do not 
hold. However by use of the theory of ” lifting” [Tulcea (1969)] Tulcea (A. 
Ionescu and C. Ionescu) have proved a sort of weak duality result. For 
1 < p < œ and {p,q} the conjugate pair, let LY (v, X*) denote the class 
of weak star measurable X* valued functions which are scalarly q-th power 


integrable. 


Theorem 1.6.10 Let X be a Banach space with dual X* and {p,q} the 
conjugate pair and 1 < p < œ. Then, for every continuous linear functional 
L € (Lp(v, X))*, there exists a unique g € LY (v, X*) such that 


L(A) = f < gl), FO) >x-.x vld) 
for all f € Lp(v, X). 
Proof See Tulcea [Tulcea (1969)] Theorem 7, p94; and Theorem 9, p97. 


In particular, the dual of Lı (v, X) is precisely LY (v, X*). This result is very 


important for vector measures as seen later. It has also found applications 
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in the study of measure solutions [Ahmed (2007)] for evolution equations for 
which there is no solution in the usual sense such as mild, strong, classical. 


It has also found applications in control theory [Ahmed (2003)]. 


Characterization of weakly compact sets in Banach spaces is particularly 
useful in the study of optimization and optimal controls. The most often 
used Banach space is Lı(v, X). The following result characterizes weakly 
compact sets in Lı (v, X). This is the celebrated Dunford Theorem. 


Theorem 1.6.11 (Dunford) Let (S,X,v) be a finite measure space and 
both X and its dual X* satisfy the RNP. Then, a set K C Ly(v,X) is 
relatively weakly compact if the following conditions are satisfied: 

(A): K is bounded 

(B): the set K is uniformly (Bochner) integrable in the sense that 
lim f |f(s)|xv(ds)=0 uniformly in f EK. 


v(o)—0 


(C): The set {f, f(s)v(ds), f € K}, for any o € &, is a relatively 
weakly compact subset of X. 


Proof For proof see Diestel [Diestel (1977)] Theorem IV.2.1, p101. e 


Further, in addition to the conditions (A)-(C), if K is also closed, then 
K is weakly compact. Note that, for reflexive Banach spaces, condition (C) 
holds automatically, and so in this case, the result is similar to the well 


known result in finite dimensional case. 


This theorem has been generalized to cover the spaces of vector mea- 
sures. Let S be an arbitrary set and © the sigma algebra subsets of the set 
S. Let Mcabv(%, X) denote the space of countably additive X-valued vector 
measures of bounded variation. The following result characterizes weakly 


compact sets in this space. 


Theorem 1.6.12 (Bartle-Dunford-Schwartz) Consider the Banach space 
Meabv(, X) with both X and its dual X* satisfying the RNP. Then, a set 
T C Meaby(%, X) is weakly relatively compact if, and only if, the following 
conditions hold: 


(A): The set I is bounded. 
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(B): The set T is uniformly countably additive or equivalently, there 


exists a nonnegative countably additive measure B such that 


lim |p\(o) =0 uniformly in Er. 
B(a)0 


(Č): For eacho € ©, the set {u(0), u € T} is a relatively weakly compact 
subset of X. 


Proof See Diestel [Diestel (1977)] Theorem IV.2.5, p105. See also Brooks 
[Brooks (1972)]. 


A finitely additive version of the above result was proved by Brooks and 


Dinculeanu. 


Theorem 1.6.13 (Brooks-Dinculeanu) Let F be an algebra of subsets of 
the set S and consider the Banach space Mfaww( F, X) with both X and 
its dual X* satisfying the RNP. Then, a set T C Mfaw( F, X) is weakly 
relatively compact if, and only if, the following conditions hold: 

(A): The set T is bounded. 

(B): There exists a nonnegative finitely additive bounded measure 2 
such that 


lim |p\(o) =0 uniformly in u Er. 
B(a)0 


(C): For eacho € F, the set {u(c), u € T} is a relatively weakly compact 
subset of X. 


Proof See Diestel [Diestel (1977)] Corollary IV.2.6, p105. See also Brooks 
and Dinculeanu [Brooks (1974)]. 


Remark 1.6.14 Theorem 1.6.12 is intimately related to Theorem 1.6.11. 
In fact, due to assumption (B) and the Radon-Nikodym property, to every 
u ET there corresponds a unique g, € £i(6,X) such that du = gad. This 
establishes an isometric isomorphism between T C Meaby(%, X) and a set 
G C Lı(8, X). The conditional weak compactness of I is then equivalent 
to that of G. 


The result of Theorem 1.6.12 has been extensively used in infinite dimen- 
sional control theory [Ahmed (2003)], [Ahmed (2008)], and the references 


therein. In the sequel, we will also have occasions to use them. 
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1.7 Some Problems for Exercise 
P1: Consider the example (E1) of section 1.3. Verify that 


EJ = Ef wit € [0,7]. 


If the integral is understood in the It6 sense it equals 0, if it is understood 
in the sense of Stratonovich it equals (T/2). Give the physical reasons for 
any preference. 

P2: Under the assumptions (1.10) and (1.11) of Theorem 1.3.2, prove that 
there exists a number no € N such that the n-th iterate of the operator G 
given by the expression (1.12) is a contraction for all n > no. 

P3: Consider the Black-Scholes model for stock price as given in example 
(E2). Suppose a € Li(I), 8 € L(I) and {&,W} are independent. Prove 
that if ĉo has p-th moment then €(T) also has p-th moment for any p > 0. 
Find the mean of (T) and its p-th moment. Verify if the p-th moment is 
given by 


T T 
EEC) = Elof” exp( p | ewar+a/2-1) | Poa). 


P4: Give a detailed proof of Theorem 1.3.3 following the hints given in the 
brief outline of the proof. 

P5: The problems indicated in Remarks 1.3.4 and 1.3.5 are of significant 
interest in control theory. Find the largest class of bounded Borel measur- 
able state feedback controls (including the topology) for which the set of 
attainable measures for every t € I is weakly compact. 

P6: Give a detailed proof of Corollary 1.4.3. 

P7: Let {U, H} be a pair of real separable Hilbert spaces. Consider the 
linear system on H given by 


dx = Axdt + C(t)dW (t), x(0) = £E 
with W being a U valued cylindrical Brownian motion independent of the 
initial state € € L2(Q, H) (Fo measurable) and C € Bæ(1, L2(U, H)). Let 
{£n, £o} denote the (mild) solutions of the above equation corresponding 


to {An, Ao} satisfying the resolvent convergence property as in Corollary 
1.4.4. Prove that zn —> x, uniformly on I in L2(Q,H) (F; measurable). 
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P8: Consider the system of problem P7, suppose C € B(I,£s (U, H)), 
not Hilbert-Schmidt, and € is a weakly second order H valued random vari- 
able. Show that the solution processes {£n, £o} are also weakly second order 
H valued (weakly) F; adapted random processes and that £n (t) “> x(t) 
in the meansquare sense, that is, for each h € H, E(£n(t)— x(t), h)? — 0 
as n > oo. 


P9: Consider the controlled semilinear evolution equation 
dx = Axdt + F(x)dt + B(t)v(dt) + C(t)dW, x(0) = £, 


on H where {A,C(t)} and {€,W} are as in problem P7, F is uniformly 
Lipschitz with at most linear growth, B € Bo (I, £(E, H)) uniformly norm 
bounded, and v € IT C Meaby (1, E) admissible set of E (another Hilbert 
space) valued vector measures as controls. (a): Prove existence of solutions 
and their regularity properties, (b): Give sufficient conditions for tightness 
of the attainable set of probability measures 


R(t) = {u E Mi(A) : u= pý v ET}, 


where M(H) is the space of countably additive probability measures on 
the Borel subsets of H. 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 


by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


Chapter 2 


Regular Functionals of Brownian 
Motion 


2.1 Introduction 


It is known that Volterra series can be used to approximate any continuous 
functional on a Banach space. Similarly, it was Wiener who first proved 
that any Lə functional of Brownian motion can be approximated in the 
limit in the mean by sums of multiple stochastic integrals. These are regular 
functionals of Brownian motion. Later in the eighties, Hida introduced an 
interesting class of generalized functionals of the Wiener process by use 
of a notion of Fourier transform on the dual of a Nuclear space which 
supports the white noise measure. This generalization is significant and 
applies to problems where the regular functionals are insufficient. In fact, 
white noise itself is a generalized functional of Brownian motion and does 
not belong to the class of regular functionals, L2. We shall discuss this later 
in the sequel. In the early eighties [Ahmed (1983)], the author introduced a 
class of generalized functionals of white noise which covers those of Hida as 
special case. Further, the method of construction used in the author’s paper 
[Ahmed (1983)] is direct and simple and does not use the Fourier transform 
as employed by Hida. In any case both the methods are instructive and 
will be discussed in the sequel. 

In this chapter, we present several families of regular functionals based 
on scalar Brownian motion, vector Brownian motion, scalar Gaussian ran- 
dom fields, multidimensional Gaussian random fields and some generaliza- 
tions thereof including Hilbert space valued Brownian motion. We develop 


Fourier analysis of these functionals on Wiener measure space. 


37 
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Some authors prefer to start with the general (abstract) theory and then 
discuss the special cases following from it. We prefer the other way around 


because we feel that this way is much easier for new readers to follow. 


2.2 Functionals of Scalar Brownian Motion 


Let I = [0,7] be a closed bounded interval and C(I) the space of continuous 
real valued functions defined on J. Let Q = Co(Z) denote the canonical 
sample space where Co(I) = {x € C(I) : x(0) = 0}, and let B denote the 
Borel o—algebra of subsets of the set Q and let u = u” denote the Wiener 
measure. The class of regular homogeneous functionals of Brownian motion 


of degree n is defined by 


Gn(w) = Ky (11, 72,°++ 5 Trn)dw(t)dw(t2)-+-dw(t), (2.1) 
Ir 
for any Kn € L2(I") where I” denotes the Cartesian product of n-copies 


of I. These are the multiple Wiener integrals based on Brownian motion 
and are known as polynomial chaos of degree n. For each Kn € L2(I”), 
the functional (2.1) is well defined in the Wiener-Itô sense and belongs to 
L2(Q,B, u). For each n € Ny, let Lo(I”) denote the class of symmetric 
Lə kernels. In order to emphasize the dependence of gn on the kernels 
Kn we shall often write gn(w) as gn(Kn,w). Given the space of Brownian 
motions, later we shall omit the display of w-dependence altogether and 
consider them as functions defined on Wiener measure space. We state 


some basic properties of these functionals: 


(P1) For each Kn € Lo(I”), w — gn(Kn, w) is a u measurable function 
on 2 and belongs to L2(Q, B, u). 
(P2) For each K, € Lo(I”) and Lm € Lo(I™) 


< Gil Ba Om aa) >= if gn gmd =0, for m#n. 
Q 


(P3) For each pair Kn, Ln € Lo(I"), 


< On(Kns")s9n(Enr) >= f gn(Kn, w) Gn(Eny w)dp(w) 


=m! | Kalti, T2, ,Tn)Ln(Ti, T23: , Tn)AT dT +++ dt. 
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(P4) The map Kn — gn(Kn,-) from L2(I”) to L2(Q, B, p) is linear and 
further it is continuous in the sense that whenever the sequence 
Kr = K? in Lo(I") as r > 00, gn(K7,-) > gn(K®,-) in L2(Q,B, p). 
The most important properties are (P2) and (P3) and they state that 
the functionals {gn} are orthogonal in D2(Q, B, u). Further, it was proved 
by Wiener [Wiener (1938)] [Wiener (1958)] that they are complete in the 
class D2(Q, B, 4) [see also, [Ahmed (1970)]]. Hence, they form a basis for 
the Hilbert space D2(Q,B, u). Thus, these functionals play a similar role 
as the sine cosine functions do in the Fourier analysis of Lə functions on 
finite dimensional spaces. Several years ago the author proved some basic 
results on the Fourier analysis on Wiener measure space [Ahmed (1968)| 
such as Bessel’s inequality, Parseval’s equality, and Riesz-Fischer theorem. 
It is interesting to observe the strong similarity of these results with their 


counterparts on finite dimensional spaces. We present these results here. 


From now on we shall suppress the w variable and write g,(K,,) in place 
of gn(Kn, w). 


Lemma 2.2.1 For each f € Lə(Q,B, u) and each s E N}, there exists a 
unique kernel Ls € Lo(I*), with respect to the fundamental basis {gn}, such 
that 


< f, gs(Ks) >p= at f Ls(11,72,°°+ » Ts) Ks (11, 72,°°+ ,Ts)dt1dt2--- dTs, 


s 


(2.2) 
for all K; € La(I°). 


Proof Clearly, for each s € N, K —+ g,(K) is linear from Lo(I*) to 
L2(Q, B, u) and it is also continuous. Indeed, if K” + K° (strongly) in 
L2(I*), we have g,(K") — g,(K°) in Lo(9,B,). Thus, for each f € 


L2(Q, B, u), 
K — €(K) =< f,g:(K) >p 


is a continuous linear functional on L2(I*) and hence bounded. Indeed, it 


follows from Schwartz inequality and the property (P3) that 
KDIS IF lla (V/s!) IK Insc - 
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Therefore, K —> (K) is a bounded continuous linear functional on the 
space Lo(I*). Hence, it follows from Riesz representation theorem for Lp 
spaces that there exists an L, € L2(I*) such that 


L(K) = s! (Ls, Ks) 1o(1,) 


= sf Ls(Ti, T2,- ,Ts)Ks(T1, T2, , Ts)dT1dT2 -+ + dTe 


for every K, € L(I*). The kernel L, is uniquely determined by f alone. If 
not, there exists another kernel L, € L2(I*) that satisfies the same identity. 
This implies that 


O= f [Efm ste) halts T TKT terry dr, 
for all K, € Lo(F*): This is possible if, and only if, Čs equals L, almost 
everywhere on [*. This completes the proof. e 


This result suggests that, given the Wiener measure space (Q, B, p) 
and the fundamental set {gn}, the Fourier-Wiener kernels for any f € 


L2(Q, B, u) are uniquely determined by f alone. 


Next, we present Bessel’s inequality. For convenience of notation, we 
let L2(I°) denote the scalars. 


Theorem 2.2.2. Let {gn(Kn),Kn € L2(I")} be the fundamental set as 
defined above. Then for each f € L2(Q,B, u), and for alln € N, 


an he er — || JI Saf [Ls (Ti, T2, ,Ts)|"dtidtz +++ dTs, (2.3) 
s=0 qs 


where Ls € Lo(I*), s € N, are the Fourier-Wiener kernels uniquely deter- 
mined by f through the relation (2.2). 


Proof For detailed proof see [1]. Here we present a brief outline. Define 


p= = z 2 
P = fif LaK) Pan 


Using the orthogonality property of the fundamental set {gs} we have 


Jn =|| f I-25 < f g(K:) >p +98! ll Ks laas). 
s=0 s=0 
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Now recalling that {L} are the Fourier-Wiener kernels of f, it follows from 


Lemma 2.2.1, in particular the identity (2.2), that J, can be written as 


n 


In =| fe +0 Ul Ls — Ke llZacrey — D2 8! I Ls e 
s=0 s=0 


Since J, is nonnegative for all n and the sequence of kernels {K.} in the 
expressions for {g.(K)} is arbitrary elements of the Hilbert spaces Lo(J*), 
we can choose them as {L,}. This then leads to the following expression 


In =| fll — D2 8! | Ls UIE.) 0 
s=0 


which holds for all n € N. Hence, we have the inequality (2.3). This 


completes the outline of our proof. e 


The inequality (2.3) is true for every n € N. As a consequence, one can 
assert that, for a given function f € L2(, B, u) to be approximated (in the 
limit in the mean) by a suitable choice of Ly kernels {K, € L2(I*)} for the 
orthogonal system {gs}, the Parseval’s equality 


| n= f |Ks (Ti, T2, ,Ts)| dTi dTa +++ dTs (2.4) 
s=0 Is 
must hold. 


Now we present a result for the space L2(0,8,) which is similar in 
spirit to the celebrated Riesz-Fischer theorem for ordinary D2(X, A) space 
with © contained in a finite dimensional space like R” and A the Lebesgue 


measure. 


Theorem 2.2.3 Given the orthogonal set {gs(Ks),s E€ Ni} with {K, € 
Lo(I*)}, a necessary and sufficient condition that there exists an Lo(Q, B, u) 


function with {Ks} as it’s Fourier-Wiener kernels is that the series 


Sos! |K (Ti, T2, ,Ts)|?dridr2--- drs (2.5) 
s=0 Is 
converges. 


Proof For detailed proof see [[Ahmed (1968)], Theorem 2]. We present a 
brief outline. Let f € Lə(Q, B, u) with {Ks} as its Fourier-Wiener kernels. 
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Then by Lemma 2.2.1, 
< f, gs(Ks) >p= $! |K: (T1, T2; ,Ts)|?dridrz +++ drs. 
Is 
Thus, it follows from Bessel’s inequality (Lemma 2.2.2) that 


n 


Wf = Dost) Ks lz.) 


s=0 
for every n € N. This proves that the series converges and hence the neces- 
sity. For the proof of the sufficient condition, suppose the series given by 


(2.5) is convergent. Define the sequence {fn} by 


fn = XO 9s(Ks): 
s=0 


Clearly, this sequence belongs to Lə(Q, B, u). For any integer p > 1, it 
follows from straight forward computation that 


n+p 


l fate — fa a= Do (9 I Ke laga- 


s=n+1 

Since the series (2.5) converges, it follows from the above expression that 
{fn} is a Cauchy sequence in L2(Q, B, u). Thus it converges to a unique 
limit, say f € Do(Q, B, u). The question is whether or not this limit has the 
same set of Fourier-Wiener kernels as those given. Suppose, instead, that 
{Ls}, Ls € L2(I*), are the Fourier-Wiener kernels of f. Then by straight 


forward computation, one can verify that 


n 


IF- fa È= fi TO aan} Sr e ey 
s=0 


s=0 
By virtue of Bessel’s inequality (2.3), the expression within the curly bracket 
is nonnegative. Thus, it follows from the above identity that 


lf- fala = Sos! L- Ks lice) 
s=0 


for all n € N. Since fa > f in Lo(Q,B, py), it follows from the above 
inequality that Ls must coincide with the given set of Fourier-wiener kernels 
K, as elements of the Hilbert space L2(I*) for all s € N. This proves the 


sufficient condition and hence the outline of our proof. e 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 


by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


Regular Functionals of Brownian Motion 43 


Remark 2.2.4 The content of this theorem is in the spirit of the celebrated 
Riesz-Fischer theorem arising in Fourier analysis of functions defined on 


finite dimensional spaces. This is discussed further below. 


Consider the product space Ka = [Io Lo(I”), where L2(I°) stands 
for scalars. This is a linear vector space. We furnish this with a family of 
seminorms Q“ = {qr} given by qr(K) = || Kr ||z.crr7), r E€ No = {OF} UN, 
for K € Ka. Clearly, this is a countable family of seminorms and so Ka = 
(Ka, Q“) is a seminrmed space. Using this family of seminorms, the space 


Ka is metrizable and the metric is given by 


d(K, L) = > Ua 


(2.6) 


Since each of the component spaces are Hilbert spaces and so complete, it 
is clear that Ka, furnished with this metric topology, is a complete (linear) 


metric space and hence Fréchet space. Define Ga C Ka by 


Ga = {K E Ka : X n! |Kal? aan) < co}. 
n=0 


Clearly, this is a linear subspace of the Frchet space Ka. The space Ga, 


completed with respect to the scalar product 


< K,L>= 5 s! | Ks(Ti, T2, +, 7s) Le (T1, T2, +, Ts )dTidT2 -++ dTs, (2.7) 
s=0 is 


is a Hilbert space. We denote its completion by the same symbol Gy. 
Clearly, the norm of an element K € Gq is given by 


IK le, = Daf |Ks(Ti, T2,- Ts)? dridr2 >- drs)”. (2.8) 
s=0 ý 


In view of the Riesz-Fischer Theorem 2.2.3, we see that Lə(Q, B, p) is 
isometrically isomorphic to Ga. More specifically, define the map ®, : 
Ga =? Lo(Q, B, n) by 


®a(K) = D> g:(K.). (2.9) 
s=0 


Clearly, 
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(1): ®,(akK) =a®,(K) for all scalars a and K E€ Ga 
(2): ®,(K + L) = Pa(K) 4+ ®,(L) for all K, LE Go. 


(3): || ®a(K) || =|| K lle, - 


Lo(2,B,h) 


Thus, ®, is an isometric isomorphism of Ga onto L2(Q, B, p) and we express 
this by writing Ga = Lə(Q,B, u). For convenience of notations we use 
Ga + L2(Q, B, u) instead. 


Set Ga = L2(Q, B, u) and define the linear subspace Gan, spanned by 
the set {gn (K), K € Lo(I”)} as follows: 


am = {9n(Kn) : Vn! Kn € £o(I")}. (2.10) 


This is the space of Wiener’s homogeneous chaos (of degree n). The cel- 
ebrated Wiener-Itô decomposition follows as a corollary from the above 


discussions. 


Corollary 2.2.5 The space Ga is isometrically isomorphic to Ga and this 
is denoted by L2(Q,B, u) = Ga © Ga and further, Ga = X Br Gan: 


2.3 Functionals of Vector Brownian Motion 


The results of the previous section were stated for one dimensional Brow- 
nian motion. In fact they are also valid for multidimensional case. This 
requires use of symmetric multi linear forms for the multiple Wiener inte- 
grals. This is presented here briefly. Further, the results also apply to multi 
parameter Brownian motion. 

Let (Q,B, P) be a probability space and 7 = (0,7) an open bounded 
interval and {w(t),t € I}, a ddimensional standard Brownian motion 
on (Q, B, P) starting from the origin with probability one. We set Q = 
Co(I, R“), the canonical sample space, where Co(I, R) = {a € C(I, R?) : 
x(0) = 0}, and let B denote the Borel o-algebra generated by open or closed 
subsets of the set Q and let u” denote the canonical Wiener measure. For 
each nonnegative integer n, let M, = L( R42", Rf) denote the space of sym- 


metric n-linear forms (multilinear forms) from R? to R°. For By, Bo € Mn 
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define 
< Bı, By >= Tr(Bý B2) =Tr(B5B,), and || B lin = Tr(B* B). 


Now we define a regular homogeneous functional of Brownian motion 


of degree n by 
fn(Kn)(w) = f. Kn (Ti, T2, ,Tm)dw(t1) 8 dw(t2) --- @ dw(tm), 
(2.11) 


for any Kn € L(I”, Mn). These are known as the Polynomial Chaos of 
degree n taking values from R°. For each K„ € L2(I, Mn), the functional fp 
is well defined in the Wiener-It6 sense and belongs to L2(Q, B, P, u”; R°) = 
Lo(u”, Rf). Again, let L2(I", Mn) denote the class of symmetric Lo kernels 
on J” taking values from Mnp». Like in the scalar case, these homogeneous 


functionals {fn} satisfy the following properties: 


(P1) For each Kn € Lo(I", Mn), fn( Kn) is a -measurable function 
on Q and belongs to L(y”, R°). 


(P2) For each Kn € Lo(I", Mn) and Lm E Lo(I™, Mm) 


< fr(Kn), fm(Lm) >= | < fn, fm >re dp” = 0 for n £ m. 


(P3) For each Kn € Lo(I", Mn) and Ln € Êo(I”, Mn) 
< fa(Ka), falEn) >= | < fms fa >e dp” 


= nt f Tr(Kž Ln)dridTa: -- drn. 


(P4) The map Kn —> fn(Kn) from Lo(I", Mn) to Lo(u®; R!) is linear 
and, further, it is continuous in the sense that whenever K? = Ke in 
L2(I", Mn), as r > 00, 


Fal Kn) > fr(Kp) in Lo(0,B,u"; RÀ’). 


The most fundamental property of the sequence {fn(Kn), Kn € 
ÊÈa(I”, Mn), n € N}, as in the scalar case, is that they are orthogonal 
and complete in the class Lə(u”, Rf). For convenience of notation we shall 


use u for p”. 
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As in the scalar case, we have the following result. 


Lemma 2.3.1 For each f € L2(Q,B, u; Rf) = Lo(u,R°) and each s € N, 
there exists a unique kernel Ls € Êl, Ms), with respect to the fundamen- 
tal basis { fn}, such that 


< fi fs(Ks) >= sf Tr((L3Ks)(71,72,°++ ,Ts))dr1dt + + drs, 
qs 


= o! f < Ls(Ti, T2, , Ts), Ks(T1, T2, , Ts) >M, dridTo: -+ dTs, 
(2.12) 
forall K, € Êa (I5, Mo). 
Proof. Proof is similar to that of the scalar case Lemma 2.2.1. © 
Next, we have the Bessel’s inequality as stated in the following Lemma. 


Lemma 2.3.2 Let { fn(Kn)} with Kn € Lo(I", Mn) denote the fundamental 
set as defined above. Then, each f € Lo(Q,B,u;R°) = Lo(p,R°), with 
Fourier-Wiener Kernels {Ln} uniquely determined by the relation (2.12), 
satisfies the following inequality: 


<f, f >u 
=|| f llu RZ Dal [Zn (T15°** s, Tn), dTi dTa, (2.13) 
n=0 fA 
for allme N. 


Proof The proof is identical to that of Lemma 2.2.2. 


Remark 2.3.3 As a consequence of this result we observe that, for a func- 
tion f € Lo(u, Rf) to be approximated (in the mean) by a suitable choice of 
kernels {K,} C L2(I*, M,) for the fundamental system {fs}, the Parseval’s 
equality must hold. 


If n= oat f |Ks(t1,72,-+ Ts) |3¢,dt1d72- + + drs. (2.14) 
s=0 qs 


Again, as in the scalar case, we have the celebrated Riesz-Fischer theo- 
rem for the space L2(Q, B, u; R°) = Lo(p, R5). 
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Theorem 2.3.4Given the orthogonal system { f.(Ks), Ks € Lo(I®, Ms), s € 
N}, the necessary and sufficient condition that there exists an element f € 
Lo(u, R°) with {Ks} as its Fourier- Wiener kernels is that the series 


zaf _K.( ™1,72,°° + ,Ts)\q,aT1dT2 +++ dg (2.15) 
converges. 
Proof The proof is identical to that of Theorem 2.2.3. e 


Now, we introduce Kg to denote the product space 


Ke = | [ £2U", Ma). 


n=0 

Note that this is the vector version of Ka. Exactly as in the scalar case, 
one can introduce a countable family of seminorms on it turning it into a 
Fréchet space (Kg, QÊ). Let Gg be a linear subspace of Kg completed with 
respect to the scalar product 


< K,L >o= Dot | < K,(---), Ls) >m, dtidt2--- dts 


=D, Tr(LiKs)(1,72,°°: ,Ts)dtT1dt2+++ dTs. (2.16) 


Naturally, Gg is a Hilbert space with respect to the norm topology, 


oo 1/2 
| K |le,= (Sj IKs (Ti, T2, vr) Budridra dr) (2.17) 
s=0 Is 


which is inherited from the scalar product given by the expression (2.16). In 
view of Theorem 2.3.4, we see that the space Lo(Q,B, u; R°) = Lo(u, R) 
is isometrically isomorphic to Gg. Indeed, define the map @g : Gg —> 
Lo(u, R°) by 


=Y f.(K.). (2.18) 
s=0 
Clearly, 


(1) ®g(ak) =a®g(K) for all scalars a and K € Gg 


(2) (K + L) = (K) + ,(L) forall K,L€ Gg. 
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(3) I ®6(K) lro 5l E le: 


Thus ®g is an isometric isomorphism of Gg onto L2(Q,B,u;R°) = 
Lo(u, Rf). Set Gg = Lo(Q, B, u; Rf) and define, for each integer n, the 


linear subspace 
Gon ={fn(K): K € Lo(I", Mn)} C Gp (2.19) 
representing the space of Wiener’s homogeneous chaos of degree n. Using 


these subspaces we obtain the Wiener-It6 decomposition as well as the 


isometric isomorphism as stated in the following corollary. 


Corollary 2.3.5 Gg = Saar Gg,n and further, Gg is isometrically iso- 
morphic to Gg and this is symbolically represented by Gg ++ Gg. 


Orthogonal Functionals of Nonstandard Brownian Motion: So far 


we have considered standard Brownian motion which has the property: 


E{ (w(t), €)(w(s),m)} = ŒA 86,7) 


for any £,7 € R?. This means that the corresponding white noise has nor- 
malized power density 1. In fact, the power density of each of the compo- 
nents is one and so for vector case it equals the dimension d. We consider 
it normalized by dividing the true power density by the dimension of the 
vector Brownian motion. For arbitrary power density, we may consider 


Brownian motions satisfying 


E{ (w(t), €)(w(s),m)} = (1/2A) (EA )(€,0) 


for any A > 0. The Wiener measure u is now given by the indexed fam- 
ily of Wiener measures ua, A > 0. In this case the orthogonal functionals 
{ fn(Kn); Kn € Lo(I", Mn)} have exactly the same form as given by (2.11) 
with w being now the nonstandard Brownian motion. All the properties 
(P1), (P2), (P4) remain valid and the property (P3) changes to 


(P3) : < SaR) San La) Sa ean f Tr(L* K,,)dtdt2 drn. 


In this case the Hilbert space Gg is replaced by the indexed family of 
Hilbert spaces {F), À > 0}, given by 


Co 


Fy = {K € Kg ill K a= (F/A) Il Kn laar m) ” < o} 


n=0 
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Note that for A = 1/2 we get back Gg. Again by use of the isomorphism 


®g we obtain a new class of functionals of Brownian motion given by 
Fy = D5 (Fx). 


All the results presented in this section remain valid for the spaces Fy and 
the space of functionals of Brownian motion given by Fy = Lo(, B, ux; R8). 


Following result has interesting significance in applications. 


Theorem 2.3.6 The system of Hilbert spaces {F\,A > 0} forms a totally 
ordered lattice with Fy C Fp for O < à < p. By virtue of the isomorphism 
®g, preserving the lattice property, Fy C Fp for A < p with continuous 
injection. 

For details the reader is referred to [Ahmed, [Ahmed (1968)]], [Ahmed 
(1995)], [Ahmed (1973)], [Ahmed (1969)], [Ahmed (1994)]. 


Physical significance of the above result is the following. The smaller 
the A is, the larger is the power density of the Brownian motion. Hence the 
class of kernels {K} C Kg, for which f = ®g(K) = >o fn(Kn) is well 
defined and has finite energy, is smaller. The smaller the noise intensity is, 
the faster is the rate of convergence of the representing Wiener series. And 
in applications this presents an advantage: a small number of kernels are 


required to be constructed. 


Another interpretation is: for a given nonstandard Brownian motion, 
the maximal set of admissible nonlinear transformations for which the out- 


put has finite energy is limited and is determined by the family {7,, A > 0}. 


2.4 Functionals of Gaussian Random Field (GRF) 


Let D be an open bounded connected subset of R¢ (with smooth boundary) 
and let B(D) denote the class of Borel subsets of D, and ¢ the Lebesgue 
measure on 6(D). Let W(dz) denote the Gaussian Random measure (or 
Field) defined on B(D) satisfying the following basic properties: 


(1) For any T € B, W(T) is a Gaussian random variable with mean 
E{W(L)} =0. 
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(2) For any two sets, Dj, Da € B, E{W(D,)W(D2)} = 4D: N Də), 
and this implies that E(W (T))? = (T) for any T € B. 

(3) For any two disjoint sets T, A € B, W(TUA) = W(T)+W (A), and 
W([. nA) = W() = 0 with probability one. 


Let Ms = M,(D) denote the space of signed measures on Borel subsets of 
D and let X (w, d£) denote a random Gaussian measure on B(D) satisfying 
the properties (1)-(3). In other words X is a random variable with values 
in Ms, that is 


X : (Q, F, P) Msg. 


Under the canonical map X (w, d£) = w(df), X induces a Wiener measure 
u on Ms. We call this space the Wiener measure space and denote it by 


(Ms, Bs, u) = (Ms, u). 


We are interested in the Hilbert space Lə(Ms, u). This is the space of 
equivalence classes of 4 measurable functions defined on the space of signed 


measures M,, and square integrable with respect to the measure p. 


As in the preceding sections, for consistency of notations, we introduce 
the product space 


K, = [| [ 2-0”) 
n=0 


where D” denotes the Cartesian product of n—copies of D. Then we define 
a similar family of seminorms Q?” so that we have the Fréchet space K} = 


(Ky, Q7). We use systematically the following subspaces: 


Gy = {K € Ky: (Son! || Kn llao) 2 < 00}, 


n=0 


{K € Ky: (X || Kn laom)? < o}, 
n=0 


Hy 


whose completions, with respect to the norm topologies indicated above, 
are Hilbert spaces. 
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For each Kẹ € E(B"), we introduce the fundamental sequence of ho- 


mogeneous functionals {en} of Gaussian random fields given by: 


en(Kn) = / Kn &1, £2, -.., &)W (d&1)W (dE2) --- W (dên). (2.20) 


For each integer n > 0, define 


Gan = {en(K), K € L(D")}. (2.21) 


The space Gy, is a linear vector space of n-th order polynomial (Wiener) 
Chaos. We can introduce a scalar product in Gy, as before. For ¢, Y E€ Gyn, 


we have 


Lah = a bv dus f E Rr 


Sn! f Kali bn) LalEns £21 sn) UdE1) an). (2:22) 

Just as in Satie 2, we have the isometric isomorphism, 
Gyin © vn! Int Dy, (2.23) 
Similar to the case of functionals of Brownian motion, as seen in section 


2.2, we have the Wiener-Itô decomposition: 


n=00 


La(Msu)= X Gyn = Gy. (2.24) 
n=0 


Further, Riesz-Fischer Theorem holds as stated below. 


Theorem 2.4.1 Given the orthogonal system {e,(K,),K, € L2(D*),s € 
N}, the necessary and sufficient condition that there exists an element e € 
Lo(Ms, u) with {Ks} as its Fourier- Wiener kernels is that the series 


S S IKEE EPUA) AdE) (225) 
s=0 Y D* 

converges. 

Proof The proof is identical to that of Theorem 2.2.3. è 


Introduce the Hilbert space 


Gy= S avn!Ê(D”) 
n=0 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


52 Generalized Functionals of Brownian Motion and Their Applications 


and let II,, denote the projection (operator) from L2(M 6, u) to Gyn. In view 
of Riesz-Fischer Theorem 2.4.1, each e € La(Ms, u) has the representation 


e = X U,(6) = X` en(Ln), (2.26) 
n=0 n=0 


where 
en(En) =f) Ln (Gis Ea En WAEWAE) Wg), (2:27) 
with 
L= {Ln € Îo(D”),n > 0} € G}. 


Again, as seen in section 2.2, the Fourier-Wiener kernel L is uniquely de- 


termined by e alone and we have 


1/2 
lI e lle, = I€ lza, o=(% mi| Dn Bacon) = Elle, (228) 


It follows from the above discussion that the map ®, : Gy — Gy = 
Lə(Ms, u) given by 


is an isometric isomorphism between G} and G} satisfying similar properties 
as those of Pa and ®,. 


From these observations, we obtain the following corollary. 


Corollary 2.4.2 G, is the space of regular functionals of Gaussian random 
fields on D having the Wiener-Ité decomposition Gy = Xpo ® Gyn. With 
respect to the norm topologies as given above, the spaces Gy and Gy are 


Hilbert spaces and they are isometrically isomorphic, Gy 4 Gy. 


2.5 Functionals of Multidimensional Gaussian Random 
Fields 


The results presented above have been extended to multidimensional Gaus- 
sian Random Fields. Interested readers may check with [Ahmed (1995)]. 
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We present briefly the modifications necessary to extend the results of sec- 
tion 2.4 to the vector case. The space of scalar signed measures M,(D) is 
replaced by the space of vector measures M(D, R*). Let X (w, dE) denote 
a k-dimensional Gaussian random measure on B = B(D) satisfying similar 


basic properties as in section 2.4 with slight modifications. 


(1) For each T € B, W (T) is an R*-valued Gaussian random variable 
and for every n € R*, E{(W(L),7)} =0. 
(2) For any two sets D1, D2 € B, and n,¢ € R 


IE{(W(D1),)(W(D2),6)} = (n, 0)&(D1 N Də), 


and this implies that E(W (T), ¢)? = |¢|},.@(L) for any T € B. 
(3) For any two disjoint sets T, A € B, W(TUA) = W(T)+W (A), and 
W (In A) = W() = 0 with probability one. 


Under the canonical map X(w,d&) —> w(d&), X induces a Wiener 
measure 4” = PXT! on M = M(D,R*) which we call the canonical 
Wiener measure. We call the space (M,B(M), u”) the Wiener measure 
space to be briefly denoted by (M, m). 

Like in section 2.3, for any pair of fixed nonnegative integers k and 
s, and for each nonnegative integer n, let M, = £L(R*®”, R°) denote the 
space of symmetric n-linear forms (multilinear forms) from R* to R5. For 
C, B € Mn define 


< C, B >m,„= Tr(C* B) =Tr(B*C). 

Now using standard tensor notation as in section 2.3, we define a reg- 
ular homogeneous functional of Brownian fields of degree n by hy(Kn) = 
hn(Kn)(W) where 

MaK W) f Kula. e EWE) 8 WUG) 8 W den), 
(2.29) 
for any Kn € Ê (D”, Mn). These are known as the polynomial chaos of 


degree n taking values from R°. The space spanned by these elementary 
functionals is denoted by 


Gin = {hn (K), K € L2(D", M,)}. 
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Clearly, the space L2(D", M,,) has the natural norm topology given by 


1/2 
| Kou lacosatays ( f UK las Gyo EBn Ll Cas) Aden) 
for Ky € L2(D", Mn). 


The functionals {hn(Kn)} introduced above have exactly similar prop- 
erties as those of the scalar case treated in section 2.4. Without going into 


details we simply state the results. Define the Hilbert space 


Gs = X evn! Îa(D”, Mna) C Ks = ]] fo(D",Mn) (2-30) 
n=0 


n=0 
where Ks is the Fréchet space. The space G's is furnished with the norm 


topology 


oo 1/2 
ities (> mae [Bacona] 


n=0 
Again, we can introduce the map ®s : Gs — Gs = La( M, u) through the 


expression 
®5(L) = X An(Ln). 
n=0 
This leads us to the following result. 
Theorem 2.5.1 Given the orthogonal system 
{hs(Ks), Ks € L2(D°, Ms), s € N}, 


the necessary and sufficient condition that there exists an element h € 
L2(M, u) with {Ks} as its Fourier- Wiener kernels is that the series 


Sst fh EEn ta EDBL EDE) AE) 231 
s=0 3 
converges. 
Using this result, we obtain the following corollary. 


Corollary 2.5.2 The space Gs is the space of regular functionals of 
Gaussian random fields on D having the Wiener-Itô decomposition Gs = 


DoD Gon. With respect to the norm topologies as given above, the 
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spaces Gs and Gs are Hilbert spaces and they are isometrically isomorphic: 
Gs > Gs. 


Summary 2.5.3 So far in this chapter, we have introduced the regular 
functionals of scalar Brownian motions, vector Brownian motions, scalar 
Gaussian random fields and vector valued Gaussian random fields. These 
are elements of Hilbert spaces Ga, G8, Gy, Gs which are isomorphic (isomet- 
ric) images of the Hilbert spaces Ga, Gg, Gy, Gs respectively. 


Remark 2.5.4 (Extension of G,) In view of the above results, it is evi- 
dent that there is no particular problem considering space-time orthogo- 
nal Gaussian random fields (measures) and Wiener-It6 multiple integrals 
with respect to such measures. For example, considering the scalar case, 
the homogeneous chaos of degree n with respect to space time orthogonal 


Gaussian measure is written as 


n( Kn) = Yn(Kn, W) 


= Fn(t1, E1; T2, €23 +++ 3 Tn, En)W (dTi x dér): -W (Tn x dên) 
D> 


(2.32) 


where Dr = [0,T] x D with T < oo. Assuming that, for each n € N, the 
kernel K,, € L2(D®) and the Gaussian random measure is standard with 


zero mean, the set 
{Yn(Kn), Kn € L2(Dr),n > 0} 


forms an orthogonal system of functionals of space-time Gaussian random 
field. For each n € N, the norm square of the random variable Yn is given 


by the usual expression 
2 2 
Eyal? =n! || Kn lacom - 
Clearly, this is an extension of the class G and it has application to stochas- 


tic partial differential equations driven by space time white noise. This is 


discussed in section 6.6 of Chapter 6. 
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2.6 Functionals of co-Dimensional Brownian Motion 


Let H and U be a pair of separable Hilbert spaces each furnished with a 
complete orthonormal basis {e;} and {u;} respectively. Let W = {W(t),t > 
0}, with P{W(0) = 0} = 1, be an U valued Brownian motion with (incre- 
mental) covariance Q € LT (U), the space of nonnegative symmetric nuclear 
operators in the Hilbert space U. That is, for each u,v € U, 


E{ (W(t), u)(W(t), v)} = t(Qu, v),t > 0. 


Without any loss of generality we may assume that the Wiener process W 
has the representation 


W(t)= os V9; Gi (t) 


where {8;} is a system of pairwise independent scalar Brownian motions 
and {q; > 0} are the eigen values of the operator Q with the corresponding 
eigen functions {u;}. Let U8” denote the n-fold tensor product of U and 
£L2(U®", H) the space of symmetric n-linear forms from U to H. This is 
endowed with the scalar product given by 
< L,K > £Lo(U®",H) = Tr(K* L) 
— 5 (Lui ® Wig ++ @ Uin, Kui Q Win +++ Q Uin H 
tay yin D1 
for L,K € Lo(U®%",H). Naturally, the associated norm is given by 
| K lieue», m= (Tr(K*K))!/? with respect to which L2(U®", H) is a 
Hilbert space, called the space of Hilbert-Schmidt n-linear forms. Let 
(t1,t2,--- ,tn) — Kn(ti,te,--- ,tn) be a Borel measurable function de- 
fined on I” = [0,T]" and taking values in the Hilbert space £L2(U®”, H). 
Define the multiple Wiener-It6 integral 
In(Kn) = In(Kn, W) 
= Ky (ti, ta,-++ ,tn)dW (t1) ® dW (t2) --- Q AW (tn). (2.33) 
Ir 
Let Q = Co(I, U) denote the space of continuous functions with values in U 
and vanishing at zero; and u the canonical Wiener measure defined on B, 


the Borel subsets of the set Q, giving the canonical Wiener measure space 
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(Q, B, u). Let L2(Q, u; H) denote the Hilbert space of H-valued random 
variables whose norms are square integrable with respect to the Wiener 
measure u. For each K, € Lo(I",£L2(U®", H)), it is easy to verify that 
In( Kn) € L2(Q, u; H). Indeed, by direct computation, we have 


E| J, (K Di =o Kadeh =n f D agag 


iniz insl 
oo 


e So (Kn(ts, t2, stn) Ui, B Uig ++ Q Ui, 0) a dt, dtg-++tn. (2.34) 
l 
In case W is a cylindrical Brownian motion, Q = I and the above expression 


simplifies to 


E|Jn(Kn)|% 
= =n f 2. po n(ti, t2, tn) Ui Q +++ Q Ui, , €¢)zdtidte --- dtn 
11, 125° 
=n! f Ratatat) (uon m dti dtz- -tn. (2.35) 


In the general case, we write this as 


EIK =n f I Kalasta tn) ligaran m d diata 
(2.36) 


where LY (U®", H) denotes the space of weighted Hilbert-Schmidt n-linear 
forms. The family of functionals {J„ (Kn), Kn € Lo(I", LE (U®", H))} sat- 
isfies similar properties like (P1)-(P4) as in the scalar case given in section 
2.2. In particular, they are orthogonal in the Hilbert space L2(Q, p; H). As 


in the preceding sections, we introduce the product space 
Ko = || 220”, £3 (U", H)) 
n=0 
where for n = 0, Lo(I°,L2(U®°, H) = H. Then we introduce a similar 


family of seminorms Q” = {pn} where, for each K E€ Kg, 


Pr(K) =| Kn lleocr,c2(ue",H)) . 
Endowed with this family of seminorms, Kæ = (Kz, Q7) is a Fréchet space. 
Let L} (U) denote the class of bounded positive selfadjoint nuclear opera- 
tors on the Hilbert space U. For any given Q € Lf (U), we use systematically 
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the following subspaces: 


oo 1/2 
= x 2 
Go = ÍK eka: (© n! || Kn ee) <o}, 


n=0 


1/2 
{x & Rea : È | Kn I eee LE ( Ue, e) < cob, 


whose completions, with respect to the norm topologies indicated above, 


Ho 


are Hilbert spaces. 


Like in the finite dimensional cases, the Riesz-Fischer theorem remains 


valid. For completeness, this is stated below. 
Theorem 2.6.1 Given the orthogonal system 
{Ja(Ks), Ks € Lo(I*, L9 (U®*, H)),s € N}, 


the necessary and sufficient condition that there exists an element J € 
Lo(Q, u; H) with {Ks} as its Fourier- Wiener kernels is that the series 


Co 


SOs | [Kst ta, ite) eo qen: mdti dta: dts (2.37) 
s=0 Is 


converges. 
Based on this result, we have the following corollary. 


Corollary 2.6.2 The space Go = L2(Q, u; H) represents the class of reg- 
ular functionals of U -valued Wiener process having the Wiener-Itô decom- 
position G, = aor ® Gan. With respect to the norm topologies as given 
above, the spaces Gz and Gœ are Hilbert spaces and they are isometrically 


isomorphic: Ga © Go. 


It is interesting to note that the result stated in Theorem 2.3.6 for 
the scalar case can be partially extended to the infinite dimensional case. 
First, note that for Q € Lt (U) and a > 0, aQ > 0; for Q1,Q2 € LF (U), 
Qi + Qe > 0. For 0 < Qi < Q2 we have Q2 — Qı > 0. Thus £] (U) forms 
a partially ordered lattice in the real Banach space of all nuclear operators 
in the Hilbert space U. 

Note that the Hilbert spaces Gw and Ge are very much dependent on 
the covariance operator Q and hence we may denote them by GQ, g£. 
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Corollary 2.6.3 The system of Hilbert spaces {G2,Q € LY (U)} forms 
a partially ordered lattice with G22 C G2 for 0 < Qi < Q2. The iso- 
morphism ©, preserves the lattice property and hence G22 C GQ: for 
0< Qı < Qe with continuous injection turning the family of Hilbert spaces 
{G2,Q € LI (U)} into a partially ordered lattice. 


This result provides a large family of Hilbert spaces of functionals of 
infinite dimensional Brownian motion. For application to stochastic differ- 
ential equations on infinite dimensional Hilbert spaces, one can choose the 


one that is compatible with the given problem. 


Remark 2.6.4 Suppose {Qn, Qo} C LÌ (U) such that Qn > Qo in the 
Banach space Lı (U). The problem is to verify that the sequence of Hilbert 
spaces GQ” converges to the Hilbert space G2° in some sense. It would be 


interesting to determine the appropriate topology for this convergence. 


2.7 Fr-Br. Motion and Regular Functionals Thereof 


Let (Q, F, F; 1, P) denote the standard probability space with a filtration. 
Fractional Brownian motion is a particular convolution integral of the stan- 


dard Brownian motion W with respect to a suitable kernel. It is given by 
t 

Bu(t) = | Ku(t,s)dW(s),t > 0 (2.38) 
0 


where, for simplicity, we may choose 
1 

T(A + (1/2) 

for the kernel Ky. The parameter H € (0,1) is called the Hurst parameter. 


Ky(t, s) = (t— s)#-G/2)) t >s > 0, 


It satisfies the following basic properties: 

(P1): P{Bu(0)=0}=1, 

(P2): For each t € R} = [0,co), Ba (t) is an F; measurable random 
variable having Gaussian distribution with EBy(t) = 0. 

(P3): For each t,s € Ry, 


IE{ By(t)By(s)} = (1/2) {#77 + 2” — |t — 8/74}. (2.39) 
(P4): Form the above expression it is easy to verify that By(t),t > 0, 


is a self similar process in the sense that the law of the process By(at),t > 
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0, is the same as that of the process a! By(t),t > 0. For the standard 
Brownian motion the law of W (at) coincides with that of /aW (t). 


Clearly, IE{|Bz(t)|?} = |t|?? and so By(t) is a second order Gaussian 
process and it converges in law to the standard Brownian motion as H > 
(1/2). Comparing the regularity of Brownian motion with its fractional 
counterpart, it is interesting to note that, with probability one, W(t) is 
Holder continuous exponent y < (1/2) while By(t) is Holder continuous 
exponent y < H. Thus, for H € (1/2,1), fractional Brownian motion is 
smoother. It is clear that By is not a martingale while Brownian motion 
is. These long range dependence and self-similarity properties make the 
fractional Brownian motion very useful in the study of Network traffic and 
hydrology [Mandelbrot (1968)]. 

In recent years fractional Brownian motion has been used in the study 
of filtering problems [Ahmed, Charalambous, [Ahmed (2002)]] and network 
traffic dynamics [Ahmed, Chen [Ahmed (2004)]]. Duncan and his colleagues 
[Duncan (2000)] have used fractional Brownian motion to develop stochastic 
calculus similar to that of Ito. They have also studied multiple Wiener-It6 
integrals based on the fractional Brownian motion. Here we present very 
briefly some important properties of these functionals and the vector spaces 
they belong to. It is easy to verify that 


E{Bry(t)By(s)} = [f pu(t — 0)dôds. (2.40) 
Thus a function that plays an portani role in the construction of func- 
tionals of fractional Brownian motion is given by 
y = pu (t) = H(2H — 1t? t € Ry. (2.41) 
We are interested in any finite time interval J = [0, T] and from now one 
we may assume that y(t) = 0 for all t < 0. 

Now we can introduce the class of (deterministic) functions which are 
integrable with respect to the fractional Brownian motion. This class de- 
pends very much on the function y given by the expression (2.41). Let 
L$ (I) denote the class of Borel measurable real valued functions {K} de- 
fined on I such that 


i K(t)K(s)g(t — s)dsdt = || K lze~y< oo. (2.42) 
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With respect to the scalar product, 


| KOLOYE- s)dsdt = (K, Drg) (2.43) 


L$ (I) is a Hilbert space. By straightforward computation it is easy to see 
that for K € Lo(I), with I = [0, T] any finite interval, 
IK lls < (AT???) | K |an- 


Thus for H > (1/2), the inclusion L2(I) — L(I) holds and continuous 
(see also [Ahmed (2002)]) and therefore the class of integrands for frac- 
tional Brownian motion is larger than that for standard Brwonian motion 


as expected (at least for finite intervals). 


We start with the linear functional. Let 8 € L(I) and consider the 


functional 
h= [matt 
Clearly, J, is a Gaussian random variable with mean and variance given by 
E =M=0 
E(h)=0 = ih y(t — s)B(t)B(s)ds.dt. 


Thus the characteristic functional of the random variable J; is given by 


Cu (£) = Efe®"} = exp{-(1/2)2 | BU Bs) elt — s)dids}. 


Note that as the Hurst parameter H — (1/2), the function y(t) > d(t), 
the Dirac measure, and the characteristic functional converges to 
lim, Cu = epf -0/28 | POH = Cil, 

which is the correct characteristic functional of the random variable J; with 
By replaced by the standard Brownian motion W. Now we can introduce 
the Wiener-It6 homogeneous chaos generated by fractional Brownian mo- 
tion. Let L$ (I”) denote the class of real valued Borel measurable symmetric 
functions defined on J” such that 


| Kn lZeun)= a ptr rs s1) P(t = 8n)Kn(ti,-*: stn) Kn (s1,°°° Sn) 


dt <- - dtn; d51 `- © dSn < 00. (2.44) 
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Completed with respect to the natural scalar product, 
< Kn, Ln > LE (I") 


=f ptr T sı) n O(tn = Sn) Ky (th, ere, itn Dl Sis pomes Sn) 
y2n 
dti- - dtn; ds1 +- dsn, 


L(I”) is a Hilbert space. By letting the Hurst parameter H | (1/2), it 
follows from equation (2.44) that 
. 2 2 

eet | Kn lzgan)= n! || Kn laa”) ; 
In view of the above results one can introduce a class of homogeneous chaos 
of degree n based on fractional Brownian motion just as we have done for 
standard Brownian motion. This is given by 

Gn(Kn) = Ky(ti,te,-++ ,tn)dBy(ti)dBy(te)---dBr(tn), (2.45) 

[nr 
for Kn € L(I") and n € N. Again these functionals satisfy the orthogo- 
nality property 


0 forn ém 


< Gn( Kn); Gm(Lm) > LE (Q) = KA Ex 
ns, Hn LSI”). 


Thus we may conclude that, other than the norm topology, there is 
really no significant difference between the functionals of standard Brow- 
nian motion and its fractional counterpart. For more details see Dun- 
can and his school [Duncan (2000)] where they consider also stochastic Itô 
and Stratonovich integrals of random processes which are not necessarily 


adapted to the filtration F; induced by the fractional Brownian motion. 


In view of the above results, following the same procedure as in the 
preceding sections, we can now introduce the Hilbert spaces Go and Gy as 
follows. Let K, = J[ o L3(I") denote the Fréchet space endowed with 
a family of seminorms {qn} given by gn(K) =|| Kn ||ze(rm). Then we 
introduce the vector space Go characterized by 


Gp = {K € Kọ: D | Kn lže) < oE Kgs (2.46) 


n=0 
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Furnished with the norm topology || K ||¢,= © zzo || Kn lže) )!/2 (and 
completed with respect to this topology) G is a Hilbert space. The vector 


space of functionals of fractional Brownian motion is characterized by 
G,={feELs(Q): f= Yl ), Kn € LE(I")}. (2.47) 


Furnished (and completed) with ie norm topology, 


If lloe= (Ela I gn(K. Oe) 


G, is a Hilbert space. Let uy (Hurst parameter H) denote the Gaussian 
measure induced by the fractional Brownian motion on the measurable 
space (Q, B) where Q = Co(I) = {x € C(I) : x(0) = 0} and B is the 
sigma algebra of subsets of the set Q generated by all cylinder sets. Let 
L$ (Q, B, wr) = LE (Q) denote the class of measurable functions on Q which 
are square integrable with respect to the measure wy. Now we can state 


two main results similar to those of Theorem 2.2.3 and Corollary 2.2.5. 


Theorem 2.7.1 Given the orthogonal set {gs(Ks),s E€ Ni} with {K, € 
LE(I%)}, a necessary and sufficient condition that there exists an f € 
LE (Q) = LE(Q,B, ur) with {Ks} as it’s Fourier-Wiener kernels is that 


the series 


bee A (2.48) 
s=0 

converges. 

Corollary 2.7.2 The space G, is isometrically isomorphic to Gy. 


The notion of absolute continuity of one measure with respect to another 
and the associated Radon-Nikodym derivative plays an important role in 
the study of stochastic differential equations. In the case of Wiener measure 
space, the RND of the shifted measure u”, for h € Lo(I), is given by the 
well known Girsanov formula, 

du” 3 
= exp{ | hdw — (1/2) | |h|“dt}. (2.49) 
du I 
The associated SDE is given by 


dix(t) = h(t)dt + dw(t), 2(0) = 0. (2.50) 
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A similar formula defines the density of a shifted measure with respect to 
the measure uy induced by the fractional Brownian motion on the canonical 
path space. However, these shifts cannot be arbitrary; they must belong to 
certain class as discussed below. Let h € L(I) and define the convolution 
(yx h)(t) = | p(t — s)h(s)ds. 
I 
The set of admissible shifts is given by 


As = Í Loh): (LDO = | (exnyo)ds,t etre 80} 


In this case the RND is given by 


d h 
eines = exp{ | hdBy — (1/2) f hat), (2.51) 
duy I 2 

and the corresponding SDE is given by 


dzy = (y x h)(t)dt + dBu (t), £ (0) = 0. (2.52) 


Remark 2.7.3 Letting the Hurst parameter H | 1/2, the reader can verify 
that the RND given by the expression (2.51) reduces to the RND given by 
(2.49). Also note that the SDE driven by fractional Brownian motion given 
by equation (2.52) reduces to the SDE given by (2.50) which is driven by 


standard Brownian motion. 


2.8 Lévy Process and Regular Functionals Thereof 


Let Q = (Q,F,Fis0, P) denote a complete filtered probability space sup- 
porting all random processes discussed below. Here we consider the Lévy 
process, in particular, the centered Poison random process. This is a count- 
ing (jump) process that evolves purely by jumps of varied sizes. The size 
distribution is characterized by a nonnegative regular countably additive 
bounded measure on the state space say R” \0 = Z. This measure is 
known as the Lévy measure which we denote by II. For simplicity, and 
without any loss of generality, we consider only the scalar case (n = 1). 
The Poisson counting measure, denoted by p(dt x dz), is a Poisson ran- 
dom variable with mean and variance dt x II(dz) where dt = ¢(dt) is the 
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Lebesgue measure and II is the Lévy measure. For example, for any Borel 
set like Jx DCI xZ, 


&(J)M(D))" exp{ -L UD) F 


Prob{p(J x D) =n} = ( (2.53) 


n! 
This is just the probability that over the time period J, there are exactly 
n jumps of sizes or intensities lying in the set D. The centered random 


Poisson measure denoted by q(dt x dz) is given by 
q(dt x dz) = p(dt x dz) — dt x II(dz). (2.54) 


Often it is this random measure that is known as Lévy measure. We 


will use this terminology interchangeably. 


Remark 2.8.1 Note that if Z = {z*} is a singleton, the process reduces 
to the classical Poisson random variable with rate \ = II(z*). 


We are interested in functionals of Poisson random process p under the 
assumption that it has independent increments. Let F; and F*t denote the 
sigma algebra of events o([0,t] x Z) and o([t, T] x Z) respectively. For any 
A € Fi, p(A) is an F; measurable nonnegative random variable and, for 
any B € F', p(A) is independent of p(B). Define the mean measure v on 
(I x Z) by setting v(A) = f4crxz dtU(dz), for A € BUI x Z). This turns 
the centered Poisson measure q, as defined by the expression (2.54), into 
an orthogonal measure in the sense that (1): Eq(A) = 0 for all A € B and 
(2): Eg? (A) = v(A), and (3) IE{q(A)q(B)} = v(AN B). 


Now let LU(I x Z) = Lo(I x Z,dt x II(dz)) denote the space of Borel 
measurable functions which are square integrable on J x Z with respect to 
the product of Lebesgue and Lévy measure dt x II(dz). Let K € LU(I x Z) 


and consider the random variable 


Xp = K(t, z)p(dt x dz). 
IxZ 


The characteristic functional of this random variable is given by 


Cp(£) = opd f (e = nama:)}, (2.55) 
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while the characteristic functional of the random variable X, = 
Sieg Kt, z)a(dt x dz) is given by 


Cb) = opd f (ee =1- exyaert(ae)}. (2.56) 


The reader can easily verify these facts by using a sequence of simple func- 
tions Kn that converges to K in LY (I x Z). Using the characteristic func- 
tional C,(€) one can easily verify that the second moment of X, is given 
by 


EX; = [Kear dtII(dz) +( K(t,2)attl( dz) ) 1 (2.57) 


IXZ 


In contrast, using the characteristic functional C,(€) one can easily verify 


that the second moment of the random variable X4 is given by 
EX? = | |K(t, z)|? dtII(dz). (2.58) 
IXZ 


Clearly, EEX; > IEX. Now we consider the multiple integrals with respect 
to the centered Poisson process q(dt x dz). As usual in this book, we denote 
the Cartesian product of n copies of I x Z by (I x Z)” with the product 
measure. Let L4((I x Z)") denote the class of symmetric kernels which are 
square integrable with respect to the Lebesgue-Lévy measure, that is, 


2 
| Bn Megcaxzys) 


= f |Kn(t1, 21; ta, 22; stn, zn)| dt, TI (dz) -- - dtpI(dzn). 
(Ix Z)” 
(2.59) 


Completed with respect to the natural scalar product, this is a Hilbert 
space. Then the homogeneous Poisson chaos of degree n, denoted by 
gn(Kn, q), is defined by the multiple integral with respect to the Lévy pro- 


cess {q}, 


In(Kn,@)) 


J Ky (ti, 213 te, Z2; jtn, 2n)q(dt x dz1)--+q(dtn x dzn). 
(Ix Z)” 


(2.60) 
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From now on we assume that q is fixed and so we can suppress the q variable 
and use simply the standard notation g,(K,,) for the n-th order homoge- 
neous chaos corresponding to Kp € LY((I x Z)"). Let LI(Q) denote the 
Hilbert space of square integrable random variables defined on the proba- 


bility space 2. Again these functionals satisfy the orthogonality property 


0, ifn Am 


< G9n(Kn), 9m(Lm) > 10 (a)= n E E ohare 


Following the same procedure as in the preceding sections, we can now 


introduce the Hilbert spaces Gu and Gy as follows. Let 


Ku = Il LY((I x Z)”) 


n=0 
denote the Fréchet space endowed with a family of seminorms {qn} given 
by qn(K) =|| Kn |lna(rxz)n) - Then we introduce the vector space Grr 
characterized by 


Gn ={K € Kn: $ n! || Kn liggn} Cn. (2.61) 
n=0 


Furnished with the norm topology 


= 2 1/2 
IK llen= (S22! || Kn UR acaczyey)/ 
n=0 


(and completed with respect to this topology) Gy is a Hilbert space. The 


vector space of functionals of the centered Poisson process is characterized 
by 


n= {fet :f= Bf + S^ ga (Kn), Ky € LI((I x Z)” )} 


n=1 


Furnished (and completed) with the norm topology, 


1/2 
If llon= o lKa igo) (2.62) 


Gy is a Hilbert space. Now we can state two results similar to those of 
Theorem 2.2.3 and Corollary 2.2.5. 
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Theorem 2.8.2 Given the orthogonal set {g,(Ks),s € Nz} with {K, € 
LY((I x Z)s)}, a necessary and sufficient condition that there exists an 
f € LE(Q)) with {K} as it’s Fourier- Wiener-Lévy kernels is that the series 


Co 


2 
de! Il Ks llznqrxz)s) (2.63) 
s=0 
converges. 


Corollary 2.8.3 The space Gy is isometrically isomorphic to Gu with Oy 


denoting the isometric map Gy — Gr. 


Remark 2.8.4 If the state space Z consists of a finite set of points, that 
is, Z = Zş ={01,¢2,--- , Ce}, the multiple integrals (2.59)-(2.60) reduce to 
the multiple (n-fold) sums over Zş of multiple integrals over T. 


It is clear from the results presented in this chapter that nonlinear func- 
tionals of any of the processes like Brownian motion, Gaussian random 
fields, fractional Brownian motion, Poisson random processes all have simi- 
lar representation provided the random variables they represent are square 


integrable. 


2.9 Some Problems for Exercise 


P1: Verify the basic properties (P1)-(P4) of the orthogonal functionals 
{gn} stated in section 2.2. Hint: Use orthonormal expansion of symmetric 
kernels K,, € L2(I") by any orthonormal set {4;} C Lo(1). 

P2: Read the statements of Lemma 2.2.1, Theorem 2.2.2 and Theorem 
2.2.3 and compare them with similar results known in regards to the famous 
Riesz-Fischer theorem for the classical pair of (separable) Hilbert spaces Lo 
and %2. 

P3: Prove that the statement of Theorem 2.2.3 is equivalent to the follow- 


ing statement 
L2(9, B, u) = bo (Ti VntLe(I")) 
where = denotes the metric and topological isomorphism. 


P4: Consider the nonstandard Brownian motion of section 2.3 parameter- 


ized by A > 0. Verify the Lattice property stated in Theorem 2.3.6. 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


Regular Functionals of Brownian Motion 69 


P5: Let 8 € L(I) and W a scalar Brownian motion on some probability 
space (Q, F, P). Prove that the random variable © = exp{ f, 6(t)dW(t)} € 
L (Q, F, P) for all p € (0,00). Hint: Define X = f, 6(t)dW(t). Can be 


done in two ways. 


Direct: First note that E(X) = 0 and E|X|? = = f BE dt. 
Compute 
E{ZP} = fie —(1/2)(#/o)? ae 
ae 


and show that IE{|Z|?} = e(/2)p°e" 
Indirect: Expand the exponential function 


|Z = P POW = Symp i, pateyaw) 


n=0 


and use the properties of multiple Wiener-It6 integrals to show that 


E(f voam)?” = CO ae (fia HO yPat) i 


P6: Use the results from the problem (P5) and show that the process 
Elt), t > 0, given by dE = a(t)€dt + B(t)EdW, €(0) = £o, has p-th moment 
whenever £o has the p-th moment. Verify that for p > 0, this is given by 


IE{|§(6)|?} = {leo} exodo f altar + (1/2)0(0 - 1) [isa 


P7: Verify that all the abstract spaces G = {Ga, G8, G7, G8, Gw, Go, Gu} 
introduced in this chapter satisfy the following isometric isomorphism 


G L(K) 


for a suitable K representing an infinite product of a countable family of 
suitable Hilbert spaces. 

P8: Given P,Q € £I (U) with 0 < Q < P, prove that the embedding 
GE. — GÌ is continuous and dense. Hint: Follow the discussion around 
the expressions (2.34)-(2.36). 

P9: Consider the Remark 2.6.4 and propose a suitable topology and a 
technique for the convergence. Hint: The embedding result from problem 


(P8) may have significance in this respect. 
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P10: Consider the statements of Remark 2.7.3 and verify their correctness. 
Hint: Show that y converges to the Dirac measure and then verify all the 
assertions. 

P11: Verify that the Poisson random process p and its centered counter 
part q have characteristic functionals given by the expressions (2.55) and 
(2.56) respectively. Hint: Use the basic fact that for any Borel set J x T C 
I x Z the random variable p(J x T) is a classical Poisson random variable 


with mean and variance ¢(J) x I(T). 
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Chapter 3 


Generalized Functionals of the First 
Kind I 


3.1 Introduction 


In this chapter, using the Hilbert spaces {Ga, Gg, Gy, Gs, Ga, Gy, Gn} and 
their corresponding isomorphic images {Ga = ®a(Go), Gs = &a(Gs),Gy = 
®,(Gy),G5 = B(G), Go = Pa(Ga), Ge = Py(Gy),Gn = On(Gn)}, we 
construct a large class of generalized functionals of Brownian motion, frac- 
tional Brownian motion, Gaussian random fields and Lévy (Poisson count- 
ing) process. These generalized functionals are much more general and 
they contain the regular or the Wiener-It6 class as a special case. These 


are constructed by use of duality arguments. 


3.2 Mild Generalized Functionals I 


Here, we construct a class of mild generalized functionals which we call 
generalized functionals of the first kind. These are strongly related to the 
regular functionals discussed in Chapter 2. Recall the Fréchet space Ka 
and the Hilbert space Ga, a subspace of Ka, as introduced in section 2.2. 
Let Ha denote the vector space 


= 1/2 
Ha ={K € Kall K is (9. Kn aay)? < co} Bi 
n=0 


We assume that Ha has been completed with respect to the scalar product 


OO 


(K, L) = XO (Kn, nes 


n=0 


71 
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so that it becomes a real Hilbert space. It is easy to verify that for each 
L € Gg, we have 


Pilz, < Elles - 


In other words Ga C Ha but the reverse inclusion is not true and the 
injection Ga — Ha is continuous and dense. Let L be any element of 
Ha and define the linear functional on Ga by setting L(K) = (L, K). 
Clearly, for any K € Ga, 


O S E eall E laa < WE lal E llea- 


Thus, every L € Ha determines a continuous linear functional on Ga and 
so Ha C G4, where G% is the topological dual of Ga. In fact, the space 
of continuous linear functionals on G is much larger. For each L € Ka, a 
Frèchet space, and K € Ga, it is clear that the finite series, 

s=n 


< L,K >n = NAs, Ks) ra») 


s=0 
is well defined and finite. Indeed, 


| < L, K >n | = IX (Ls, Ks)ra(19) 
s=0 


RTA a TT 
s=0 

n 1/27 n 1/2 

< (Says) | Ls laan) (Zo | K, laan) | 


s=0 s=0 


Since K € Ga, it follows from this that 


n 


1/2 
| <L,K >< (Says) | L, laan) IK lle. 82 
s=0 


This holds for every n < co. Thus, for each K € Ga, the limit, 
|\<LK>|= lim |< L, K >» | 


exists and is finite if, and only if, L(€ Ka) is such that 


oO 


S > (1/s!) || Ls llaa) < 00. (3.3) 


s=0 
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Hence, for every such L, we have 


OO 


1/2 
A EE (Sas | Le laan) | Klle<oo. (3.4) 
s=0 


Identify Ha with its dual Hž. Let G% denote the dual of Ga. The inequality 

(3.4) characterizes the dual G*,. That is, continuous linear functionals on 

Ga are given by only those elements of K which satisfy (3.3). Define 
os 1/2 Al 

I L lles= (ELo(1/5)) || Ls |l} u)’. Thus, the bilinear form or the 

pairing on the left of (3.4) has a natural extension and can be interpreted 


as Gž-Ga pairing giving 


|< IZ] 


š < 
e 


|< L,K >, K lle. - (3.5) 


CA 
Then, G% is also a Hilbert space with respect to the norm topology given 
by 


Co 


lL llaz= (S2(1/n!) || Ln Waa)”. (3.6) 


n=0 
It is easy to show that Ga is dense in Ha and H, is dense in G*. We 
call the system {Go, Ha, G*,} the Gelfand triple. Thus we have proved the 
following result. 


Lemma 3.2.1 Consider the triple Ga, Ha, G>, as defined above. They are 
all Hilbert spaces and the embeddings Ga > Ha —> G% are continuous and 


dense. 


Note that G% — Ga pairing is given by 
lo) 


< L*,K > G* Go = S 0 h Kn) bat"): 


n=0 
However, if L* € Ha, this reduces to the standard scalar product in Ha as 
given by the pairing following the expression (3.1). 

As a consequence of Hahn-Banach theorem, we expect that for every 
K € Ga there exists an L* € B,(G*), the closed unit ball of the dual G%, 
such that < L*, K >G+.c¢,=|| K lle, and that || L* | 


an element is given by 


a= 1. Indeed, such 


L* ={L* n> 0}, with L* = 
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By direct computation, the reader can easily verify that, for this choice of 


L*, we have 
< L*, Sesen = Elles 
and that || L* ||ex = 1 as expected. It is also easy to verify that both 


the Ga norm and Ha norm of L* are infinite. That is, || L* ||¢,= +00 and 
|| L* |a „= +00. This also shows that G* is a very large space. 


Using the above results and the isomorphism ®,, as defined in Chapter 
2, we can construct a class of generalized functionals as follows. Since the 
embeddings Ga ~ Ha © G}, are continuous and dense, by virtue of the 
principle of extension by continuity, we can extend ®, all the way up to G3, 
in such a way that it’s restriction to Ga is ®a itself. Instead of introducing 
new notations, we shall denote this extension also by ®, itself. We define 


Ga = PalGa), Ha = Ostia), Gå = PlGe). (3.7) 


Hence we have the following result. 


Theorem 3.2.2 The class Ga is the space of regular Lo functionals of Brow- 
nian motion while the two classes Ha and GX are generalized functionals of 
Brownian motion with Ga being their test functionals and they satisfy the 
following diagram: 


Ga > Ha > Gh 


f i ii (3.8) 
Ga => Ha Ge 


where — denotes continuous and dense embedding and |, stands for isomet- 


ric isomorphism. 


The action of an element of G% on those of the regular Brownian func- 
tionals Ga = Lə(Q,B, u), considered as test functionals, is given by the 


duality pairing 


co 


LSAT >G* Ja Z NO A/n)) (gn (Ln), ga (Kn))La(2,B,n) =< L,K > G* Ga 
n=0 


and clearly, 


I< ff >ong.| S If | 


gall filo. < WL llexll Æ llea- (3-9) 
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Note that, again by Hahn-Banach theorem, for every f € Ga there exists 
an f* € G% such that 


< FS >= || F lloa- (3.10) 
For example, if f + K, then f* given by f* = ®a(L*) for L* = 
(Lo, Li, Lg,- -+ Ln, ) with Ln = (n!/ || K ||¢,) An has the required prop- 
erty and, further, || f* | 


uai 


Clearly, as expected, it follows from this that G% separates points of Gy. 


Corollary 3.2.3 The dual G% of Ga has a norm topology which is compatible 


with the isometric isomorphism between G* and G%. This is given by 


OO 


G2 > /n!) || Kn laa») =|| K | 


n=0 


IFI 


Gs 


Proof The space G* can be furnished with a natural scalar product (not 
the duality pairing) that turns it into a (pre)-Hilbert space. Indeed, let II, 
denote the projection map G4 — IIn(G%) = Gan = {gn(R): A/Vn!)R € 
L(I")}. Let f,g € G* be given by f = ®,(K),g = alL) for some K, L € 
G}. Then introduce the scalar product in G% as follows: 


[0.0] 
< fig >g: =X < Inf, Ing >g: 


n=0 


= 5 < JIn(Kn), g9n(Ln) PGs » 
n=0 


Co 


= X ((1/n!)gn (Kn); (1/1!) 9n(En)) Gan 


n=0 
o0 


= VO /n!) (Ka, Ln)rat) = (K, Des: 


n=0 


Hence the G% norm of f is given by 


oO 


G S 7 (1/n!) | Kn Ilža») =| K | 


n=0 


IFI 


Gs 


Clearly, this scalar product is compatible with the isometry. e 
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A practical significance of this result is interesting. In case a given 
functional f of Brownian motion fails to have finite energy, that is, 
ll £ llg,= +œ, it means it does not admit standard Wiener-It6 decom- 
position. However, it may be an element of the dual G* with an elevated 


energy given by its Hilbertian norm as given in the above corollary. 


3.3 Mild Generalized Functionals II 


The results presented in the preceding section also hold for multi dimen- 
sional Brownian motion as discussed in section 2.3. Without going into de- 
tails, we restate the results for the multidimensional case. Here the (pivot) 
space is the Hilbert Hg given by 


— SaS = 1/2 
Hp ={K e KeA K le = (90 Kairi <k. (3-1) 
n=0 


where Kg is the Fréchet space introduced earlier. Recall the Hilbert space 
Gg, a subspace of the Hilbert space Hg, with the norm topology given by 
(2.17). By virtue of the isometric map ®, as introduced in section 2.3, we 
have Gg = ®4(Gg) = Lo(0, B, u; R) = Lo(p, Rf) representing the regular 
functionals of vector Brownian motions. As seen before, continuous ex- 
tension of this map, also denoted by ®g, gives the generalized functionals 
Hg = &s(Hg) and G3 = &3(G%s). By virtue of Theorem 2.3.4 and the Corol- 
lary 2.3.5 we have the following results parallel to those of Lemma 3.2.1 and 
Theorem 3.2.2. In particular, we have the Gelfand triple {Gg, Ha, G5}. 


Lemma 3.3.1 Consider the triple Gg, Hg, G% as defined above. They are 
all Hilbert spaces and the embeddings Gg + Hg —> Gh are continuous and 


dense. 


Using the isometric isomorphism ®g, we obtain a broad class of generalized 


functionals as stated in the following theorem. 


Theorem 3.3.2 The class Gg is the space of regular Lz = Lo(p, R°) func- 
tionals of vector Brownian motion while the two classes Hg and G% are 


generalized functionals of vector Brownian motion with Gg being their test 
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functionals and they satisfy the following diagram: 


Gg e> Hg => G% 
pd t (3.12) 


Ge => Hg > Gz. 


Corollary 3.3.3 The dual G3 of Gg has a norm topology which is compatible 


with the isometry and isomorphism between G% and Gi. 
Proof The proof is similar to that of Corollary 3.2.3. e 


Practical significance of this result is similar to that following Corollary 
3.2.3. In case a given functional f of vector Brownian motion fails to have 
finite energy, that is, || f ||g,= +oo, it means it does not have standard 
Wiener-It6 expansion. However, it may be an element of the dual Gi a 


larger class. 


3.4 Generalized Functionals of GREF I 


Here, we consider regular and generalized functionals of scalar Gaussian 
random field (GRF). Consider the vector space 


K, = | [ L2(d’) 
s=0 


where we interpret [2(D°) = R/C. Again, as in Chapter 2, we can introduce 
a countable family of seminorms on K, with respect to which it is a Fréchet 


space. Define the set 


oo 1/2 
G= fr E€ K ll L lle,= bs n! || Ln os) < co} 


n=0 
Clearly, this is a linear subspace of the Fréchet space K}. Again, we use Gy 
to denote its completion with respect to the norm topology as indicated 


above which is induced by the scalar product 


< KL Gy = Saf (Ks L3)(m, n2, ws Ns )E(dn)..-L(dns). (3.13) 
s=0 DS 
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For convenience of systematic notations, let G, denote L2(M,, u), (see 
section 2.4) and ®, the map that assigns to each element of G} an element 
of G, through the relation 


®,(K) = 5 en(Kn, W) = 5 en(Kn) 
n=0 n=0 


where, 


en(En) = f Ln (Eis Ea +n) (dg) (aka) W(dén), (314) 


as given by the expression (2.27). For convenience, we have suppressed 
W in the last expression. According to Riesz-Fischer theorem giving the 
identity (2.28), ®, is an isometric isomorphism between Gy and Gy. 
Define 


Hy ={K €Ky:||K = (oI Kn Rpm)? < oo}. (8.18) 
n=0 
Then, following similar approach and arguments as in section 3.2, we have 


the following results. 


Lemma 3.4.1 The Gelfand triple Gy, H,G}, as defined above, are all 
Hilbert spaces and the embeddings Gy => H, —> G% are continuous and 


dense. 


Again, we use ®, to denote it’s continuous extension from Gy to H} 
and G*. Writing H} = ®,(H,) and G = ©,(G*) we obtain the following 


result. 


Theorem 3.4.2 The class G, is the space of regular Lo functionals of the 
Gaussian random field {W (A), A € B(D)}, while Hy and G} are generalized 
functionals with G, being the space of test functionals and they satisfy the 


following diagram: 


G, > Hy, > Gy 


re f (3.16) 


Gy > Hy > Gy 
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with continuous and dense embeddings. Naturally, for 6* € GJ, it’s norm is 
defined by 


| &* llo-= Supl< $*, 6 >g=,9,;|| ¢ Ilo, = 1}- 


Corollary 3.4.3 The dual G} of G has a norm topology which is compatible 


with the isometric isomorphism between Gy and g4- 
Proof The proof is similar to that of Corollary 3.2.3. eè 


Practical significance of this result is similar to that following Corollary 
3.2.3. 


3.5 Generalized Functionals of GREF II 


Here, we consider the multidimensional case. Since the basic procedure is 


the same, we simply state the results. Consider the product space 


Ks = | [| L2(D*, Ms). 
s=0 
One can introduce, as in Chapter 2, [see Ahmed [Ahmed (1973)]] a count- 
able family of seminorms on Ks with respect to which it is a Frechet space. 
Define the set 


Co 


1/2 
G= {1 E Keil Lllos= (> Melle luona) 7 i 


n=0 
Clearly, this is a linear subspace of the Fréchet space Ks. Again, we use G5 
to denote its completion with respect to the norm topology as indicated 


above. The associated scalar product is given by 


Co 


<K,L >= 505! / Tr((K2L) tm, May°+ Me) edn) Lld). 


s=0 DS 


(3.17) 


Let Gs denote La(M, u”), and ®s the map that assigns to each element of 
Gs an element of Gs through the relation 


(K) = 3 Rn(Kn) 
n=0 
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where, 
Rn(Kn)= | Kalér En) W (dE) @--- W (dén), (3-18) 
Dr 
which is similar to the expression (2.27) for the scalar case with Kp € 
E2(D", Mn) for n € No. According to Riesz-Fischer theorem, giving the 
identity similar to (2.28), ®s is an isometric isomorphism of Gs onto Gs. 
Define 


Hs ={K€Ks:||K | 


On Belgas) Seeks Gag) 
n=0 


Then, following similar approach and arguments as given in section 3.2, we 


have the following results. 


Lemma 3.5.1 The Gelfand triple Gs5,Hs5,G5, as defined above, are all 
Hilbert spaces and the embeddings Gs —> Hs — G% are continuous and 


dense. 


Recall that the updown arrows are used to represent isometric isomor- 
phisms usually denoted by the symbol = . 

Writing Hs = ®5(H5) and Gf = ©5(G%§) we obtain the following re- 
sult giving a very large class of generalized functionals of multidimensional 


Gaussian random fields. 


Theorem 3.5.2 The class Gs is the space of regular La functionals of the 
vector Brownian field {W (A), A € B(D)}, while Hs and G5 are generalized 
functionals with Gs being the space of test functionals and they satisfy the 


following diagram: 
Gs => H; = G3 
t 4 t (3.20) 
Gs => Hi > G5, 

with all the embeddings being continuous and dense. 


Corollary 3.5.3 The dual G3 of Gs has a norm topology which is compatible 
with the isometric isomorphism between G5 and the space of generalized 


functionals represented by G3. 
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Proof The proof is similar to that of Corollary 3.2.3. e 


In case a given functional f of vector Brownian field fails to have finite 
energy, that is, || f ||g;= +oo, it means it does not have the standard 
Wiener-It6 decomposition. However, it may very well be an element of the 
space Gs of generalized functionals with an elevated energy measured in 


terms of its Hilbertian norm. 


3.6 Generalized Functionals of co-Dim. Brownian Motion 


In section 2.6, we introduced the Hilbert spaces G, and Hæ. The reader 
can easily verify that the injection Ge — Hw is continuous and dense. As 
seen in all the cases considered above, the dual G% is well defined and it is 
a very large space containing H,,. As usual we identify the dual of H,, with 
itself. Using similar arguments, as employed in the preceding sections, one 
can prove the following results. 

Lemma 3.6.1 The vector spaces in the Gelfand triple {Gz,Ha,G%} are 
all Hilbert spaces and the embeddings Gz => Hz —> GE are continuous 


and dense. 


Let ®, denote the isometric isomorphism between G, and G,. Us- 
ing the same notation for its extension, and writing Ho = ®,(H.) and 
G4 = ©,(G%), we obtain the following results giving a very large class of 
generalized functionals of infinite dimensional Brownian motion. 
Theorem 3.6.2 The class Gz is the space of regular Lə functionals of 
U-valued Brownian motion, while Hœ and G% are generalized functionals 
with Gœ being the space of test functionals and they satisfy the following 
diagram: 

Go > Ho > G5 


t f t (3.21) 


Ga => Ho > Gh, 


with all the embeddings being continuous and dense. 


Corollary 3.6.3 The dual G= of Gœ has a norm topology which is compat- 


ible with the isometric isomorphism between GE and Gz. 
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In case || f |g. = +00, it means f does not have standard Wiener-It6 
decomposition. However, it may be an element of the dual G% having an 


elevated energy measured in terms of it’s Hilbertian norm. 


Remark 3.6.4 In view of the Corollary 2.6.3 and Theorem 3.6.2, the 
reader can easily verify that, for Q1,Q2 € LI (U) satisfying Qı < Qo, 
the inclusion G2? C GQ: is reversed for the corresponding duals, that is, 
G2)" > Gai)" 

We have seen that Lf (U) is a partially ordered lattice. It is easy to see that 
if P,Q € LÌ (U) and Q < P and P < Q then P = Q. Thus it follows from 
Zorn’s Lemma that any chain {Qn,t} = {0 < Qi < Q2 <- <Qn<:--} 
has a unique least upper bound. 


Let | * denote the mapping that takes any Banach space X to its 
topological dual X*. In view of the above observations, we can readily 
obtain the following result. 


Corollary 3.6.5 Corresponding to this chain {Qn,t} C LÌ (U), we have 
the following chains from the partially ordered lattice {G2,Q € Lt (U)} and 
its dual {(G2)*,Q € LT (U)} 


o 4 Grr Go 
{ * Lx Lx (3.22) 
Gere Cel -o a (GF Y 


and that they have unique least upper bound and greatest lower bound. 


Proof Follows from Remark 3.6.4 and Zorn’s Lemma. e 


3.7 Generalized Functionals of Fr.Brownian Motion and 
Lévy Process 


Following the same basic procedure we can also construct generalized func- 
tionals of fractional Brownian motion as well as Lévy process. These are 


presented below. The reader may like to carry out the details. 
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Considering the functionals of fractional Brownian motion, as seen in 
section 2.7, the vector space corresponding to regular functionals is given by 
G, which is isometrically isomorphic to the Hilbert space Go. Following the 
standard practice of this monograph, we denote this isometric isomorphism 
by Gy + Gy and the corresponding isomorphic map by ®y,. Now using 
the Fréchet space K, = [|] L3(I"), we introduce the Hilbert space H, 
characterized by 

Hy = {K € Ko :|| K $= X O/a) || Kn Iie < co}. (3-23) 
n=0 
The dual of Gy denoted by G% is characterized as follows. For K € Gy an 
element L € Ky belongs to the dual G% if the following duality pairing is 
well defined 


< L, K >ez,4,= X (1/n!) < Ln, Kn >rgq») - (3.24) 


n=0 
Clearly this is well defined if and only if 


Co 


O(m)? I Ln legs o. (3.25) 


n=0 
Again this shows that the dual is a very large space. The reader can easily 
verify that if L € H,, then the pairing (3.24) reduces to the scalar product 
in the Hilbert space H,. Now using the isomorphism ®,, (more precisely 


its continuous extension), we obtain the following result. 


Theorem 3.7.1 The class Go is the space of regular L$ (Q) functionals of 
fractional Brownian motion while the two classes Hy and GZ are generalized 
functionals of Fr.Brownian motion with Go being their test functionals and 


they satisfy the following diagram: 
G, Ho > G} 
T E (3.26) 
Go => He > Go 


where —> denotes continuous and dense embedding and |, stands for isomet- 


ric isomorphism. 
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Remark 3.7.2 The results of Theorem 3.7.1 reduces to those of Theo- 
rem 3.2.2 as the Hurst parameter H | (1/2). Recall that in the limit the 


correlation kernel y = yy converges to the Dirac measure. 


Remark 3.7.3 It is interesting to note the difference in the char- 
acterization of the Hilbert space Hy, (3.23) and the Hilbert spaces 
{Ha, Hg, Hy, Hg, Ho, Hn}. All of the later spaces have identical charac- 


terization. 


Similar results hold for functionals of Lévy process (particularly centered 
Poisson process). Following the same procedure the reader can prove the 


following result. 


Theorem 3.7.4 The class Gy is the space of regular LY (Q) functionals of 
the centered Poisson process q with Lévy measure II while the two classes 
Hy and Gi are the generalized functionals thereof with Gy being their test 


functionals and they satisfy the following diagram: 
Gu > Hy > GE 
E E (3.27) 
Gu œ> Hn > Gy 


where — denotes continuous and dense embedding and |, stands for isomet- 


ric isomorphism. 


3.8 Some Problems for Exercise 


P1: Prove that the embeddings Ga —> Ha —> G% are continuous. Find the 


embedding constants. 


P2: Consider the triple of Hilbert spaces Ga œ> Ha © G*% introduced in 
section 3.2. Let Bı (G%) denote the closed unit ball of the dual space G*. 
Prove that for every K € Ga there exists L* € 0Bi(G%) such that 


< L*, K >ex,a.=ll K lle. 
and that 


I 2° Ilez= 1,1] 2° lle. = 00, || 2° ll. = 00. 
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P3: Use the isomorphism ®, to reach similar conclusions for the problem 
(P2) with Ga => Ha © G* replaced by the Gelfand triple Ga > Ha > Gs 
which represent the Hilbert spaces of functionals of Brownian motion and 
their duals. 


P4: Verify that similar conclusions, as in problems (P2)-(P3), hold for all 
the Hilbert spaces Ga, Gg, Gy, G5, Go, Gy, Gr and their isomorphic images 
Ga, Ge, Gy, G8, Gw, Go, GT- 


P5: Consider the pair of infinite dimensional systems on a separable Hilbert 
space H 

dx = Axdt + F(x)dt + C(t)dW® (t),x(0) = €,t € I = [0, T] 

dx = Axdt + F(x)dt + C(t)dW? (t),x(0) = €,t € I = [0,T], 


where {W2,W?} are U valued Brownian motions with incremental co- 
variance operators Q, P € £L] (U). Suppose A generates a Co-semigroup 
S(t),t > 0, on H, F is uniformly Lipschitz on H and C € L(U,H). Let 
x®,x? denote the mild solutions of the above systems corresponding to 
Brownian motions {W8, WP} respectively. Suppose € is an H valued sec- 
ond order random variable independent of the sigma algebra F;,t > 0, to 
which the Brownian motions {W°, WP} are adapted. 

(a): Let £2(H,U) denote the Hilbert space of Hilbert-Schmidt opera- 
tors from H to U. Prove the following inequality 


T 
sup Ela? (£) — 2" (liz < cf Il (vQ - VP)C*S* (t) Ilža v) at, 


and verify that C = ef MK? with K being the Lipschitz constant for F 
and M the norm bound of the semigroup over I. 

(b): Prove the continuity of the map Q — x? on £] (U) with respect 
to the norm topologies on £1 (U) and B% (I, L2(Q, H)) respectively. Hint: 
Recall that B4 (I, L2(Q, H)) is the Banach space of F; adapted H valued 


random processes having second moments uniformly bounded on J. 


P6: Consider the space G% and the related space G% of generalized func- 
tionals of fractional Brownian motion. (a): Show that the norm topology 


of the former is given by the expression (3.25). Give the norm topology 
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of G% which is compatible with that of Gg. (b): For any K € Gy, find an 
L € OB, (G5) (the unit sphere) such that 


< L, K >@s,c,=|| K lle, - 
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Chapter 4 


Functional Analysis on {G,G} and 
Their Duals 


4.1 Introduction 


In this chapter we study the questions of compactness and weak compact- 
ness in the Fock spaces {G,G} and their duals {G*,G*} respectively. In 
other words we present results characterizing compact and weakly compact 
sets in these spaces. Here the spaces G and G stand for any member of the 
family of Fock spaces {Go, G8, Gy, Gs, Gw, Go, Gu} and their isomorphic 
images {Ga, G8, Gy, G8, Gœ, Go, Gn} respectively. Using the compactness re- 
sults we consider some problems involving optimization. This is illustrated 
by several examples. In particular, they are applied to stochastic differen- 
tial equations (SDE), input-output representation thereof, inverse problems 


and nonlinear filtering problems etc. 


4.2 Compact and Weakly Compact Sets 


Here we consider some basic questions of analysis on the vector space G = 
L2(Q, B, u) or equivalently G. Since G and G are Hilbert spaces, bounded 
subsets A C G and A C G are conditionally weakly compact. If closed, 
then they are also weakly compact. The interesting question is what are 
the necessary and sufficient conditions for (strong) compactness. These 
questions were addressed in a paper of the author [Ahmed (1973)] for the 
spaces Ga and Ga. We present here some of these results. 

For convenience of presentation we shall replace J by R and extend the 
elements {Kn} of L(I”) or those of L(I”, Mn) by setting Kn = 0 outside 


87 
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the interval J. The result we are going to present here applies to the Hilbert 
spaces Gy Gg and Go and therefore to their isomorphic images Ga Gg and 
Ga respectively. For convenience, we use one pair of symbols, G and G, to 
denote the corresponding spaces. Let II, denote the projection of G to 


n= {Ke G:K= (Ko, Kı ---Kn,0,0,0,)} 
Let An, h € R, denote the translation operator: 
Ar K = (Ko, Ki( +h), Kol +h, +h) Kal +h, th, h). 
Clearly An : G — G. 
Theorem 4.2.1 A set T C G is conditionally compact if, and only if, 

(1) T is bounded, 

(2) limp—so || Ah K — K ||,=0 uniformly with respect to K ET, 

(3) imr» || (1 -— Un) K ||, = 0 uniformly with respect to K ET. 
Further, IT is compact if it is also closed. 

Proof For detailed proof see [[Ahmed (1973)], Theorem 4]. 

Next we present a parallel result for the function space G representing 
either of the spaces Lo(Q,B, u), La(Q, B, u; R) or L2(Q,B, u; H) where 
we have used u to denote the Wiener measure defined on the topological 
Borel field B of subsets of either of the path spaces Co(I), Co(I, R) or 
Co(I,U). Let {T;,t € R} denote the ergodic group of measure preserving 


transformations of B into itself; and P,, denote the projection of G to Gn as 
defined below: 


Gn = Pa(G) = {f = G : if = Se ge), Ks € L(I*) or 


s=0 


f=)  fs(Ks), Ks € La(I°, Ma), or 
s=0 


f=" J.(Ks), Ks € La LIU Hs n). 
s=0 
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Theorem 4.2.2 A set F C G is conditionally compact if, and only if, 

(1) F is bounded, 

(2) limo fo |f(ZTiw) — f(w)|?du(w) = 0 uniformly with respect to 
JEF, 

(3) limps fo (1 — Pa) f(w)|?du(w) = 0 uniformly with respect to 
JEF. 


Proof The proof follows from Theorem 4.2.1 and the isomorphism ® = 
{Pa or ®g or Po} [see also [Ahmed (1973)], Corollary 2]. 


Theorem 4.2.3 Let T C G and consider its image = = {®(K),K € T}. 
Then = is a weakly compact subset of G if, and only if, T is a weakly compact 
subset of G. 


Proof Since weak compactness is preserved under isomorphism and © is 
an isomorphism of G into G, the set = C G is weakly compact whenever 


T C G is weakly compact and conversely. e 
Similar results are valid for the dual spaces G* and G*. 


Theorem 4.2.4 Let I’ be a bounded, w*-closed (weak star), convex subset 
of G*, and consider its image = = {®(K),K € T}. Then, © is a weak 
star compact subset of G*. Conversely, fe C G* is a bounded, w* -closed, 


conver set, then T = ©~1() is a w* compact subset of G*. 


Proof Since I’ is a bounded w*-closed convex subset of a dual space (conju- 
gate space), it follows from Alaoglu’s theorem that T is weak star compact. 
Weak and w*-compactness are preserved under isomorphism, and so, we 


conclude that = = (I) is a w*-compact subset of G*. The converse follows 


since ® is an isomorphism. e 


Remark 4.2.5 Since for reflexive Banach spaces, the weak star topology 
on the dual is equivalent to the weak topology, a set C C G* is weak star 


compact, if and only if, it is weakly compact. 
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4.3 Some Optimization Problems 


Here we present some typical optimization results that may be applied to 
nonlinear system representation and identification (inverse) problems. First 


we prove the following result. 


Theorem 4.3.1 Let J be a weakly lower semicontinuous functional on G 
bounded away from —co and suppose = is a weakly compact subset of G. 


Then J attains it’s infimum on E. 
Proof Proof is classical. e 


Theorem 4.3.2 Let J be a weakly lower semicontinuous functional on 
G bounded away from —oo and suppose lim) K\\g+0 J(K) = œ. Then J 
attains it’s minimum on G. Further, if J is strictly convex it has a unique 


minimum. 


Proof Define m = inf{J(K), K € G}. Clearly m > —oo. Hence there ex- 
ists a minimizing sequence {K"} C G such that limno J(K”) = m. Since 
limy| «||g-00 J(K) = œ, it is clear that {A”} is a bounded sequence in G. 
In any Hilbert space, a bounded sequence has a weakly convergent subse- 
quence. Relabeling the subsequence as the original sequence, we conclude 
that there exists a K° € G such that K” — K° in G. Hence, by weak 


lower semi continuity of J, we have 


J(K°) < liminf J(K”) < lim J(K") =m. 
n— o0 


n— o0 
Since m is the infimum of J on G, m < J(K°). In view of the opposite 
inequalities, we conclude that J(K°) = m. This proves the existence. The 
uniqueness follows from strict convexity. Indeed, if there are two elements 
L°, K? € G at which minimum is attained, it follows from strict convexity 
of J that for a € (0,1) we have 


J(aL? + (1—a)K°) < aJ(L°)+ (1-a)J(K°) =m. 


This contradicts the fact that m is the minimum value of J on G. This ends 
the proof. e 


Theorem 4.3.3 Theorems 4.3.1 and 4.8.2 remain valid if in their state- 


ment, G is replaced by its dual G*, weak lower semi continuity is replaced 
’ p y y 
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by w*-lower semi continuity and E in Theorem 4.3.1 is a w* (weak star) 


compact subset of G*. 
For applications we may choose specific functionals for J. 


Theorem 4.3.4 Let = C G be a weakly compact set, K a fixed element of 
G and ọ : [0, œ] —> [0,00] be a nondecreasing, continuous, and extended 


real valued function. Then the functional J given by 
J(K) = yll K — K lle) 


attains its minimum on &. Further, if = is a convex set and ọ is a strictly 


conver function, J has a unique minimum on =. 


Proof First note that the norm in any Banach space is a weakly lower 
semicontinuous functional. In particular, K —> n(K) =|| K ||¢ is weakly 
lower semicontinuous. Suppose K” —“> K° in G. Let B,(G*) denote the 
closed unit ball in G*, the dual of G. Corresponding to the element K°, 
there exists an element L° € B,(G*), (as seen in Chapter 2), such that 
| K° lla =< L°, K° >Qa* G. Then, 
| K? |e = < L°, K? >a ge = < L°, K? — K” >ar a+ < L°’, K” >ra. 
Since K” converges weakly to K°, it is clear from the above identity that 
for any € > 0 there exists ne € N such that 
| Klle < e< I,K" >a < et |K” lle 
for all n > ne. Hence, || K° |a < liminfn>oo || K” ||¢ and therefore the 
norm functional is weakly lower semicontinuous. Since y is continuous and 
nondecreasing, it is clear that 
J(K°) = 9(|| K°— K ||) < liminf (|| K” — K ||) = lim inf J(K”). 
noo noo 
Hence, J is weakly lower semicontinuous on G and, since = is weakly com- 
pact by assumption, J attains its minimum on =. We prove uniqueness by 
contradiction. Suppose the assumptions on y and = hold, but there are 
multiple elements at which J attains its minimum m = inf{J(K), K € 3}. 
Let K!, K? € E be two such elements. Since vy is nondecreasing, it is clear 


that 
J((1/2)(K* + K?)) < g((1/2) || K* — K || +(1/2) || K? - K |). 
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By strict convexity of y, this leads to the strict inequality 
J((1/2)(K* + K*)) < (1/2)p(|| K* — K ||) + (1/2)¢(|| K? - K ||). 
In other words, we have 
J((1/2)(K1 + K?)) < (1/2)J(K+) + (1/2)J(K?) =m 


By assumption © is a convex subset of G and so K* = (1/2)(K1+ K?) € E 
and hence J(K*) < m. This contradicts the hypothesis that K!, K? are 


minimizers. This completes the proof. e 


An exact analog of this result in the context of the space of regular 


functionals of Brownian motion G is given in the following corollary. 


Corollary 4.3.5 Let T C G be a weakly compact set, f a given element 
of G and ọ : [0,00] — [0,c] a nondecreasing, continuous, extended real 


valued function. Then, the functional J given by 


If) = lll f- F lle) 


attains its minimum on T. Further, if T is convex and ọ is strictly convex, 


J has a unique minimum onT. 
Proof The proof is based on identical arguments. e 


One can easily observe that a similar result holds for the dual space G*. 


This is stated as follows, 


Corollary 4.3.6 Let T C G* be a weak star compact set, f c€ G*, and 
p : [0,co] —> [0,00] be a nondecreasing, continuous, and extended real 


valued function. Then the functional J given by 


IN= f-F | 


attains its minimum on T. Further, if T is convex and ọ is strictly convex, 


g») 


J has a unique minimum on T. 


4.4 Applications to SDE 


Here we present some applications of the results given in the preceding 


sections. In particular, we use these results to study approximation theory 
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for input-output maps corresponding to stochastic differential equations 
driven by Brownian motion. These results are also used in the study of 
inverse problems known as system identification (problems) in physical and 


engineering sciences. 
(E1): Consider the stochastic differential equation on Rf 
dx = b(t, x)dt + a(t, x)dw,x(0) = xo, t € I = (0,T] (4.1) 


where w is an R¢-valued standard Brownian motion. The parameters {b, 7} 
are vector valued functions b : I x Rf — Rf, o : I x Rf — L(R?, R’). 
They are measurable in t € J, locally Lipschitz continuous in x and there 


exists a constant 7 > 0 such that 
b(t, 2) ue + Tr(o(t,n)o(t,2)") < n(1+ lele) 
for all (t,x) € I x Rf. Further, we assume that E|xo|%. < o0. 

It is well known [Skorohod (1965)], [Ahmed (1998)], [Shigekawa 
(1998/2004)], [Ikeda (1989)] that, under the given assumptions, the sys- 
tem (4.1) has a unique strong solution x which belongs to C(I, Rf) with 
probability one and further 

sup{ E|x(t) |e, t € [0, T]} < co. 


Clearly, it follows from this result that zr = 2(T) € Lo(0,B, yw; R) SG. 
Since ® is an isomorphism between the Hilbert spaces G and G, there exists 
a unique K € G such that 


sr = ©(K) = X f.(Ks). (4.2) 
s=0 


In practical applications, often it is desirable to approximate a system, 
equivalently, its input-output representation, by a finite Wiener-It6 series. 
In general, one may wish to find an element from a closed linear subspace 
Mo of G. In this case one can formulate the problem as: find f € Mo that 


minimizes the functional Z given by 


Alf) = |ler—f lo. (4.3) 
Clearly, this functional is radially unbounded, that is, limy sg. Z(f) = 


oo. The reader can easily verify that it is weakly lower semicontinuous on 
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G and that mo = inf{Z(f), f € Mo} => 0, and it is also finite. Thus, there 
exists a minimizing sequence {f"} C Mo such that lim, Z( f”) = mo. 
We show that there exists an f° € Mo at which the infimum is attained. 
Since Z is radially unbounded, and Z(f”) — mo, the sequence {f"} is 
contained in a bounded subset of G. A bounded set in a Hilbert space is 
conditionally weakly compact. Hence, there exists a subsequence of the 
sequence { f”}, relabeled as the original sequence, and an f° in G such that 


fe > f°? in G. By weak lower semicontinuity of Z we have 
oO A z n < $ n = 3 
Z(f°) < liminf Z(f") < lim Z(f") = mo 
Now we must verify that f° € Mo. Since the sequence {f"} C Mo and f” 
converges weakly to f° and Mo is closed linear subspace of G, it follows 


from Hahn-Banach theorem that f° must be in Mo. Hence Z(f°) > mo 


and the conclusion now follows from the above opposite inequalities. e 


Remark 4.4.1 The result presented above also holds for stochastic func- 
tional differential equations of the form 

dx = b(t, x,)dt + o (t, x+)dw, 

x(s) = C(s), —r < s < 0,x(0) = £,t € I = (0,T], (4.4) 
where x; = x(t+s),—r < s < 0. The basic assumptions are similar [Ahmed 
(1970)]. 


In fact these results also hold for differential inclusions [Ahmed (1992)] 
of the form 


dx € B(t,x)dt + X(t, x)dw, x(0) = zo 


where both B and X are measurable multifunctions with closed convex 
values in Rf and L(R?, Rf) respectively and xo is an Rf-valued second 
order random variable. The standard assumption is that both B and X 
satisfy the following Lipschitz and growth conditions with respect to the 
Hausdorff metric py as stated below, 


pu (Bit, x), Blt, y)) < K\z = yl Re, pu (X(t, x), d(t, y)) < K\z 7 yl Re 
sup{|z|re, z E€ B(t,z)} < K(1 + |2\|pe), 
sup{lolccra,pe),o E E(t, £)} < K(1 + |a|pe). 
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Remark 4.4.2 An example of a linear subspace Mp of significant practical 


importance is 


Mo={fEG:f= Dee eee € L2(I", Mn)} 


n=0 
where m is a finite positive integer. In other words, one wishes to approx- 
imate the given functional by a finite Wiener-It6 series. This is certainly 


important in practical applications. 


(E2) Inverse Problem A: Inverse problems are known as identification 
problems in Physical sciences and engineering. Often, Engineers want to 
identify their system through an input-output representation. Mathemati- 
cally, a convenient model is the Volterra series given by 


y(t) = F(a) = D) at Ky (tis+++ , Tn)a(t1) ++: 2(t)dri +++ dtm, t € I, 
(4.5) 


where x is the input and y the output. Given the input-output pair {x,y} 
over a given period of time, say, J = [0,T], the problem is to identify the 
kernels {Kn} so that the model output approximates the actual response 
as Closely as possible. Recall the Hilbert space Ga with the norm topology 
given by the expression (2.8). Suppose K = {Kn} € Ga. Then one can 
readily verify that, for every x € L2(I), and t € I, we have 


WOLS SOW Ka lasl e lasl E le. exp{(1/2) Il z I}, }-4-6) 


n=1 

Thus, the operator F, as defined above, is a bounded nonlinear operator 
from Lə(I) to Læ(I) and it is also continuous and locally Lipschitz. For 
mathematical convenience, we assume that the kernels {Kn,n > 1} are 
symmetrized. Now, consider the map F’r(w) = f(w) where w is the stan- 
dard Brownian motion. As in Chapter 2, this is defined as the infinite series 
of Wiener-It6 stochastic integrals. To identify the kernels, we consider the 
sequence of orthogonal functionals {g,(Z,)}, for L = {Ln,n > 1} € Ga. It 


is clear that 


< f, gn(Zn) > = n!(Kn,Ln)t (1) for every n € N, 
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provided the n-th order kernel of the system being identified is K,,. Define 


the functional 
Ln aig L(Ln) = (1/n!) < f, gn(Ln) > 


where the angle bracket means integration with respect to Wiener measure. 
Clearly, this is a continuous linear functional on L2(I”). We can determine 
K,, by maximizing this functional on the unit ball of L2(I”). It is easily 
shown that a point at which @ attains its maximum on the unit ball is given 
by L? = K,/ || Kn || which is a point on the boundary of the unit ball. 
Since an Lo space is strictly convex (that is, its unit ball is strictly convex), 
and £ is linear, the maximizer is unique. Thus the maximizer is uniquely 
related to the unknown kernel. The unknown kernel Kn is equivalent to 
the maximizer L? modulo a multiplicative constant 6n with 
p, = <fagnla) > 
n! 
In other words, K? = £,L°. Thus, in principle, we have identified the 


system F in the form of an infinite Volterra series with kernels given by 
K? = {K°,n > 1}. Note that the norm of f is given by 


If lea=ll K? lew= (D> 12)". (4.7) 


(E3) Inverse Problem B: For the inverse problem A, f was assumed to 
be an element of the regular space Ga which is a proper subspace of GX. 
However, the same procedure applies even if f is in the larger space. We 
construct the linear functional exactly as before giving 
(Ln) = (1/n!) < f, gn(Ln) >. 

Maximizing this functional on the unit ball of L2(I"), we obtain L? and 
then construct K? = B L? for each n € N. The normalizing factors {8n} 
are still given by the same expression as in the regular case. Since in this 
case f € Ge, it follows from the isomorphism [see Theorem 3.2.2] that 


K? = {K?,n € N} is an element of G*. Thus 


Co 


1/2 
g=l| K° es (Lam | Ke laa) 


n=1 


Il f | 


Co 


= (So a/n)’. (4.8) 


n=1 
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Note the distinction between the two expressions (4.7) and (4.8). In the 
case of regular functionals (Wiener-Ité class) the normalizing factors decay 
very rapidly with respect to the index {n} while in the case of generalized 
functionals it is not so and even may grow unbounded. Clearly, this shows 
the power of the generalized functionals which are elements of spaces H or 


more generally, G*. 


4.5 Vector Measures 


Here we consider vector measures with values in any of the spaces 
{Gas G6, G7, G8, Gw, G, Gr} and the corresponding duals. For convenience 
of presentation, we use one symbol G to denote any of the members of the 
family {Ga, G8, Gy, G8, Gw, Gp, Gn} and G* the corresponding dual. First, 
we present the following definition. 


Definition 4.5.1 Let (S,B,v) be a measure space. A Banach space X is 
said to have the Radon-Nikodym property (RNP) with respect to (S,B,v) 
if, for every v-continuous X valued vector measure u, there exists an f € 
Iy(v,X) = Li ((S,B,v), X) such that du = fdv, that is, for every o € B, 


nia) = | F(s\v(as). 


A Banach space X is said to have the RNP if it has the Radon-Nikodym 


property with respect to every finite measure space. 


It is well-known [Diestel and Uhl.Jr., [Diestel (1977)]] that reflexive 
Banach spaces and separable dual spaces satisfy RNP. Hence all Hilbert 
spaces have RNP. 


First we consider the vector space Gg and its isometric image Gg = 
®s(Ga). 


Theorem 4.5.2 Let (S,B,v) be a finite measure space and u : B — Gg 
be a countably additive vector measure of bounded variation and suppose it 


is v-continuous. Then, there exists a map 


L= {Ln,n E€ N} : B — Gg 
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such that 


plo) = D fr(Ln(o)) = > I. Ly(o3T1,°++ »Tn)dw(1) ®--- Q dw(t) 
n=0 n=0 
(4.9) 
for everyo € B. 


Proof Since every Hilbert space has the Radon-Nikodym property, and p is 
v-continuous countably additive Gg valued vector measure having bounded 


total variation, there exists a z € Lı (v, Gg) such that 


(a) = f 2s)u(as}. 


Thus z(s) € Gg v-almost all s € S. Then, it follows from the isometric 
isomorphism ®g between Gg and Gg that, for v-almost all s € S, there 
exists a K(s) = {K,(s),n E€ N} € Gg such that 


2(s) = Š fn(Kn(s)) (4.10) 
n=0 


fn(Kn(s)) = a Ky (8371, 72+++Tr)dw(t1) 9 dw(T2) +++ ® dw(tp). 


Since z is Bochner integrable with respect to the measure vn, it follows from 
Fubini’s theorem that for almost all (71, 72,--- , Tn) € I”, each of the kernels 
K,, is v integrable. Thus L,,(c),o0 € B, defined by 


Lalo; 71, 72,°°° ST) = J Kals; Ti, T2: me v(ds), 


is a vector measure with values in L2(I”). This is true for every n € No = 
{0,1,2,---} and hence one can verify that L given by L(-) = {L£n(-),n € N} 
is a Gg valued vector measure and satisfies the statement of the theorem. 
This completes the proof. e 


Similar results hold for the spaces Ga, Gy, G8, Gœ, Go, Gn. We state this 
for the vector spaces G, and its isometric image G} = ®,(G,). 


Theorem 4.5.3 Let (S,B,v) be a finite measure space and u : B — Gy 


be a countably additive vector measure of bounded variation and suppose it 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


Functional Analysis on {G,G} and Their Duals 99 


is v-continuous. Then there exists a map L : B — G, such that 
uo) = So en(En(o)) = >> Í Lalo; E1, €25°* En) W (dE1)W (d€2) + + + W (dEn) 
n=0 n=0 i 


(4.11) 
for everyo € B. 


Proof Proof is identical to that of Theorem 4.5.2. 


Remark 4.5.4 Results similar to those of Theorem 4.5.2 (Theorem 4.5.3) 
also hold for all the dual spaces {G*, G3, G3 G5 Ga Gp Gir}. 


In the study of optimization problems involving vector measures ques- 
tions on weak compactness are very important. Let Mecabv(B, G) denote 
the Banach space of countably additive G-valued vector measures having 


bounded total variation. Then we have the following result. 


Theorem 4.5.5 A set Mo C Meapy(B,G) is relatively weakly compact if 
and only if the following conditions hold: 

(i): Mo is bounded, 

(ii): there exists a nonnegative countably additive bounded measure v 


such that lim,(¢)-+0 |u|(7) = 0 uniformly with respect to u € Mo. 


Proof This is a special case of the Bartle-Dunford-Schwartz theorem [Theo- 
rem 1.6.12]. Since all the spaces {Ga, G8, Gy, G8, Gœ, Go, Gu} including their 
duals are Hilbert spaces, they satisfy RNP and further every bounded set 
in any of them is relatively weakly compact. Thus the proof follows directly 
from Theorem 1.6.12. è 


Corollary 4.5.6 A set Mo C Meabv(B,G*) is relatively weak star compact 
if and only if the following conditions hold: 

(i): Mo is bounded, 

(ii): there exists a nonnegative countably additive bounded measure v 


such that lim,¢)-40 |u|(o) = 0 uniformly with respect to u € Mo. 


Proof Proof is identical. Since G € {Ga, G8, Gy, G8, Gœ, Go, Gu} and its dual 
G* are all Hilbert spaces, weak and weak star topologies are equivalent. So 
relative weak or weak star compactness in the statement of the theorem is 


immaterial. e 
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The compactness results presented above hold for o-algebra B of subsets 
of S and countably additive vector measures. In fact these results also 
hold for finitely additive measures which is a generalization by Brooks and 
Dinculeanu [Brooks (1974)], [[Diestel (1977)], IV.2.6, Diestel, p106] of the 


countably additive case. This is stated in the following Theorem. 


Theorem 4.5.7 Let B denote any field (algebra) of subsets of S. Let 
M favv(B,G*) denote the class of finitely additive G*-valued vector mea- 
sures. Then a set Mo C Myabv(B,G*) is relatively weakly (equivalently 
weak star)compact if and only if the following conditions hold: 

(i): Mo is bounded (in variation norm), 

(ii): there exists a finitely additive nonnegative measure v on B such 


that lim,(¢)-40 |u|(@) = 0 uniformly with respect to u € Mo. 


Before we complete this section, we consider an optimization problem on 
the space of G*-valued measures. Let S be any (not necessarily compact) 
Hausdorff space and 6 the sigma algebra of Borel subsets of the set S. 
We consider the Banach space M-aby(B,G*) endowed with the topology 


induced by the total variation norm. 


Theorem 4.5.8 Suppose Mo is a weak star (equivalently weakly) compact 
subset of the space Mabv(B,G*) and f : R” — R is a lower semi contin- 


uous function satisfying 
FE) + alsia +820, YEER” 


for any a,ß € R and q € [1, 00). Let {pi}i<icn C Boo(S,G) be any given 
set and consider the cylindrical functional F on Mcavy(B,G*) given by 


F(u) = f(< p1, h >.< Go, H >, sZ Unm h>) 


where < pi, p >= fg < pils), u(ds) >¢,g+ . Then, F attains its minimum 


on Mo. Further, if f is strictly convex, F has a unique minimizer. 
Proof Since Mo is weak star compact, it is bounded and hence 
sup{| < yau >|, 1<i<n, uE Mo} < œ. 


Thus, it follows from the assumption on f that the functional F is bounded 


away from —oo. Further, it follows from the lower semi continuity of f on 
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R” that F is weak star lower semi continuous on Mp. Hence, weak star 
compactness of Mo, and weak star lower semi continuity of F, imply that 
F attains its minimum on Mp. If f is strictly convex on R”, then F is also 
strictly convex on Mo, and hence, the minimizer is unique. This completes 


the proof. e 


Remark 4.5.9 The results presented in this section also hold for the spaces 
{Go, G5} and {G,,G7} related to fractional Brownian motion and the Lévy 
process respectively. The reader may carry out the details. 


The results presented here are applied in the next two sections where 


we study nonlinear filtering problems. 


4.6 Application to Nonlinear Filtering 


In this section we consider applications of the vector measure theory of the 
previous section to nonlinear filtering. We have seen in Chapter 1 that 
the unnormalized conditional probability measure is governed by the Zakai 


equation in its weak form, 


dui(p) = m(Ap)dt + p(T) - dê(t) 
olp) = volp), te I= [0,T],T < œ, (4.12) 


where ¢ is any test function such as C% function with compact supports, 
x-y = (x,y) and the operator I is given by T(h) = (o0R)~1(h) and @ is 
a d-dimensional Brownian motion (innovation process) with covariance R 
which is the same as that of the original measurement noise v. See Chapter 
1 for details. Without any loss of generality, we will assume that ô has 
been normalized so that it is again a standard R?-valued Brownian motion. 
We denote the corresponding Wiener measure on Q = Co(I, R4) by p. 
Using the Markov semigroup S(t), t > 0, corresponding to the infinitesimal 
generator A, equation (4.12) can be written as an integral equation in the 


weak form 


L(Y) = vo(S(t)y) +f Lr ((S(t — r)p)(Ph)) - di(r),t € I, p € CP (R”). 
(4.13) 
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Let Ê, denote the filtration induced by the innovation process {6(s),0 < 
s < t}. It is evident that the measure valued process p is F; adapted. We 
show in the following Lemma that for each t € J, it’s variation has bounded 


second moment. 


Lemma 4.6.1 Consider the filter equation (4.12) in the weak form and 
suppose that 


|| T(A) || o= sup{|T(A)(x)|pa, £ € R”} < œ. 


Then the measure valued process {u} is F, adapted having finite second 
moment in the sense that its variation norm || u || has finite second mo- 


ment, that is, 
IE{|| ut ||P} < o Vte l. 
Further, t > u is weakly continuous. 


Proof We use the integral equation (4.13). It is evident from this equation 
that pz is F; adapted in the weak sense. Taking the expectation of the 
square of the absolute value on either side of this equation we obtain the 


following inequality 


Ello)? < 2S6)? + af E|u((S(t -= T) (h))|’dr. (4.14) 


Now using the fact that S(t),t > 0, is a contraction semigroup, it follows 
from the above inequality that 


Eļulp)|? < 2 || vo IPI lbs +2 I PCA) oll ¥ ll I E || u» ||? dr. 
(4.15) 
Hence, 
Ejælg/ Ie llo)? < 2 || vo I? +2 T) Ih f E || u+ ||? dr, t > 0, 
(4.16) 


for all y € C (R”). Taking the supremum over all y(# 0) € CE (R”), it 


follows from this inequality that 


t 
E || pe I? < 2 | vo |? +2 T) ESI E || u+ |? dr, t> 0. (417) 
0 
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By use of Gronwall inequality applied to (4.17), we obtain 


E || pe ||? < 2 || vo ||? exp{2 || P() I, t}, te Z. 


lso 


Thus E || u ||?< œ, Yt € I. In other words, for each t € J, 
Ltt E Meaww(Bn, G) where B, denotes the Borel algebra of subsets of the 
space R”. Weak continuity simply follows from the strong continuity of the 
semigroup S(t),t > 0, on the Banach space BUC(R”) of bounded uni- 
formly continuous functions on R”, and the integral relation (4.13). This 


completes the proof. e 


For some applications, we are interested in the terminal value of the 
measure valued process {u:,t € I}. In order to avoid new notations, we 
use Gg again to denote the space of scalar valued Wiener-It6 functionals of 
R? valued Brownian motions. That is, in this case the range space R° of 
section 2.3 is replaced by R. Since pr is (weakly) Êr measurable, it follows 


from the above result that 
Lr: Bn —> Ge 


and so for each A € Bn, ur(A) € Gg. Hence, by virtue of the isometric 
isomorphism (see Corollary 2.3.5), there exists a vector measure K : B, — 
Gg such that 


pr(A) = ®g(K(A)) = SO fin(Km(4)) (4.18) 
m=0 


where {fm} is the family of orthogonal functionals (homogeneous chaos) 
introduced in section 2.3 of chapter 2 and Km(A) € Lo(I,Mm) giving 


the homogeneous functionals 
fm(Bm(A)) = | Km (A371, 72,° ++ 5 Tm)db(71) @db(72)®- - -@db(tm),m E N. 
[™ 


Note that {Km} is also a family of vector measures taking values from the 
Hilbert space Lo(I m, Mm). Under certain smoothness assumptions on the 
coefficients of the infinitesimal generator A and the observation operator 
h,(sufficient differentiability with respect to the spatial variables), it follows 
from Malliavin calculus [[Bell (1987)], Theorem 7.1, Theorem 7.2], (see also 
Chapter 8, section 8.7), that the measure ur is absolutely continuous with 
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respect to the Lebesgue measure. In this situation ur has a density, say, 
pr and the kernels {Km}, which are generally vector valued measures, are 
given by Lebesgue measurable (tensor valued) functions. In that case the 
expression (4.18) can be written as 


pr(x) = ®5(K(2)) = X fe(Ke(x)) (4.19) 
£=0 


for almost all z € R”. 

In general the measure ur may not have density with respect to 
Lebesgue measure. Absolute continuity of the measure ur with respect 
to Lebesgue measure is usually proved by use of integration by parts for- 
mula based on the Malliavin calculus; see Bell [Bell (1987)] for details and 
also chapter 8. This requires strong assumptions demanding smoothness 
and uniform boundedness of the drift and diffusion parameters. We will 
have occasion to discuss this further in more details in Chapter 8. 

Now returning to the filtering problem discussed in Chapter 1, it is 
evident that the performance of the UMV (unbiased minimum variance) 
filter depends very much on the choice of the sensor-measurement strategy 
determined by the SDE, 


dy = h()dt + odv, t > 0, 


where € is the Markov process with A being its infinitesimal generator. In 
particular, the map h : R” —» R? is important; its choice is crucial in 
the performance of the optimal filter. In many applications, [Ahmed and 
Charalambos, [Ahmed (2006)], [Ahmed (1988)]], h can be chosen from an 


admissible set of bounded functions, say, 
Haa C H, = {h € O (R”, RÌ) : sup{|h(z)| pa, £ € R"} < r} 


where r is any finite positive number. It is important to indicate this 
freedom of choice and dependence on h through the filtration Fi by using 
the superscript h. As seen in Chapter 1, given the sensor policy h, for each 
@ € C,(R"”) it follows from the definition of unbiased minimum variance 
filter that 


E{dEr)FR}= J o2)Qr (de), 
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where the conditional probability measure valued process Q?,t > 0, and 
the un-normalized measure valued process u?,t > 0, are both Ê, adapted 
and are related through the expression u?(-) = uP(R")Qh(-) for all t € 
I = [0,T]. An interesting problem is to determine the best measurement 
strategy, that is, h € Haa, that gives the best unbiased minimum variance 
filter. Let 


Y(T) = E{o(Er)|FR} 


denote the unbiased minimum variance estimate of ¢(£r). The performance 


of this filter can be measured in terms of the mean square error as follows 
Jo(h) = E{ (Y(T) - or)" Fr} 
2 
= EPEAN — (EENIA) 


2 aaia) — ( AQ lda)) (4.20) 
R” R” 


Using the un-normalized measure, this can be written as 


us ihe) | a)na) - ( 2 olau (az) } 


(4.21) 


Clearly, this functional is nonnegative and our objective now is to choose 
an h € Haa that minimizes this functional. Strictly speaking, this is a 
path wise optimization process since u”? is dependent on the innovation 
process ĉ appearing in the filter equation (4.13). Thus we may consider the 
average performance rather than the path wise one. Hence, the appropriate 
performance measure is the average of the above functional on the Wiener 
measure space Q = Co(I, R?) furnished with the Wiener measure W(-) 


induced by the innovation process 0. This is given by 
c(h) = f J) Wo), (4.22) 
Q 


with Je(u”)(-) denoting the path wise value of J.(u!). This is the func- 
tional that we should consider as the true objective functional and find the 


observer h that minimizes it. 
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Lemma 4.6.2 For each ¢ € C (R”), the functional u —> Je(u) given by 
the expression (4.21) is weakly continuous on the space of bounded positive 
Borel measures My(R”). 


Proof Suppose {u*} is a sequence of bounded positive measures converging 
weakly to u°. Since ¢ is a bounded continuous function on R”, it is evident 
that ¢? is also a bounded continuous function. Thus 


lim ‘i an In Paoa 
for y = 1,2. Similarly, p*( = fgn I(£)u" (dz) — fpa T(£)u° (dz), 


where I(x) = 1 for all x € Hence, we ae that the functional 


i Jelu) given by the expression (4.21) is weakly continuous. e 


Now we are prepared to consider the question of existence of an optimal 


observer that minimizes the filtering error. 


Theorem 4.6.3 Suppose the admissible set Haga is compact in the topology 
Tuck of uniform convergence on compact subsets of R”. Then the functional 
h — Ch) is Tuck continuous and there exists an h° at which C(h) given 
by (4.22) attains its minimum. 


Tuck 


Proof Let hn —> ho and let u” and u° be the corresponding weak solutions 
of the Zakai equation (4.12). Using the integral equation, 


t 
pele) = (Se) + | HSE- The): dut € 
corresponding to h = hn and ne ho respectively, and choosing any test 
function y € Co(R”) (bounded continuous functions with compact sup- 
port), it is easy to verify that u” —> u°. Then, it follows from Lemma 
4.6.2 that Jelu”) — Je(u°) almost surely with respect to the Wiener 
measure W. Using the expression (4.21), the reader can easily verify that 
Je) < lel W- a.s. 


Thus, it follows from dominated convergence theorem that 


lim C(ħn) = lim a fI TE [ IPO WE) = Cs): 


noo 
Therefore the functional h —> C(h) is Tuck continuous on C,(R”, R2). 
Since Haa C C (R”, RÌ) is Tuck compact, we conclude that C(h) attains its 
minimum on Haa. This completes the proof. e 
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We have assumed that the set Haa is compact in the topology of uniform 
convergence on compacts. For necessary and sufficient conditions for this 
see [[Willard (1970)], Theorem 42.3, Theorem 43.15]. 


4.7 Application to Infinite Dimensional Systems 


The results presented above can be easily extended to infinite dimensional 


stochastic systems of the form 


dx = Axdt + B(x)dt + C(x)dW (t), x(0) = zo, (4.23) 

where A is the infinitesimal generator of a Co-semigroup S(t),t > 0, on a 
Hilbert space H, and B : H — H is locally Lipschitz having at most linear 
growth. The operator C : H —> L2(U,H) is locally Lipschitz with uni- 
formly bounded Hilbert-Schmidt norm. This is equivalent to the statement 
that the map C*C : H —+ £,(U) is nuclear having uniformly bounded 
nuclear norm. The process W is the cylindrical Brownian motion with val- 
ues in another separable Hilbert space U. As seen in Chapter 1, section 
1.3, under the above assumptions, the process x € L.o(I, L$(H)), that is, 
x(t) is F; adapted and super {El]z(t)|}} < co. Further, x € C(I, H) with 
probability one. Thus z(t) is defined for all t € I. In view of this result, for 
each t € I, x(t) has Wiener-It6 expansion given by x(t) = 0,30 In(t, Kn) 
where the homogeneous chaos Jn is given by 7 

In(t, Ka(t, -))) 

= | Kalti Ti, T2, Tn) 8 dW (T1) ® dW (T2) -+ dW (Tn) (4.24) 

Ig 

with Hilbert-Schmidt kernels Kn (t,-) € Lo(I",£2(U®", H)). That is, for 
each t € J, 


| Kn(t,-)) s= f | Kn(t Ti; Ta) llavor, m) dTi +t dTa < 00. 


Here, the vector space Kz is given by K =], Lo(I", L2(U®", H)) which 
may be furnished with a family of seminorms as in section 2.6 (see equation 
(2.6)). We are interested in the Hilbert space G as follows: 

Ga = {K € Ko ill K |@= X n! || Kn llis< œ}, 


n>0 
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with the natural inner product given by 
(K, La. = y (vn!Kn, Vn!Ln) L(I” La(U2”,H) 

n>0 

for K, L € Gag. Clearly, 
Go = X vn! Lal", La(U®”, H)). 

n>0 
Again, using the classical Wiener measure space (Co, Bo, uW) and the 
Hilbert space over it L2(Co, Bo, uw; H) = Lo(u™, H) = Ge, one can prove, 
exactly as in the finite dimensional case, that Ge = Gœ which we have 
denoted by Gz © Gx. Using the isometric isomorphism ®,, we can write 


x(t) = ®,(K(t)),t € I. 


Since x € C(I, H) almost surely, there exists a K € C(I, Gw) satisfying 
the above identity. 


The subject of continuous dependence of solutions on certain parame- 
ters is important in applications. We have seen in Chapter 1, that if the 
drift vector is continuously dependent on a parameter 0 € A, where A is any 
Hausdorff space, then, under certain assumptions, the solution Y — zx” is 
also continuous. The implication of this result in the orthogonal decompo- 
sition is that the representing kernel K ? € Ga is also continuous in V € S. 
More precisely we have the following result. 


Theorem 4.7.1 Consider the system 
dx = Axdt + B(9, x)dt + C(x)dW (t), x(0) = zo (4.25) 


and suppose A is the infinitesimal generator of a Co-semigroup S(t), t > 0, 
on a Hilbert space H, B: A x H — H is continuous, locally Lipschitz in 
the second argument having at most linear growth uniformly with respect 
to V € A. The operator C : H —+ Lə(U, H) is locally Lipschitz, with 
uniformly bounded Hilbert-Schmidt norm and the initial state has finite 
second moment. Then, for each 0 € A the representing kernel K? € Gu, 
and further 9 — K? is continuous with respect to the Hausdorff topology 
on A and metric topology on Ge or equivalently, for eachn € N, 0 — K? 
is continuous from A to Lo(I", L2(U®", H)). 
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Proof By Corollary 1.4.3 of Chapter 1, we have seen that under the given 
assumptions, if V, > Vo in A, then x°» > 2° in B& (I, L2(Q, H)). Thus 


it follows from the isomorphism Ge © Ga, that 
|| K” — K” Ja, > 0 
as n — oo. This completes the proof. e 


Remark 4.7.2 If A is a compact Hausdorff space, the set {K?, 9 € A} 
is a compact subset of G, and hence under the isomorphism, the set of 


solutions of the system (4.25) is a compact subset of Ga. 


Without going into details, we mention that identical problems on sys- 
tem approximation and inverse problems as presented in sections 4.4 and 
4.5 can be formulated for infinite dimensional SDE’s like (4.23) without any 
difficulty. Results are similar. 


We present here a result on infinite dimensional Filtering as discussed in 
Chapter 1, section 1.5. Recall that the filtering equation is given by (1.45) 
which is reproduced below for convenience of the reader. For each t € J, 


dun (yp) = pl Ap)dt < w(eRz*h), dy >, pole) = vle), p € Do, (4.26) 


where Do is the domain of the operator A. See section 1.5. Using similar 
arguments, involving change of measure as in the finite dimensional case 
(see (1.38)), we can rewrite this equation in terms of R? valued standard 


Brownian motion called innovation process giving 


duly) = ue(Ay)dt < u (Tp), du >, oly) = vp), p E€ Do, (4.27) 


where the operator T is given by the multiplication operator Ty = Ra 1/ hy 


and v = Rzy [[Ahmed (1997)], Lemma 2.5, p187]. In general F : 
By(H) — Bi(H, R?) where B,(H) is the Banach space of Bounded Borel 
measurable functions on H furnished with the sup norm topology. In 
Ahmed, Fuhrman and Zabczyk [Ahmed (1997)], an invariant measure p° 
was used to reformulate this measure evolution equation as an evolution 
equation in the Hilbert space Lə(u°, H). This admits an extension of the 
associated Markov semigroup to a Co semigroup on Lo(u?, H). Then, un- 


der certain assumptions, one can take the solution space to be the space 
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of random processes taking values from the Hilbert space L2(y°, H) and 


consider the evolution of density in this space governed by equation 
dp(t) = A* p(t)dt+ <Tp(t), dv >, p(0) = po, t € I. (4.28) 


The initial state pọ is the Radon-Nikodym derivative of v with respect to 
the invariant measure u° and it is assumed that po € Lo(u?, H). Under 
this assumption, existence (in the weak sense) and uniqueness of a density 
valued solution was proved in [[Ahmed (1997)], Theorem 3.2, p189]. 


The natural space for solutions, however, is the space of measure val- 
ued processes as considered in [Ahmed (1996)]. We follow this later path. 
Consider the complete filtered probability space (Q, F, Fe, t > 0, P) which 
supports the Brownian motion v as introduced above. Let Z = L2(Q, P) 
and consider the space of regular bounded finitely additive measures 
Mrba(& g, Z) on the Borel sigma algebra Sy of the Hilbert space H. Exis- 
tence of measure valued solutions was proved in [Ahmed (1996)] which we 
present here without detailed proof. Let B% (I, Mrba) denote the function 


space of weakly F;-adapted essentially bounded vector measures. 


Theorem 4.7.3 Suppose T € £L(B(Xy), B(Sn, R?)) and S(t),t > 0, the 
Markov semigroup associated with the Kolmogorov operator A. Then, for 
each v E€ Mroa = Mroal& H, Z) equation (4.27) has a unique mild solution 
u € B2 (I, Mrva). Further, the solution is continuously dependent on the 
data {v,T}. 


Proof For detailed proof see Ahmed [[Ahmed (1996)] Theorem 4.1, p260]. 
We present a brief outline. Write equation (4.27) as an integral equa- 
tion in the weak form on the space of measure valued stochastic processes 
Boo(I, Mroa). This is given by 


mhp) = v(S(t)y) + < pa(S(t — 8p), do(s) >,t € I, € B(x), 
(4.29) 


where S(t),t > 0, is the Markov semigroup with infinitesimal genera- 
tor A. We formulate this as a fixed point problem in the Banach space 
Boo(1, Mroa(& u, Z)) and use contraction principle to arrive at the conclu- 


sion. This completes our outline. e 
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Remark 4.7.4 For each t > 0, define Gi, = Galjo,4) where Gh = Gg is the 
Hilbert space introduced in Chapter 2, section 2.3 with the range space R‘ 
replaced by R. Then, it follows from the above result that for each t € J, 
Ht © Mroal XH, Gis). Thus, for the terminal time T, wr E€ Mrial® H, Ga). 


Remark 4.7.5 Note that, in the above theorem we have assumed that T 
is a bounded operator. We can relax this by admitting measure solutions 
taking values from the space of generalized functionals G;. In this case 
ur © Mypba(=H, G3). We discuss this further in Chapter 6. 


In Chapter 7, section 7.7, we return to the nonlinear filtering in infinite 
dimensional space and consider the optimization problem of the observation 


operator as discussed in section 4.6 for the finite dimensional case. 


4.8 Lévy Optimization Problem 


In this brief section we consider an optimization problem related to the Lévy 
(jump) process (centered Poisson random measure {q} with the associated 
Lévy measure II). This, in turn, is related to the Hilbert space Gy (see 
section 2.8 and Theorem 3.7.4) and the corresponding Hilbert space Gr of 
square integrable (nonlinear) Lévy functionals. 

Let Mp(Z) denote the linear space of bounded regular signed Borel 
measures on the sigma algebra 6(Z) of subsets of the set Z. Let LM(Z) c 
Mp(Z) denote the class of nonnegative measures which we call Lévy mea- 
sures on the state space Z. 

We introduce the notion of dominating measures in the space Mp(Z). 


Definition 4.8.1 A measure pı E LM(Z) is said to be dominated by a 
measure 2 E€ LM(Z) if for every E € B(Z), m(E) < po(E). This is 
denoted by u1 < pa. 


It is clear from this definition that 

(1) if u€ LM(Z) and v € LM(Z), then pt+v € LM(Z); 
(2) if u € LM(Z), then au E€ LM(Z) for a > 0; 

(3) if wr < u2 and u2 < u3 then py < ps; 
(4) 


4) if uı < pe and po < py then py = p2. 
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Clearly this introduces a partial ordering on the space Mp(Z) turning it 
into a partially ordered lattice. Clearly, associated with every Lévy measure 
u E€ LM(Z) there exists a Hilbert space G, characterized by the expression 
(2.61). The reader can easily verify that for pı, u2 E€ LM(Z) satisfying 
Hı < u2, we have Gui D Gua- Thus, this induces a partial ordering in the 
family of Hilbert spaces {G,,u E€ LM(Z)}. 


We summarize these results in the following Proposition. 


Proposition 4.8.2 Let {u;,1<i< k} € LM(Z) satisfying the order rela- 
tion py < H2 S++: < py. Let Gu; denote the Hilbert space characterized by 
the expression (2.61) with the measure II replaced by ui, and Gu; the Hilbert 
space of square integrable functionals of the Lévy process corresponding to 
the Lévy measure ui. Then the following diagram holds where |. denotes the 


correspondence and | denotes the isometric isomorphism; 


m < m < >k 

ri ni veel 

Guy D Gu D 4 Gir (4.30) 
Gu D Om D >O 


Proof The proof follows from Theorem 2.8.2, Corollary 2.8.3 and Theorem 
3.7.4. © 


Remark 4.8.3 It is well known that for finite measures, if yı (E) < u2(E) 
for every E € B, then py < po, that is, yı is absolutely continuous with 
respect to uz and there exists a g € LÌ] (Z, u2), the Radon-Nikodym deriva- 
tive of uı with respect to u2, such that duı = gdp2. Note that pı < u2 is 
not sufficient to guarantee the order relation Gu, D Guz- 


Problem Statement (An Inverse Problem): Let G denote the Hilbert 
space of square integrable functionals of an unknown Lévy process corre- 
sponding to a certain Lévy measure in LM (Z). Let Mo be any countable 
subset of LM(Z) and {G,,, u € Mo} be the corresponding (countable) fam- 
ily of Hilbert spaces of functionals of the centered Poisson random measure 
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{q, u E€ Mo} with mean zero and variance £ x u. Note that Z denotes the 
Lebesgue measure on J, and u the Lévy measure on Z corresponding to the 
Lé’vy process q”. It is known to the statistician that 


Ugu u E€ Mo} = 9° cg. 


The problem is, given an element f° € G, find an f* € G° that minimizes 
8 


the functional 


Jf) =| f- P lle - (4.31) 
In other words, given the (choice) set Mo, find the Lévy measure u € Mo 
such that the corresponding Hilbert space G, contains an element f* closest 
to the given f° € G. This is truly an approximate inverse or identification 
problem and we call this (AIP). 


Theorem 4.8.4 Consider the identification problem (AIP) as stated above 
and suppose G is a Hilbert space of functionals of certain unknown Lévy 
process and Mo is any countable subset of the class of Lévy measures LM (Z) 


satisfying 
Ugn, u € Mo} = Gc G. 
Then the problem (AIP) has a solution. 


Proof Take any u E€ Mo and consider the corresponding Hilbert space G,. 
Let G% denote the strong closure of G, with respect to the norm topology 
of G, that is , 
G= Gu =s8s-— cel G. 

Now considering the functional J given by (4.31) on the closed linear sub- 
space G; of G and denoting it by J,,(-) we prove that it attains its infimum 
on Gi. Let {fn} € G, be a minimizing sequence. Clearly, since J, is non- 
negative and radially unbounded, the minimizing sequence is contained in a 
bounded subset of G. Since G is a Hilbert space, there exists a subsequence 
of the sequence {fn}, relabeled as the original sequence, and an element 
f! € G such that fa — f}. Since G; is a closed subspace and so a convex 
subset of G, by Mazur’s theorem it is weakly closed and therefore f” € Gi. 
Thus 


0 < my = Jf") < Julf) Y fe 98. (4.32) 
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Since Mp is countable it is clear that m = inf{m,,u E€ Mo} exists and 
hence there exists a u° € Mo and f* € Gi. such that 


m = inf{Jpo(f), f E€ Gio} = Juo (f*) < JaC"), u € Mo. 
This proves that the problem (AIP) has a solution u° € Mo. e 


Remark 4.8.5 The reader may have noticed that f* = fH € Gro the 
strong closure of G,,-. In the other words f* may not be an element of Gc. 
But since G,,0 is dense in G/’., it can be approximated by an element from 
Gpo to any degree of accuracy. This is what is expected from the solution 
of the approximation problem (AIP). 


4.9 Some Problems for Exercise 


P1: Compare Theorem 4.2.1 with the classical result on conditional com- 
pactness for bounded sets in the space D2(R",). Hints: Consider the 
set A C L2(R",A) where X is the standard Lebesgue measure. The 
set A is conditionally compact if, and only if, (1): A is bounded, (2): 
limao Jn f(a +h) — f(x)/?A(dx) — 0 uniformly with respect to f € A, 
(3): limo Jeur») | f(x)|?A(dx) — 0 uniformly with respect to f € A, 
where B‘ (R”) denotes the complement of the closed ball of radius r in R”. 


P2: Consider the normalized duality map J: Ga —> G%, defined by 
J(K) = {L € Gy :< L, K >ex,¢.=I| K l&n 5l £ lla }- 
(a): Show that L, given by L = {Lnn € N} = {n!Kn,n € N}, is in 
J(K) where K = {Knn E N} € Ga. 
(b): Define y(K) = (1/2) || K |l&„ - Verify that Op(K) = J(K) and 
that the duality map J(K) is single valued. 
P3: Characterize the bidual of Ga or equivalently the dual of G* (the 


space of continuous linear functionals on G% ). 


P4: Refer to example (E1) of section 4.4 and consider the approximation 
problem (4.3) on the closed ball B,(G) C G of radius r > 0. Prove the 


existence and uniqueness of a minimizer. 
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P5: Consider the example (E2) giving the input-output map F. Prove the 
inequality given by (4.6). 


P6: Consider the oo-dimensional filter equation (generalized Za- 
kai equation) (4.27) in its integral form given by equation (4.29). 
Let E C L(B(Dx),B(Sn,R%)). Find the weakest topology on 
L(B(=n), B(Sa, R®)) and sufficient conditions on the set = (endowed with 
the relative topology) that guarantees almost sure weak compactness of the 
family of vector measures {u}, I € =}. Hints: Here we make use of Theorem 
4.5.7. 


P7: Refer to problem (P6) and let f € C,(R™) be bounded away from 


—oo. Prove the existence of an operator T° € E such that 


IO) = BY Huber). Ele) them) } 
attains its minimum at T°, where {y,;} € BC(H). 


P8: Let Y : [0,co] — [0,co] be a continuous monotone non decreasing 
function satisfying ¥(0) = 0 and lim,_,.. U(s) = oo. For a given f° € G 
consider the functional J(f) = (|| f — f°? ||g) on G°. Prove that for every 
e > 0 there exists an f* € G? such that 


J(f*) < inf{J(f), f eG} +e. 


Hint: Follow the notations and the approach used in the proof of Theorem 
4.8.4 related to the inverse problem (AIP). 


P9: Let (Q, F, P) be a probability space and suppose {qx, qo} is a sequence 
of centered Poisson random measures on B(I x Z) with mean measure given 
by the product of Lebesgue measure and the sequence of Lévy measures 
{Tk, To} respectively. Suppose qk — qo in the vague topology with prob- 
ability one in the sense that for every bounded measurable function 7 on 
Ix Z, 
I n(t, z\qg(dt x dz) > n(t, Z)qo(dt x dz) 
IxZ IxXZ 
with probability one. Define the Poisson chaos G,,(q) by 


Gn(q) =f Kn(t1, 21; jtn, 2n)q(dti x dz1)---q(dtn x dzn). 
(Ix Z)” 
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Develop sufficient conditions for the kernel K,, such that 


Gn (ak) > Gn(qo) 


in the mean square sense as k > oo. 
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Chapter 5 


L»2-Based Generalized Functionals of 
White Noise II 


5.1 Introduction 


In this Chapter, we present some of the pioneering results of Hida [Hida 
(1978)], [Hida (1978, 1980)] on generalized functionals (or equivalently dis- 
tributions) of Brownian motion. It is known that the derivative of the 
Wiener process does not exist in the classical sense, but in the sense of 
distribution it has derivatives of all orders. Let D denote the space of C° 
functions on I with compact support and D* the space of Schwartz distri- 
butions on J. Then we can consider the white noise or the derivative of the 
Wiener process w as a random distribution in the sense that it’s action on 

D is given by 
wd) = (-1) [waco for all ¢ ED. (5.1) 

I 

Note that w(@) is a well defined Gaussian random variable, parameter- 
ized by ¢ € D, with mean zero and covariance || ¢ ||?= f, |@(#)|?dt. In fact 


the n-th derivative of w, denoted by w”), is also a random distribution and 


w' (gb) = (—1)" J wHp™ (t)dt forall ¢ €P. (5.2) 


Clearly, this is also a Gaussian random variable, parameterized by ¢ € 
D, with mean zero and variance f,|¢~1)(t)|?dt. Thus, the derivatives 
of the Wiener process are actually stochastic distributions in the sense of 
Schwartz and we may call them generalized random processes. It is easy 


to see that for any fixed s € (0,7), f;(w) = w(s) is an unbounded linear 
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functional of Brownian motion and not an element of D2(Q, B, p), where 
(Q, B, u) is any classical Wiener measure space. Hence, it is not a regular 
functional. Similarly, F;(w) = (w(s))" is a homogeneous functional of 
white noise of degree n but it is not an element of Lo(Q, B, u). This certainly 
justifies the need of generalized functionals and we shall see later that the 


functionals mentioned above are well defined generalized functionals. 


5.2 Characteristic Function of White Noise 


According to standard definition, the characteristic function of the white 


noise is given by 
Blexp(i w(6))} = exp—(1/2) f loo Pat). (5.3) 
Define the functional 
Cd) = exp—{(1/2) f Jo() at. 


It is clear that the function C is also well defined on the Hilbert space 
X = Lə(I), that is, it is continuous and positive definite on X with C(0) = 
1. However, there exists no countably additive measure u on B(X) that 
satisfies the relation, 


Cl) = I eil™*)du(a), 6 E X. (5.4) 


A necessary and sufficient condition for countable additivity is pro- 
vided by Minlos-Sazanov theorem (generalizing Bochner’s theorem) [Gih- 
man (1971)|(p342), which states that the measure is countably additive if, 
and only if, the corresponding covariance operator is nuclear. Thus, if we 
consider the functional C on the Sobolev space Hj then the white noise 
has a countably additive measure on the dual (Hj)* = H-t. In this case 


C(¢) = L _ expfi < 2,6 >}dy(2), (5.5) 


where < 2,9 > = < 2,6 >y-1,q1 denotes the duality pairing between the 


elements of H~' and Hj. We can justify this as follows. First, note that 


E(< w,¢>)? = Í (tA r)d(t)d(r)dtdr = < Rọ, >. (5.6) 


IxI 
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Clearly, the kernel of this integral operator given by K(t,7) = t AT is 
symmetric and positive. Since f, K(t,t)dt = T 2/2 < oo, the corresponding 
linear operator Q given by Qé(t) = f, K(t,7)€(7)dr is a nuclear operator 
in the Hilbert space X = Lə(I). Indeed, let {e;} be any complete ortho- 
normal basis of the Hilbert space X. Then, for any n € N, it follows from 


simple computation using Fubini’s theorem that 
n 


X (Qei ei) x = Sy K(t, s)ei(t)ei(s)dtds 


i=1 
p 5 E(w, ei)? = E{S (w, er k 
i=1 i=1 
Since, for a finite interval J, Prob.{w € X} = 1 it follows from the above 
identity that for every n € N, we have 
X (Qei ei)x = E{} (w, ¢:)} < E || w k= T?/2. 


i=1 i=1 
Hence, Q is a nuclear operator in X and consequently the covariance opera- 


tor R, as defined by (5.6), is a nuclear operator from Hj to H~!. Similarly, 
one can verify that the m-th order distributional derivative w°” of the 
Wiener process w induces a countably additive Gaussian measure on H7~™ 
which is the dual of Hj”. Here, we are interested only in the white noise 
since the Wiener’s multiple integrals are functionals of the white noise. 
Thus, to capture the support of the white noise measure, we must choose 
a larger space, larger than X, for example the dual $* of a nuclear space 
S C Hj so that 
D= S> Xs Ž OTM. 

Let (S*,B(S*), u) denote the measure space with u denoting the white 
noise measure on B(S*) and let M(S*, B(S*), u) = M(S*,) denote the 
class of -measurable functions on S* and L2(.S*, u) the Hilbert space of 


-measurable functions on S* which are square-integrable with respect to 
the measure p. For a detailed treatment of this topic see the excellent books 
by Hida [Hida (1978)]-[Hida (1980)] and, Hida and Si [Hida (2008)]. 

We shall use F'(.S*, p) to denote the universal space of generalized func- 
tionals of white noise. That is, these functionals are not necessarily B(S*) 
measurable, nor are they defined point wise. They are generally distribu- 


tions and are characterized by their actions on suitable test functions. 
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5.3 Multiple Wiener-It6 Integrals 


In view of the above discussion, the multiple Wiener-It6 integrals can also 
be written as 
Gn(G) = Kalmi, TnT) yer +- diy: CE ons (5.7) 
Ir 
In other words, these are the multiple white noise integrals considered as 
measurable functions on S*. As stated in the introduction, Hida con- 
structed a large class of generalized functionals by introducing a Fourier 


like transform on the space L2(S*, u) as follows: 


(FN) = | Mest < GESHO EES, (5.8) 


where the duality pairing in (5.8) is between S* and S. For convenience of 
notation, we shall denote this transform by f(€) = (Ff)(€). It is clear from 
this definition that for f € L2(S*,), F(E) is a bounded analytic function 
on S. Indeed for f = gn, it is not difficult to verify that 

În (E) = (HPC (E) >i Kn(ti,-++ Tr)&(t1),°++ s ElTn)dTi dTa, (5.9) 
where || € || is the L2(I) norm of €. The proof is easily obtained for simple 
functions Kn by keeping in mind the fact that the increments of Brownian 
motion on disjoint intervals are independent Gaussian random variables 
with mean zero and variance equal to the lengths of the intervals. For 
general K„ E€ L2(I”), one then uses the density argument and the fact that 
simple functions are dense in Lə. A much simpler technique is to use the 
characteristic functional of the white noise measure u given by 


Cl) = Ale) = f e< ldz) = e Oe (5.10) 


* 


and the fact that 
a z et<*§> (dz) = (-i)DeC(8), 
S* 


where De denotes the Fréchet derivative of C (£). Clearly it follows from 
(5.9) that 


Gn(§) = (Fan) (E) = gn (i) C(E). (5.11) 
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Thus, for (x) = $ 7o gn(x), we have 


HE) = C(O) YO gn (it) = CEACE). (5.12) 
n=0 


It is well known that the standard Fourier transform is an isometric isomor- 
phism between any two Lo spaces over finite dimensional spaces like R? for 
d < oo. Since S* is different from S' and also they are infinite dimensional, 
the Fourier-Hida transform is not an isometry. However, it follows from 
the above relations that it is an isomorphism. Indeed if g,(€) = 0 for all 
E € S then g,(i€) = 0 for all € € S and hence K,, = 0. Thus, for any 


@ € La(S*, u), P(E) = 0 for all € € S implies that ¢ = 0 or equivalently 
K(€ G) = 0. The converse is obvious. 


5.4 Generalized Hida-Functionals 


Now we are prepared to introduce the generalized functionals constructed 
by Hida [Hida (1978)], [Hida (1978, 1980)], [1978-1980]. In this section we 
take I” = R”. Define 


Hn = (Onl Ka) = Gn has) Kn € L2(I")} (5.13) 


where, for any fixed Kn € Lo(I”), gn € L2(S*, u) is a homogeneous func- 
tional of white noise of degree n as defined by the expression (5.3.7). Then 
define 


Fn = F(Hn). (5.14) 


This is a linear vector space isomorphic to Hn. For any nonnegative integer 
n E€ N, we use a = (Q1,Q2,--: ,Qn) to denote the multi index with a;(> 
0) € N and norm |a| = X a;. Let DX = DD% ... D% with D% = 
0% /ðt7* denote the differential operator of degree |a|. For any integer m > 
0, let 


H™ = {¢ € Lo(R") : D*¢ € La(R"), |a] < m} 
denote the Sobolev space of real valued symmetric functions on R” with 


the usual norm topology 


elast S iea 


la| <m 


1/2 
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As usual, we let — denote the injection (embedding) and | denote isomor- 
phism (not isometry, only for this chapter). For m = m(n) = ((n + 1)/2), 
it is known from Sobolev embedding theorem [Adams (1975)] that the in- 
jection H™”) <4 C(R") is continuous. This is the correct number for 
construction of generalized functionals as seen below. Since the dual of 
H™) is H-™™) it is clear that 


He os La(R") = HO) (5.15) 
where the injections are continuous and dense. Define 
HEM) = {Gn(Kn,+) € Lo(S*, py): Kn € H™™}, 
Fre) = FUP) and 
Fn =F(Hn); (5.16) 


where Hn is given by (5.13). Identifying Fn with its topological dual F;, 
it follows from (5.15) that 


FO a Fes FO), (5.17) 


The following result is fundamental and it was due to Hida [Hida (1978)]. 


Theorem 5.4.1 (Hida) Under the above assumptions, for each n € N, 
the following diagram holds: 


Fn) oy Fy Fm) 


f f { 
HE o Hn > Hr., (5.18) 


Proof The Fourier-Hida transform is an isomorphism (not an isometry). 
It’s inverse is well defined on both Fe ™ and Fn. Since the embeddings 
in (5.15) are continuous and dense, again by the principle of extension by 
continuity, the inverse of the Fourier-Hida transform can be extended to 
Fn m(n). Thus by application of the inverse transform one obtains the last 
column of (5.18) giving the result as indicated by the diagram.e 


Recall that Hn is the space of regular functionals of degree n of white noise 
(S*, u) while the elements of H;,""”) are generalized functionals thereof. 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


L2-Based Generalized Functionals of White Noise II 123 


For example, consider the functional Ê on S given by 


WE) = fe Ka(Or,--- PAEO) E(G2))" (E03) dr --- db; 
(5.19) 


where )>;_, n; = n. Clearly, W is a homogeneous functional of degree n on S 
but it is not an element of Fn. It is however an element of F7 ™™ . Thus by 
the Fourier-Hida inverse transform we have Y = F-*(()" CW) € Ha 
where C is the characteristic function of white noise as introduced earlier 
given by the expression (5.10). 


Hence, the functionals in the class H7 ™ 


have the same integral form 
as (5.19) with the polynomials in € € S replaced by suitable polynomials 
in x € S* but of the same degrees. Consider the homogeneous generalized 


functional of white noise of degree n given by 


IE) = J Kala DAEA) (202)? + (BOs) da -+ dbs. 
(5.20) 


Clearly, this is not a regular Wiener-It6 functional as considered in the 
previous chapters. In fact, it belongs to the class Hn m(n) Tt is not difficult 
to show that its Fourier-Hida (FH) transform is given by 


1O = 606) f oltastas-+> ste) (TI Ho (Elte))) Arata, 
ds k=1 
(5.21) 


where K5(€) = (i)” | I_ (nk)! }C(€) and A,(¢),n > 0, is the classical 


Hermite polynomial (of degree n) given by 


Ha (Ç) = =i ef /? (Ree) , 


To verify the identity (5.21), use the expression for the characteristic func- 


tional C(€) of the white noise measure given by the equation (5.10), differ- 
entiate it n; times with respect to {€(¢;)} on either side and multiply the 
resulting expressions with the kernel K,, (1, t2,--- ,t,) and then integrate. 


It is clear from the expression (5.21) that whenever g is a homogeneous 
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functional of degree n on the dual space S*, its Fourier-Hida transform is 


a homogeneous functional of degree n on the predual S. 


Now we wish to extend the above result to infinitely many variables. 
Recall that the embedding H™”) — L2(R") is continuous and the embed- 
ding constant is < 1. We introduce a norm topology on the vector space 
E =O HP® as follows. For ¢ € H+ we write 


Co 


Ole = Do n! |l Kn rme - 


n=0 
Similarly, for H = > QB, Hn, we have already the norm topology derived 


from 


Io = Som! Ul Kn Ilža) - 


n=0 


Letting H~ denote the dual of Ht we have the following result. 


Theorem 5.4.2 Under the assumptions of Theorem 5.4.1, and the norm 
topologies as introduced above for the spaces H+, H, and H` and identifying 


H with it’s own dual, we have the following embeddings 
Ht >H= H7 (5.22) 
which are continuous and dense. e 


Define 


Fr= 3 r= LAF = LOA. 


Then it follows from Fourier-Hida transform and Theorem 5.4.2 that the 


following result holds. 


Corollary 5.4.3 The following diagram holds with continuous and dense 


embeddings 
FOYE a FT 
t f t 
H>H- H, (5.23) 


where | indicates isomorphism (not isometry) 


Remark 5.4.4 For more on Hida distributions see the book [Si (2011)]. 
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5.5 Application to Quantum Mechanics 


In this section we present a brief account of application of white noise 
measure. One of the most interesting applications of Brownian motion 
is found in quantum mechanics. For example, the Feynman-Kac formula 
solves the heat equation with a potential (cooling). Consider the Brownian 
motion w(t),t > 0, with values in R? starting from w(0) = x € R?. Let 
uo, V € ©, (RÌ) and consider the function given by 


u(t, x) = B{ uo(w(d)er So V(w(s))45lay(Q) = he > 0. (5.24) 


Using Itô formula applied to the process r — u(t, w(r)),r € [0,#], it is 
easy to verify that u solves the heat equation 


Ou/Ot = (1/2)Au — Vu, 
u(0, £) = uo(a),t > 0,2 € RY. (5.25) 


In general, the Laplacian can be replaced by any elliptic differential operator 
and the Brownian motion by the corresponding Markov process. 

The interesting point to learn from this is that the solution of the clas- 
sical heat equation can be obtained by averaging a suitable functional over 
the Brownian path space. More precisely, let C,((0, t], R4) denote the space 
of continuous functions with values in R@ starting from x € Rt. Define the 


functional 
F(t, €) = uo(E(t))e7 £0 VEC) 4s 


on the path space C,([0,¢], R¢). Let u” denote the Wiener measure on Cy. 
Then 


u(t,2) = T F(t, €u” (dé). (5.26) 


Thus, in principle, the solution of the heat equation can be obtained by 
Monte Carlo simulation which essentially computes the average over a very 
large number of sample paths using fast computers. Particularly, for V = 0, 
this gives the spatial distribution of temperature as it evolves with time 
starting from the initial distribution uo. 
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Informally, the Schrodinger equation can be obtained by simply chang- 
ing the real time to imaginary time, t —> it. Consider the Schrödinger 


equation for m =1,h = 1 given by 
i0w/Ot = —(1/2)AW+ VY 
W(0, x) = polz). (5.27) 


Then the solution ~ is given by 


iG Bf voli w(t) jei Sé VO W645) yy(9) = 2} 
z I F(t, Vig)u” (dé). (5.28) 


Historically, these results came after the great breakthrough in quantum 
mechanics due to Feynman [Feynman (1948)]. In essence, Feynman demon- 
strated that the solution of the Schrédinger’s equation is a result of the in- 
tegral of a suitable action functional over the path space. It is well known 
that every mechanical system possesses an action functional, generally the 
integral of the difference between the kinetic and the potential energies. 
And its motion is determined by De Alembert’s principle of least action. 
The action functional is given by 

S(x) = J Hel). 4e))as.1 = fto, t],t > to, (5.29) 

I 

where L is the Lagrangian. Feynman’s postulate is that the probability 
amplitudes for all trajectories are equal in modulus, but their phases are 
determined by the action in units of A. The total probability amplitude 
a(t, x), for a particle to move from (to, zo) to (t,x) in the phase space, is 
given by the sum (!) over all possible paths connecting (to, £o) to (t,x). 


Hence 
alt, £) = i e/MS() Dt (5.30) 
P(t,x) 


where P(t, x) denotes all possible continuous paths in the phase space con- 
necting (to, £o) to (t,x) and DÇ denotes the infinitesimal volume element 
in the path space (Feynman measure). This is what is known as the Feyn- 
man’s path integral, also called the flat integral. The Feynman measure 


appears to be treated as Lebesgue measure which is translation invariant. 
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Unfortunately, there is no such (translation invariant) measure in infinite 
dimensional spaces. However, heuristic arguments used by physicists show 
[Sudbery (1986)] that a(t,x) = w(t,x) giving the solution of Schrödinger 
equation. 

In recent years, Hida and his school [Hida (1993)] have proposed to 
justify the Feynman flat measure by use of the white noise measure. As 
we have seen in section 5.2, the correct space that supports white noise 
measure is S*, the dual of the nuclear space S. Thus, the action functional 
S should be a functional on S* and may be taken as 


Sli) = | 1( a). A +(r)dr) ds. (5.31) 


Let Q(t, x) denote the closure of the set {¢ € Do(I) : £ = zo + iN ¢(r)dr} 
with respect to the S*-topology on L2(I). Then the Feynman integral for 
the probability amplitude should be given by 


a(t,«) = f eS (de) (5.32) 
Q(t,x)CS* 


with u being the white noise measure and S(¢) being a generalized func- 
tional defined on S*. Since the white noise w(t),t > 0, is an indexed fam- 
ily of independent generalized Gaussian random variables for all t > 0, 
this seems to provide some justification for the Feynman measure, not 
on the path space but rather, on the space of velocity fields. Hida and 
his school [Hida (1993)] propose to use (5.31) and (5.32) along with the 
Fourier-Hida transform given by (5.8). Consider the Feynman’s integrand 
F(¢) = e-“/S©) defined on S*. This is a generalized functional and its 


Fourier transform is computed as 


P= f, o POPS S Hd). 


The Feynman’s path integral is then given by a(t,x) = F(0). This is the 
essence of the technique used by Hida and his school. The emphasis here 
is the space S* and the white noise measure on it. Clearly, for the exis- 
tence of Ê it is necessary that F € L,(S*, m) for the given action functional 


S(¢),¢ € S*. This puts significant restrictions on the class of admissible 
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action functionals. For a detailed discussion on this topic and some illus- 
trative examples the interested reader is referred to [Hida (2008)], [Hida 
(1993)]. 


5.6 Some Problems for Exercise 


P1: Use the expression for the characteristic functional given by (5.10 
to show that the Fourier-Hida (FH) transform of the functional ¢,() 
(x(7))™,x € S*, is given by 

lE) = (i) mM! Hm (E(7))O(E),€ € S, 


where Hm is the Hermite polynomial of degree m. 


= 


P2: Consider the white noise functional 
= exp{ [soe B(t)x(t)dt} 
on the space (S*, u) where 6 € Le(I). Show that 
E{y}= [ve u(dx) = exp(1/2) ) f 130 (t)|P dt. 
Hints: Show that ¢(€) = C(€ — iĝ) and then set £ = 0. 


P3: Consider the functional y(x) = e®*(7),r € I, on (S*, p) and show 
that this functional does not posses Fourier-Hida transform. Hints: For 
any £ > 0, define the step function x-(t) = (1/e) for t € [r — e/2,7 + €/2] 
and 0 otherwise and approximate y by 


= exp at fx Xe (t)a(t)dt}. 


Its FH transform is given by £-(§) = C(€ — iaxe). From this verify that ¢ 
does not exist and that Ey = oo. 


P4: Verify that the FH transform of the multiple white noise integral g(x) 
given by the expression (5.20) is g(€) given by (5.21). 


P5: Refer to the expression (5.31) for the action functional and suppose it 


z) = [KOPO 


is given by 
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for x € S*. Compute the FH transform of the functional 


v(x) = exp{(é/h) | K(t)a?(t)dt} 


and verify the validity of the result: 


PCE) = C(O exp{ (i/h) f K(t)(@2() — Idt. 


(P6): Consider the action functional 
S(x) = f Ka+ | KOPO 
I I 


for suitable { K1, K2} and compute the path integral 


I(S) = f.  exp{(i/h)S(@)}u(da). 


129 


Hints: Compute the FH transform of the function y(x) = exp{(i/h)S(x)} 


giving (£) on S and then set € = 0. 
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Chapter 6 


L,-Based Generalized Functionals of 
White Noise III 


6.1 Introduction 


So far we have considered regular and generalized functionals of Brownian 
motion based on Hilbertian structures. In the following two chapters we 
present a much more broader class of generalized functionals (of white noise) 
as introduced by the author [[Ahmed (1970)]]. In this chapter we introduce 
the class of generalized functionals based on Lp spaces and their weighted 
versions including the inductive and projective limits of such spaces. Also 
considered here are the generalized functionals of random fields, and vec- 
tor measures with values in the space of generalized functionals of random 
fields. Applications of these results to physical sciences and nonlinear fil- 
tering and identification problems are considered. 

These functionals cover those already introduced in the preceding chap- 
ters including the Hida class and much more and apply to a larger class of 


physical problems where the preceding classes fail. 


6.2 Homogeneous Functionals of Degree n 


For each p € [1,00], and each positive integer n, let Lol) denote the 
equivalence classes of symmetric functions from the class L,(I”) where the 


Lebesgue measure (I) of J is finite. Introduce the linear space, 


GP” = {Kn € Ep(I”) | Kn larr = (n!)/? || Kn [Izu < oo}; 
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endowed with the norm topology as indicated. Clearly, G?*” is a Banach 
space. For each L, € GP”, define the functional 


on(Ln) = a LnlTi, T2, , Tn) W(T1)W(T2) +++ W(T)dt1dt2+++ dt, (6.1) 


where w € S* with the white noise measure js. We consider this functional 
as a u measurable function on S*. We shall use M(S*, u) to denote all u 
measurable functions on S*. Clearly, for each p > 2 and Kn E€ GP”, z= 
n(Kn) (see Chapter 2 where n = gn) defines a regular homogeneous chaos 
of degree n of Wiener-It6 class and belongs to M(S*, u). This expression 
is equivalent to the multiple Wiener-It6 integral discussed in Chapter 2. 
Define 


GP” = {z E M(S*, py): z = bn(Kn), Kn E G?"}. (6.2) 


This is a linear vector space. For z € G?’”, corresponding to the kernel 
Ky € GP”, define 


I| 2 Ilge.n=l| Kn lar» - (6.3) 


Lemma 6.2.1 For 2 < p < œ, GP” is a Banach space with respect to the 


norm topology given by (6.3) and it is isometrically isomorphic to GP”. 


Proof Since J is a finite interval, for each n € N and p > 2, there exists a 
finite positive number c = c(p,n) such that || Ln ||g2n< c || Ln ||Gr» for 
all L, € GP”. Hence, for each z given by z = ¢,(L,) with Ln E€ GP”, we 


have 
l 2 llg2»< el] z [Iga . 


It follows from this that (6.3) defines a norm on G?” and since GP” is a 
Banach space so also is G>”. Consider the map ¢, given by (6.1). Clearly 
gn : GP” — GP” is linear and n (Ln) = 0 u—a.s if and only if Ln = 0 a.e. 
Thus ¢,, is an isomorphism between G?”” and G?”, and the isometry follows 


from the definition of the norm. e 


The functionals belonging to the class GP”, p > 2, are regular functionals 
defined in the Wiener-It6 sense. For 1 < q < 2 and Ln E€ Gt”, the 
random element z* = n(Ln) is not defined in the classical Wiener-Ité 
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sense. However, we can define them in a weak sense as generalized random 
elements as introduced in [Ahmed (1970)]. This is given in Lemma 6.2.2 as 
presented below. 

Recall that F'(S*, u) denotes the (universal) space of generalized func- 
tionals of the white noise (.S*, u), generally not defined point wise. Let {p, q} 
denote the conjugate pair, (1/p)+(1/q) = 1, satisfying 1<q<2<p<o. 


Lemma 6.2.2 For each Ln E GY", 1 < q < 2, the functional z* = ġn(Ln) 
is a well defined element of F(S*, u), and that z* is a continuous linear 


functional on GP”. 


Proof For detailed proof see [[Ahmed (1970)], Lemma 3.2, p143]. We will 
present an outline of the proof. Since Eat”) is dense in Êa”), 1<q<2, 
there exists a sequence {Ln s,s = 1,2,3,---} € Lo(I”) such that Ln, —> 
Ln (strongly) in L4(I") as s > oo. Then {z* = @n(Ln,s),s = 1,2,- } is 
a sequence of regular functionals belonging to L2(Q, B, u). Hence, for any 
z € G” which, by the previous lemma, has the representation z = ọn (Kn) 
for some Kn € GP”, we have 


< 25,2 >gan gen = E4 (zš - z)} = n!(Ln,s, Kn) 
= n!(Ln, s, Kn) 
= (Ln,s, Kn) 


L2”), L20") 


LoT]; Ept") 


(6.4) 


GLN GP:n 
Since Ln,s +L, in L(I"), it also converges weakly to the same element. 
Thus the limit of the right hand expression of equation (6.4) exists for all 
Ky, € GP”. Hence, the limit of the expression on the left hand side is well 
defined for every z € GP”. We call the limit of z3, in the above sense, the 
generalized random variable z* given by z* = ¢n(Ln). Hence, z* is well 
defined as a continuous linear functional on G?*”, that is, 2* € (G?'")* and, 
therefore, it belongs to F(S*, u). e 


On the basis of the above result we can introduce a duality pairing 
between the spaces G%” and GP”, with 1 < q < 2 < p < œ and p™t+q7! = 


1, as follows: 
< 27,2 >gan gem = E{(2*2)} = (Ln, Kn)Gan Gen, (6.5) 


where 2* = ¢,(L,) for Ln E€ G9” and z = ġn(Kn), for Kn € GP”. In view 
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of this result, we can introduce a norm topology on G%” by setting 


Il 2" loan = sup{| < 2",2>|,2€9"",|| z Ilora = 1}. 


Now we can present the following fundamental result. 


Theorem 6.2.3 For each nonnegative integer n, and1 <q <2 < p< œ 


with p being conjugate of q, we have 
(1): Gen ey Gan cy (GP”)* = Gur, 
(2): 


GP” <4 G?” cy Gar 


f f t (6.6) 
ge” ey g?” fy gun, 


where all the injections are continuous and dense. 


Proof We follow the proof given in [[Ahmed (1970)],Theorem 3.1]. The 
first inclusion follows from the inequality 


|| z |lg2n<e|] z ||gx., for all p > 2, and z eG?” 


which was seen in course of the proof of Lemma 6.2.1. That the embedding 
is dense follows from the fact that for p > 2, Lp(I") is dense in L.(I") 
implying that GP” is dense in G>”. Now identifying the dual (G*")* of 
G>” with itself we obtain GP” G G?” = (G2")* — (GP-”)*. In order to 
complete the proof of (1), we must justify that the dual of GP” is G%”. 
By virtue of Lemma 6.2.2, in particular the duality pairing (6.5), it is clear 
that each element Z € G%” defines a continuous linear functional on GP” 
and hence Gt” C (G?”)*. So it suffices to prove the reverse inclusion. Let 
f € (G?”)*; then by definition there exists a finite positive number c such 
that 


If] S ellz lge Y zeg”. 


By the isometric isomorphism between G?” and GP”, denoted by GP” 4 
GP”, for each z € G®” there exists a unique Ly, € L,(I") such that z = 
Pn(Ln). Hence, 


FODS IFO En) = I o Pn) En) < ell Ln llar» 
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and consequently the composition map f o ¢, is a continuous linear func- 
tional on the Banach space GP”. Thus there exists a unique K, E€ G%”" 
such that 


f(z) = (f 2 Pn)(Ln) = (Kn, Ln)aan Gr» (6.7) 


for all Ln € GP” with z = ọn(Ln). Therefore, it follows from (6.5), defining 
the duality pairing between G4” and GP”, and the expression (6.7) and the 
definition of the vector space GY” that there exists a z* € GY” such that 


f(z) =< 2",2 >gan grm V z EQ”. 


Identifying f with z*, we have f € G%” proving the reverse inclusion 
(GP”)* C GI” and hence the identity. This completes the proof of (1). 
For (2), the isometric isomorphism between G%” and G%” follows easily 
from the identity (6.5). Thus the diagram (2) follows from (1) and the fact 


that the embeddings GP?” — G?” — GS” are continuous and dense. e 


We note that, for 1 < q < 2, G%” is a system of generalized functionals 
of the white noise (S*, u). This system is more general containing the class 
Gan, 

Remark 6.2.4. The diagram (2) also holds for q = 1 and p = oo. The 
proof is direct. Clearly, the spaces {G””", 1 < r < oo} are reflexive Banach 


spaces. 


Remark 6.2.5. The fact that z* € G%” does not, in any sense, imply that 
IE{|z*|7} < oo. In other words, G?” ¢ Lg(S*, m). 


6.3 Nonhomogeneous Functionals 


Now we consider nonhomogeneous generalized functionals of degree N € 


N. Define, for r > 1, N < oo, the vector space 
Grn = {L :L= (Lo, Li, Lo, eei Ly), Ln E G”, 0 <n< N} (6.8) 


which, furnished with the norm topology 
N 


tlen: OF atl Dales) (6.9) 


n=0 
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is a Banach space. Here Lo is a scalar. Since the Lebesgue measure ¢(I) < 
oo, it is easy to verify that, for 1 <q <2<p<o,Gpnw = Gyn and 
that there exists a positive constant Cp,y such that for each L € Gp,y we 


have 
IL llaesu < Cp, || L ley. (6.10) 


for every finite positive integer N. Thus the embedding Gp, y > Gq,n is 
continuous, and it follows from the density of the embedding Lp —> Lq that 
it is also dense. The upper bound of the embedding constant can be shown 
to be 


N (p—1)/p 
Oe > niea") . 
Now, we introduce the map ®y as 


Ən(K)=X_ | Kalm ,Tn)dw(Ti) dw(Ta) 


- ,Tr)w(T1) ++: W(tm)dt1--+ dtm, (6.11) 


Ill 
iM 
x 
a 


defined for any K € G,,n,r > 1. The second identity allows one to consider 
this functional on the white noise space (.S*, u). For any r > 1, this defines 


a larger class of functionals on (9*, u) given by 
Grn = {z E F(S*,p):2=@n(K), for some KEG, nw}. (6.12) 
We can introduce a norm topology on Gr y by defining 
lz Ilo.w= || K lle,» for z= On(K),K € Grv. (6.13) 


This makes @y an isometric isomorphism between G, y and Gr,n. This is 
stated more precisely in the following theorem. 


Theorem 6.3.1. Given the topologies as defined above, for 1 < q < 2 < 
p < œ, the following diagram holds 


Gp, N => G2,N =F Gq, N 


f f f (6.14) 


Gp, y = G2,N S Gq, N, 
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with continuous and dense embeddings where | denotes isometric isomor- 


phism. 


Proof The proof is similar to that of Theorem 6.2.3. For details see 
[Ahmed (1970)]]. 


Again, the elements of Ga,y,1 < q < 2, are generalized functionals of 
white noise, that is, Gay C F(9*, u). The next question is, can the above 
result be extended to N = oo. The estimate on the embedding constant 
Cp,n as given above is not suitable for this. In fact it diverges to infinity 
and hence the embeddings may not extend to N = oo. However one can 
prove a partial result. It is easy to see that as N — oo, the limits of 
the Banach spaces Gp, N, Gqa,n and their duals are well defined with norms 
derived from the limits of the expressions (6.9) giving 


= . r 1/r 
I L lle,= (Son! | Le Wey) 5 (6.15) 
n=0 
provided they are finite. For each r € [1,00), define K, = JX, L,(I”). 


Equipped with the family of seminorms, Qr = {drn,n E€ N} with 
Grn(Kn) =|| Kn ||b,.(), Kr is a Fréchet space. Thus, for each r € [1, 00), 


the normed space G, given by 
G,={LEK,: || Llla.< ox}, 


is a Banach space. For each L € Gp, we can define an element ®(L) given 
by 


D(L) = X` on(Ln). 
n=0 


This is a well defined element of F'(.S*, u) and we denote this class of func- 
tionals of Brownian motion by G,. More precisely we have the following 


result. 


Theorem 6.3.2 Fori <q <2 < p< œ, (i): Gp = limno Gp, N; Gq = 
limno Gqa,N; (ii) Gp, Gq, Gp, Gq are reflexive Banach spaces; (iii) Gp + 
Gp, Gq Gq and Gh = Gq, Gh = Gq. 

Remark 6.3.3 It is interesting to note that we do not have any inclusion 


relation between the Banach spaces Gp, Gq and hence no inclusion relation 
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exists between the corresponding Banach spaces of Brownian functionals 
Gp, Gq. This is the basic difference between the results of Theorem 6.3.1 
and Theorem 6.3.2. 


Let {p,q} be the conjugate pair satisfying 1 < q < 2 < p < œ, and 
{Gq,Gp} the dual pair of Banach spaces introduced above. It is easy to 
verify that Gp separates points of G, and hence, by the isomorphism, Gp 
separates points of Ga. We show that Gp separates elements of Gq. In other 
words, it suffices to verify that 


(K, L)G,,Gp =O0VLE Gp 


implies K = 0. Suppose this is false, then there exists K°(# 0) € G, such 
that (K°, L)a,,G, = 0 for all L € Gp. Choose L = L° = {L}, n € N} with 
L? given by 

o — Kal sign( Ka) 

am ae 
Then, it is easy to verify that || L° ||e,= 1 and that the scalar product 
(K°, L°), a, =|| K? llc, - But since L° € Gp, (K°, L°) =|| K? |le,= 0 
which contradicts the nontriviality of K°. Hence, Gp separates points of Gy 
and consequently Gp separates points of G,. For details see [Ahmed (1970)]. 


Remark 6.3.4 This separation property is not only mathematically in- 
teresting; it is also practically useful. For example, if our interest is only 
in the class of generalized functionals which coincide on the closed linear 
subspace M C Gp, then for all practical purposes we may consider two 
elements zï # z3 as identical, zł © 23, if (zï — 23)(z) = 0 for all z € M. 
In other words, we have the quotient space G,/M + where M+ denotes the 


annihilator of M. For approximation, it is the quotient space that matters. 


Remark 6.3.5 By setting p = q = 2, we obtain from the above results the 
classical Wiener-It6 functionals. 


Remark 6.3.6 For 1 <q < 2 < p < œ, the dual pair of Banach spaces 
{Gp,Gq} are reflexive and hence bounded subsets therein are relatively 
weakly and weak-star compact respectively. But in reflexive Banach spaces 


weak and weak star topologies are identical. It would be interesting to 
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characterize weak and weak star compactness in G, space. The question of 


compactness is important in optimization problems as seen in Chapter 4. 


6.4 Weighted Generalized Functionals 


In the spirit of Theorem 3.2.2, we can construct new generalized functionals 
from those of Theorem 6.3.2 by introducing suitable weighting functions 
other than just the functions of n € N, like a(n) = n!. With this end in 


view, we introduce the following definition. 


Definition 6.4.1. Let N denote the set of nonnegative integers, and R4 
the set of nonnegative real numbers. A functiona: N} x R— R,U{+oo} 
is said to be an admissible weight if it is a monotone increasing function of 


both the variables and satisfies the following properties: 


(i) : a(n, s)a(n, -—s) =1V n € N} and s > 0, (ii) : a(n,0) =1V ne Ny, 
(iii) : im a(n, $) = œ,n > 1, (iv): Jim, a(n, s) = œ,s > 0. 


(6.16) 
Clearly, it follows from (i) and (iii) that lims a(n, —s) = 0. 
For p € [1, co], define 
Zp = {(Ko, Ki, K2, Kn ++): Kn € Èp”), n € Nu} = II Ld”). 
n=0 


Clearly, this is only a linear vector space (with the product topology) 
but without any norm topology. Corresponding to =,, we can introduce 


the vector space of white noise functionals 


Sp = {(0(Ko), $1(K1), 62(K2), +++ on(Kn) +++), K € Ep}, 


where {¢,} are the elementary homogeneous functionals of white noise as 
defined in Lemma 6.2.1 and Lemma 6.2.2. Being the cartesian product of 
infinitely many Banach spaces, these spaces have only the linear structure 


with the product topology. Thus the map 


{Kn,n E N4} — {on(Kn),n € N4} 
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from =, to Eps denoted here by W, is merely an algebraic isomorphism. 


Now we shall introduce various norm topologies and construct normed 


spaces so that UY becomes an isometry: For p € [1, 00), s > 0, define 


Tigi fx cz: 63 ni(a(n,s))? || Kn iba. < co} (6.17) 


n=0 
Furnished with this norm topology, Zp,; is a Banach space. And for a fixed 
P, Zp,s C Zpr, for s>r. Forl<q<2<p<o, {p,q} conjugate pair, 
(Zp,s)* = Zq,-s. Now we can introduce the generalized functionals of white 
noise through the isomorphism W as follows: 


[A's CSO pas ert 0 s). (6.18) 


Based on the results of section 6.2 and section 6.3, we have the following 


result. 


Theorem 6.4.2. Fori <q <2 < p< œ ands € R4, the following results 
hold: 

(i): Zp,s, Zq,-s, Zp,s, and Zą,—s are reflexive Banach spaces. 

(ti): Zp,s © Zp,s, Zq,—s  Zq,-s and Zp,s = 2Zq,-s, and Z% s = Zq,-s 

(iti): Zq—s C F(S*, u), are generalized functionals of white noise for 
s>0. 


Remark 6.4.3 For s = 0, we obtain the results of Theorem 6.3.2; and, 
in particular,Z,,-0 = G,. The family of Banach spaces {Z,,.,5 € R4} is 
an expanding family of generalized functionals of white noise more general 
than those of Theorem 6.3.2, and they are the duals of the Banach spaces 
{Zp s,s E€ Ry}. 


The ultimate generalization of this section is obtained by use of induc- 
tive and projective limit topologies. For example, the following theorem 


generalizes the results of the previous sections. 
Theorem 6.4.4 Let 1 <q <2 <p< œ. Then, (1): For0 <r <s, 
the identity map Zq,-,  Zq,-s is continuous. (2): Za = U,„>o Zq,-r is 


the inductive limit of the spaces Z, —r which has the finest locally convex 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 


by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


Lp-Based Generalized Functionals of White Noise III 141 


topology for which the embedding Z4 -r > Zq is continuous. This is the 
inductive limit topology. (3): Zq is the topological dual of Zp = („>o Zp,r; 
with Zp having the projective limit topology. 


The space Z,,1 < q < 2 < p, is the space of generalized functionals of 
Brownian motion and the space Zp is the space of test functionals. 


Remark 6.4.5 Note that the generalized functionals presented in this sec- 
tion cover those of Nualart and Zakai [Nualart (2009)], and all those pre- 
sented in Chapters 2 to 4. 


Remark 6.4.6 Most of the results in the preceding sections also hold for 
functionals of fractional Brownian motion and Lévy process. In other words 
one can construct generalized functionals of fractional Brownian motion and 


Lévy process following exactly the same procedure. 
6.5 Some Examples Related to Section 6.4 


(E1) Integral Operator: Consider the random variable Z given by, 


T 
Z(w) =f U(t, w(t))dw(t) 
0 
with U satisfying 
|U(t, x)| < ko(t) + kı exp (rz?) 


for some r > 0 and kg € Lq for 1 < q < 2. We show that there exists an 
r > 0 such that Z € L,(Q) where Q is the Wiener measure space. Define 


R= ie for |z| <n 


nx/|xz|, for |z| >n, 


the retract 


and approximate Z by 


T 
Pe i Rp(U(t, w(t))) dw(t). 


Let F;,t > 0, denote the current of sigma algebras generated by the Brow- 


nian motion w. Clearly, Rn is F adapted and bounded and so square 
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integrable. Thus Z„ belongs to L2(Q) for every finite integer n. Let p be 
the conjugate of q. For test function, take Y = Je: h(t)dw(t),h € L} where 
Lọ denotes the class of F; adapted processes so that 
T 
e f |h(t)|?dt < co. 
0 
Clearly L(I) C L3(Z). Using Fubini’s theorem and the natural duality 
pairing we have 
T 
E{ZY} = lim E{Z,Y} = lim I E{ Rn (U(t, w(t)))h(t)}dt. 
n co n co 0 


By Holder’s inequality, we have 


T 
| | E{R,(U(t, w(t)))h(t) pad| 
0 


< (f° E|R, (U(t, w(t) at) n (f Elnora) A 


Now, note that there exists a constant Cy > 0 independent of n such that 


f Eiras S a [Kio (t)|*dt +f Blexpfralw(o?)at}. 


Since w(t) is Gaussian with mean zero and variance t, the reader can easily 
check that 


Eexp{rq|w(t)|?} = (1/v2zt) [ 90 -40/2)-ra}a?ds = (1/\/1 — 2trq). 


Clearly, it follows from this that for r < (1/2Tq), this function has finite 
Lebesgue integral over the interval [0, T]. Thus for sufficiently small r > 0, 
Z € La(Q) D L2(9). 


On the other hand, suppose r > 0 is given and we are to find a space 
£,(),¢ > 1, so that Z is a member of this space. This can be done if 
(1/2Tr) > 1 because in that case we can choose q so that 1 < q < (1/2Tr). 


(E2) Urysohn Operator: Many nonlinear systems give rise to 
Urysohn’s integral operators. Here we present an example which involves 
G*. For illustration, consider the scalar Brownian motion w and the Brow- 


nian functional given by the Urysohn’s integral operator, 


Re f U(t,s,w(s)) dw(s),t € [0,7]. (6.19) 
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We are concerned with the terminal value f(w) = Fr(w). Suppose the 
Urysohn kernel satisfies the polynomial growth 

|U(T,t,x)| < Cy + Ca|a|",r € [0, 00). 
Then one can easily verify that there exist nonnegative constants {a1, a2} 
depending on {C1, C2} and r such that 

E|Fr|? < ay + aT". 

This shows that Fr € Ga for any U satisfying a polynomial growth as 
indicated. In fact this remains true even for exponential growth of the 
form 

JU (T, t, £)| < Ci + Cge™,r € [0, 00). 
In this case 

E|Fr|? < a (T) + a2(T) exp(2r?T) 
with a;(T) being finite for every finite T. Thus Fr € Ga. As seen in the 
previous example, a case where f = Fr may not belong to Ga is obtained 
under the assumption that U satisfies the exponential growth of the form 

|U(T, t, z)| < C1 + C2 exp(rz?°),r € [0, 00). 
For 0 < r < (1/4T), f(= Fr) € Ga otherwise f may escape Ga. In any case 
one can always compute the Fourier-Wiener kernels L = {L,,} correspond- 
ing to f. Clearly, f Z Ga if we find that || L ||¢,= oo. It is possible that 
L € G3, \ Ga and hence f is a generalized functional. Recalling the norm 
topologies of G*, and Ga, it is clear that the infinite series 
IL lés = S0G/n!) || Ln laa») 

has a better chance of convergence compared with the series || L |&,= 
(mn!) || Ln IZ.) - If this also fails, that is || L ||¢,= 00, then we may 
consider the (larger) Banach spaces Zp, and their duals Z4 —s given in 
Theorem 6.4.2. The Fourier-Wiener kernel L may belong to Z,,, for some 
q € [1,2] and s € (0,00). In that case, f € Zq,—s the dual of the Banach 
space Zp,s. If these also fail, we use the Banach spaces Y,,_, introduced in 
the next chapter. 

In view of the example (E2), we may conclude that the generalized 
functionals, introduced so far, provide a much broader scope for inclusion 
of functionals not covered either by the well known classical Wiener-It6 
class or the Hida class. 
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6.6 Generalized Functionals of Random Fields Applied 


In the study of distributed signal processing or equivalently processing of 
signals which are functions of both space and time, it is natural to consider 
noise distributed both in space and time. Solutions of partial differential 
equations, deterministic as well as stochastic, present a great variety of 
distributed signals. Typical examples are heat equations, wave equations, 
reaction diffusion equations, Navier-Stokes equation, Schrödinger equation, 
population equations etc. subject to perturbation by random fields. In 
particular, 2-D and 3-D image processing is one such area where substan- 
tial work has been done in mathematical modeling and processing such as 
smoothing, segmentation, registration etc [Chan (2002)], [Sigurd (2006)]. 
See also the extensive references therein. One important problem in image 
processing is reconstruction (or restoration,inpainting) of an entire image 
from its available parts. The problem is to find the processing operator 
that transforms the partial information into an approximate replica of the 
true image. In recent years, using suitable Lagrangians dictated by the de- 
sired properties of images, Lagrange principle and variational calculus have 
been used to develop empirical models for generation of images. These are 
generally nonlinear degenerate diffusion equations governed by second or- 
der partial differential equations of parabolic type (PDE’s). Engineers and 
doctors are often interested in input-output models so that from the input 
data they can readily obtain the desired information from the correspond- 
ing output. In the study of structural mechanics, vibration of beams, plates 
and complex structures like suspension bridges, tall buildings etc. are of 
major concern to engineers. Here, they are interested in the displacement 
and its rate at certain strategic locations for evaluation of structural in- 
tegrity. These systems are all described by nonlinear partial differential 


equations which may be subject to stochastic forces. 


A challenging problem is to construct input output models for such 


systems. For example, a nonlinear Euler beam equation with clamped 
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boundary condition is given by 
d?y/Ot? + Diy + c2N (y)D2y + c30y/Ot = W (t, x),t > 0,2 € (0, L) 
y(t,0) = y(t, L) =0, Dzry(t,0) = Dzy(t, L) =0, yO, -) = yo, ye (0,-) = y1, 


where Ds = 0/02, the nonlinear operator N is given by 


L 
N(y) = I (D,y)de 


which represents the membrane force and W is the space time white noise. 

This model is a good approximation for moderately large vibrations 
[Srinivasan (1971)], [Ahmed (1994)]. In the absence of noise, for any given 
initial state yo € Hj(D),y1 € Lə(D), this equation has a well defined 
solution with y € C(I, Ht), y € C(I, L2(D)). In the presence of noise W, 
the solution y(t,x),t > 0,2 € D = (0, L) is a random field. One may be 
interested in displacement at the mid point of the structure like y(t, L/2) 
which is considered as the output corresponding to the noisy input. By 
Sobolev embedding Ho(D) C C(D) and so the point value at x = L/2 is 
well defined. 


For image analysis, the typical equations are of the form 
(0/Ot)Z = G(I, JT, AT) + W (t, x), (t,x) € (0,T] x D,Z(0, £) = Tọ. 
The solution of all such equations can be approximated by the canonical 


expansion involving multiple integrals with respect to the Gaussian random 


measure. 


Let D C R” (n = 1,2,3 for applications) be an open bounded set, 
I = [0,T] a finite time interval and £ the Lebesgue measure on the sigma 
algebra of subsets of the set J x D and D, = [0,t] x D. The most general 


input-output model for distributed signal processing is given by 


y(t, x) = F(y)(t, x), (t,x) € Dr, (6.20) 
where the input-output operator F is given by 
F(y)(t, x) 
5X) | batty 21,22, 2m) ee) ele) = Plen )Eldz) Eden) 
n=1 Y D? 


(6.21) 
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The input signal is denoted by y(z) = (7,€),z = (7,6) € Dy, which 
represents the space-time distribution of the input. The output y(t, x) 
describes the response at time t € I at the location x € D. For convenience 


of notation we write 

L(t, x) = L(t, x; 21, %2,° °° an) for z; € Di 
and consider them as elements of suitable function spaces. Assuming that 
for each integer n € N and (t,x) € Dr, the kernel Ln (t,x) belongs to the 
Lebesgue space La(D}) and the input y € L,(Dr) for 1 <q <2 < p< œ 
with (1/p + 1/q = 1), it is easy to verify that 


Eal = Eta] Y || Lal s) leonl e lon (6-22) 
To avoid using too many new notations, we shall use Gg also for the Banach 
space with the norm topology given by 


oo 1/q 
IK le (Som Kayo) 


n=1 
where I” of the expression (6.15) has been replaced by D}. Assuming 
that, for each (t,x) € Dr, the G,-valued kernel L is given by L(t, x) = 
{Ln(t, x), n E€ N} € Gq, it is not difficult to verify that 


lyt s)| < || L(t z) lle, exp{(Q/p) Il ¢ lz, ot (6.23) 
This follows from Holder’s inequality applied to (6.22). From this analysis 


we have the following result. 


Lemma 6.6.1 Consider the operator F defined by (6.21) and suppose the 
kernel L € Loo (Dr,Gq) (C(Dr,Gq)) with {p,q} satisfying (1/p) + (1/q) = 
1ll<q<2<p<o. Then the input-output operator F is continuous and 
bounded from L,(Dr) into L..(Dr)(C(Dr)). 


Remark 6.6.2 Note that if we assume that L € L..(Dr,H) with H de- 
noting the Hilbert space with the norm topology given by 
2h 1/2 
I| LG 2) ll2= ($. || Zat, 2) llao) 


n=1 
then the operator F is only defined on the open unit ball in L2(Dr). More 


precisely, 


F : B°(L2(Dr)) — Lo (Dr), 
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where B?(L2(Dr)) denotes the open unit ball in L2(Dr) centered at the 
origin. 

For identification of the characteristic kernels, we may follow the same 
principle as in Chapter 4 (section 4.4), in particular, the examples (E2) and 
(E3). We consider the case p = q = 2. Here we use as input, the orthogonal 
and normalized space time Gaussian random measure as indicated in Re- 
mark 2.5.4. Let z = (7,€) denote the generic points in D+. The response y 
is experimentally obtained by using the space-time Gaussian random mea- 
sure as the input and recording the corresponding output giving {ye(t, x)}. 
Then, as in examples (E1) and (E2) of section 4.4, to identify the n-th 
degree kernel we choose the test functional as 

Un(t, £) = en(Kn)(t, £) = Ky (t, £; z1, , 2n)W(dz1)---W(dzn) 
Dg 
(6.24) 


which is then used to determine the scalar product, 
L(Ka) = (1/n!) < yelt, £), un(t, £) >g, (6.25) 


giving the linear functional ¢. In practice, this has to be determined by 
use of Monte Carlo simulation techniques. The characteristic n-th order 
kernel Ln is then determined by maximizing the functional £ on the unit 
ball Bı(L2(D})) giving Ln = Brie, with K? being the maximizer of on 
the unit ball as stated above and n are suitable scalars as explained below. 


In principle, this way we can identify the unknown system giving 
n=1 


where {Ln} are the true characteristic kernels. It is clear that if ye € 
Loo(Dr,G), then we have the exact identity; otherwise y is the best element 
of L.o(Dr,G) approximating the experimentally observed output ye. The 
constants 6? determine the energy content of the n-th degree polynomial 
(mode) chaos. 


Remark 6.6.3 In case 1 < q < 2, with L(t, x) € Gq, the functional y(t, x) 
given by (6.26) is a generalized functional of the Gaussian random field W 
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and belongs to G, (see Theorem 6.3.2). In this case the test functionals up, 
must be chosen with the kernel Kn (t, x) € L (DH). 


In the field of image processing, the input images having textures and 
sharp boundaries etc., are better described by functions of bounded varia- 
tion. In this situation, the regular signal process ọ is replaced by a signed 
measure m having bounded variation on Dr. Let B(Dr) denote the sigma 
algebra of Borel subsets of the set Dr and M-apy(B(Dr)) the space of count- 
ably additive signed Borel measures on 6(Dr) having bounded variation. 
The model (6.21) is then written as 


y(t, x) = F(m)(t, x) = » I. En(t, x, Zitt ,2n)m(dz1) mas m(dzn) 
(6.27) 
where m € Meany (B(Dr)). 


For analysis of the above model we need some special Banach spaces. 
Let {En} be an infinite family of (real) Banach spaces and p € [1,0o) and 
define the vector space Yp = ¢?([[>~, En). Furnished with the topology 
induced by the norm, 


lle llx,= (D> Hen I) e€ Tp, 
n=1 


YT, is a Banach space. For the system (6.27), we take En = Vn! Lio(D®) 


and use the vector space 
Yo=([] Bn) = e] [ vD) 
n=1 n=1 


endowed with the norm topology given by 


oo 1/2 
IK Ins (Sat Ke Icom) 


n=1 


The input-output model (6.27) is then well defined if 


|| L(t, x) l= XO n! || Enlt, x) loo < 00 Y (t,£) € Dr. (6.28) 
n=1 


In this case we have 


lult, x)| = |F(m)(, x)| <I| L(t, 2) [rs exp{(1/2)m|o} (6.29) 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


Lp-Based Generalized Functionals of White Noise III 149 


where |m|, denotes the total variation norm of the signed measure m. Thus 


we have proved the following result. 


Lemma 6.6.4 Consider the map F given by (6.27). fL € 
Laæ(Dr, T2)(C(Dr, T2)) then the operator F is a bounded and continuous 
map from Mcabww(B(Dr)) to Lo(Dr)(C(Dr)). 


In general, the output y given by the expression (6.26) with en as defined 
by (6.24) is a random field belonging to Læ(Dr, G4). Even though G, is 
also a Banach space of generalized functionals of the Gaussian random 
measure W, it can be substantially generalized to admit much larger class 
of generalized functionals. In order to do this we introduce the following 
Banach spaces. 

For 1<q<2< p< œ, with {p,q} a conjugate pair, define 


i= {x = (Ko, Kı, Ka) € [] LOR: 
n=0 


(Senet | Kn ikea) < oo, (6.30) 


n=0 
where as usual, L,(D¥.) = R, the set of real numbers. This is a Banach 
space with respect to the norm topology defined above. Its dual is given 
by F, with the norm topology 


Ñ= {1 = (Lo, La, L2,--+) € | [ (Di) : 
n=0 


(Sam | Ln pee i < co, (6.31) 


n=0 

This is a much larger space compared with G4. In fact F D G for all 
q € [1,2]. The isomorphic map ® assigns to each element K € Fp the 
random variable z = (K) = X> _o en(Kn) where en denotes the multiple 
Wiener-Itô integrals with respect to the Gaussian random measure {W } as 
given by the expression (6.24). The image of F, under the isomorphism © is 
denoted by Fp = ®(F,). The space Fp is the linear vector space of regular 
functionals of Gaussian random field and it is given the norm topology 


Il 2 lz, = ll 8) lly, = || K lle, 
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with respect to which it is a Banach space. This turns ® into an isometric 
isomorphism between the spaces F, and Fp. Using the continuous extension 
of this isomorphism to F, again denoted by ®, we obtain the space F; = 


(F4), which is the dual of Fp and it is the space of generalized functionals. 


We state this in the following theorem. 


Theorem 6.6.5 For1 <q <2 < p< œ with {p,q} being the conjugate 
pair, the space F; is the space of generalized functionals of the space-time 
Gaussian random field. Endowed with the norm topology given by 

| 2" soul < 2*, z >, 5, |: 2 € Fpl z A= 1}, 


F is a Banach space where the duality bracket denotes integration with 
respect to the Wiener measure induced by the Gaussian random field. The 
space F; containing Gq (see Theorem 6.3.2) is the dual of Fp and, for 
1<q<2< p< oœ, they are reflexive Banach spaces. 


The Banach space Ñ} offers a much broader class of generalized func- 
tionals of Gaussian random measure than those of Gq. In particular, the 
class of Banach spaces {Fo 1 < q < 2} is very rich for approximation of 
solutions of SPDE’s like those mentioned in the introduction of this section 
and many more. 

The necessity of such spaces of generalized functionals is very well 
demonstrated by Nualart and Rozovskii in their recent paper [Nualart 
(1997)] on bi-linear SPDE’s of the form 


du/dt = Au + uW, u(0) = uo, (t,£) € I x RY, (6.32) 


where A is a linear second order elliptic partial differential operator and 
W is the space time white noise. It is known that for d > 1, this equation 
has no solution in L2(Q). According to Nualart-Rozovskii’s result [[Nualart 
(1997)], Theorem 3.7], the solution u(t, x) takes values in a weighted Wiener 
space LY (Q) where Q is a nonnegative self adjoint operator on the Hilbert 
space H = L2(R¢) with a decreasing sequence of nonnegative eigenvalues 
{qi} which provide the weight. Under some standard assumptions on the 
coefficients (Hölder continuity) of the operator A, the initial data uo, and 
the operator Q (for example Hilbert-Schmidt), they prove the existence of 
a unique weak (not martingale) solution u € L!2°(I x Rt, LẸ (Q)) which the 
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authors call Q-soft solution. Further, using Feynman-Kac formula a closed 
form expression for the solution is given. For more details see [Nualart 
(1997)]. Using the dual F,, for q = 2, we claim that u € L(I x R4, Fo). 
See also Remark 2.5.4 and Corollary 2.6.3. 


In the following section we study vector measures taking values in the 
space of generalized functionals of Brownian motion. This is also illustrated 


by an application to nonlinear filtering. 


6.7 F,-Valued Vector Measures with Application 


For some applications it may be useful to consider the output y as a vector 
valued measure. There are many physical processes such as the solutions 
of porous media equations describing the mass density of fluid contents in 
the medium, the measure solutions of stochastic Navier-Stokes equations in 
the presence of turbulence [Ahmed (1998)], solutions of stochastic Maxwell- 
Vlasov equation describing the particle density, solutions of Kushner-Zakai 
equations arising from finite and infinite dimensional nonlinear filtering 
[Ahmed (1998)], [Ahmed (1997)]. These solutions are better considered as 
stochastic vector valued measures. Another interesting physical example is 
the geographically structured population process considered by Wulfsohn 
[Wulfsohn (1977)]. This can be considered as a nonnegative measure val- 
ued stochastic process. Study of measure valued stochastic processes was 
pioneered by Dawson [Dawson (1975)] where one can find a stimulating 
discussion on this topic. 

Here, we are interested in the space of F,-valued vector measures which 
covers a very large class of measures (not necessarily positive) with values 
in the space of generalized functionals of random fields. Let D C R”, 
not necessarily bounded, and Bp the sigma algebra of subsets of the set 
D. Considering the output y as a vector measure valued function, it is 
preferably written as y = p,(-),t > 0. Clearly, this is defined on the sigma 
algebra Bp and it takes values possibly from the Banach spaces like Gg 
(Theorem 6.3.2) or Fy (Theorem 6.6.5). Let M faw(Bp, F4) denote the 
space of finitely additive vector measures furnished with the total variation 
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norm. This is a Banach space and Mcab»(Bp,Fq) is a closed subspace 
of M fabu (B D, Fq) and so a Banach space. We are interested in random 


process like 
{i,t € I: for each tE I, m€ M fabv (Bo, Fq)}- 


Let Boo(D, Fp) denote the class of bounded Fp valued Bp measurable func- 
tions which are uniform limits of Bp measurable simple functions. Fur- 


nished with the sup-norm topology, 


sup{|| ¢(s) |lz,,8 € D},¢ € Boo(D, Fp), 


this is a Banach space. Now, it is easy to verify that every u € 
M fabv(Bo, a) defines a continuous linear functional on the Banach space 
Bæ(D, Fp). That is, the functional é,,, given by 


66) = f < COM) >rt, 


is a well defined continuous linear (and hence bounded) functional on 
Bœ(D, Fy) and 


lOl < IE lB D,F,) elva 


where |ulv,q is the variation norm of u with respect to the norm topol- 
ogy of Fis This is easily proved by use of simple functions and limiting 
arguments. In fact the following result shows that every continuous linear 
functional on Bæ(D, Fp) is given by integration with respect to a measure 


HE M fabv (Bo, Fa). 


Theorem 6.7.1 Let {p,q} be the conjugate pair with 1 < q < 2 < p < œ 
and Fp, Fa the dual pair of Banach spaces as introduced above. Then the 


following representation holds 
(Bæ(D, Fp))* = M fawo (Bp, Fa). 


Proof First we show that every u E€ M faw(Bp, Fq) defines a continuous 
linear functional on Bæ(D, Fp) through the expression 


uE [SR 
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Let S..(D,Fp) C Bæl(D, Fp) denote the class of Bp measurable simple 
functions with values in Fp and Xo the characteristic function of any o € 
Bp. Then, for every f € 5..(D, Fp), there exists a finite family of pairwise 
disjoint Bp-measurable sets {o;}7_, C D and {ei} C Fp such that f(x) = 
XL] Xo; (z)e; and 


lalf) =) < ennl) >F F 


i=l 


Clearly, 


D lelo lz, S sup >, I| alo) || 2,5 [lva 


OET 
where the supremum is taken over all finite disjoint Bp measurable parti- 
tions {7} of the set D. Thus, 


al< (supe) (SH God Ils, Sele Isai. 


where c = |u|v,q denotes the total variation norm of u. This shows that £, is 
a well defined continuous linear functional on Sœæ(D, Fp). Since S.o(D, Fp) 
is dense in B..(D, Fp), and the above estimate holds for all f € Bæ(D, Fp), 
it follows from the principle of extension by continuity that 4, is defined 
on all of B..(D,¥F,)). Hence, we have proved the inclusion 


M fabv(Bp,Fq) C (Boo(D, Fp))*- (6.33) 


For the reverse inclusion, we verify that every continuous linear functional 
on Bæ(D, Fp) or equivalently, every £ € (Bæ(D, Fp))*, has the integral 


representation, 
tf) = f < S08). mds) >z, F, 


for some u E€ M fawv (BD, F). Again, we prove this first for simple functions 
and then use the limiting and density arguments. Let f € Sæ(D, Fp). 
Then, by definition there exists a finite family of disjoint Bp measurable 
sets {o;,i = 1,2,--- ,m} covering D and {e;} C Fp such that 


f(z) = ye Xo; (@)ei- 
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Since £ is linear, we have 
U) =LA xoi) = X f(Xor€%). (6.34) 


For each i, define the functional 4; by setting 4(e) = ¢(x>0,e). Since 
Xoi(-)e: € Buo(D, Fp) and £ is a bounded linear functional on it, the func- 
tional @; is a well defined bounded linear functional on Fp. Recalling that 
F,, is the dual of Fp, it is clear that for each functional ¢;, there exists a 
unique y; € F, such that &;(e) =< y,e >E, Fo Thus there exists a set 
function p? : Bp — F, such that y°(o;) = yi for all i € {1,2,--- , m} and 
u? (0) = 0. By hypothesis, £ € (Bao (D, Fp))* and so there exists a constant 
c such that 


UPIS ell F lla..w.7,) (6.35) 


for all f € Bœ(D, Fp). Using the set function defined above, it follows from 
(6.34) that for the simple function f, we have 


HA) = swaha >= | LIES C) 


From the above expressions including the inequality (6.35), one can easily 
deduce that 


> elo) laS e (6.37) 


This holds for every f € Səæ(D, Fp) and hence for every finite disjoint 
Bp measurable partition of the set D. Thus we may conclude that the set 
function u° as defined above is finitely additive on Bp and has bounded 


variation. Further, it is uniquely determined by £Z alone. Clearly, it follows 
from (6.35) and (6.37) that 


ele =sup{(bIl F leao} < log Se 
Choosing the smallest number c for which the inequality (6.35) holds, we 
obtain |é|,. = |u°lv,q. Thus we have proved that 


(B(D, Fp))* C M faww(BD, Fa) (6.38) 


and that the embedding is an isometry. Conclusion of the theorem now 


follows from the inclusions (6.33) and (6.38). This completes the proof. e 
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For the study of measure valued random process {u,,t E€ I}, suppose 
that t — pu is weakly measurable in the sense that for any y E€ Buo(D, Fp) 


the function 
t — uly) = A < pla), eld) >z, 3, 
is measurable. We are interested in functionals like 
Lu) = / < y(t, x), (dx) >z, F, d 
IxD 


The first concern is to determine the appropriate dual pairs for which such 
integrals are well defined. Define 


lall =inf{a > 0: ess—suprer|me(Y)| < a || ¢ Ila..(D.F), 2 E BolD, Fp)}- 


Note that, for y € Bi(Boo(D,Fp)), the set {t € I: ess — sup |uly)| < a} 
may depend on vy. This is the class of weakly measurable functions on I 
with values in the space of vector measures. 

Closely related to Theorem 6.7.1, is the following result for stochastic 


processes with values in M faw(BD, F,). 


Theorem 6.7.2 The topological dual of the Banach space 
Lid, Boo(D, Fp)) 


is the space of weakly measurable finitely additive bounded vector mea- 
sures with values in Fy. This is denoted by L? (I, M favy(Bp,Fq)). In other 


words, 
(110, Be (D, Fp) © D8 (I,.M faso(Bp. Fy)). 


Proof We present a brief outline of the proof. Consider any Banach space 
X and its dual X*. It is well known [Diestel (1977)] (see Diestel, Theorem 
IV.1.1, p.98) that if X* satisfies the Radon-Nikodym property (RNP), then 
(Li(1, X))* S Lo(I, X*). In case they lack this property, it follows from 
the theory of lifting” [Tulcea (1969)](see Theorem 7 and its Corollary, 
p.94) that (Li(1, X))* = LY (I, X*). The Banach spaces B..(D,F,) and 
its dual M cany (Bp, Fy) do not have the RNP and hence by use of the theory 
of lifting we arrive at the duality as stated in the theorem. This completes 


the outline of our proof. e 
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Example 6.7.3 Consider the nonlinear filtering problem. In the uncorre- 
lated case, as seen in Chapter 1, the Zakai equation has the same form for 
both the finite and infinite dimensional filtering. Written in the weak form 
(see [Ahmed (1998)], [Ahmed (1997)]), this equation is given by 


dp (py) = pel Ap)dt + (Bp) - dV, t > 0, poly) =v(y) (6.39) 
where V is a finite dimensional R? valued standard Brownian motion on a 
different probability space (see Chapter 2) and v is the initial measure giving 
the distribution of the initial state. For the operators A, B see Chapter 1. 
The test function y € D(A) N B(£) with E = R” in the case of finite 
dimensional filtering; and E&E = H, a separable Hilbert space, in the case of 
filtering in infinite dimensional spaces. By replacing D by E and Bp by Bg, 
we can apply the results of Theorem 6.7.1 and Theorem 6.7.2. Recall that 
the action of the measure u on a test function ~ is given by the integral 


= i Y(z)u (da). 


Clearly, for any such test function y, t —> p(y) is a random pro- 
cess adapted to the filtration induced by the standard Brownian mo- 
tion V. Let (Qo, Bo, uY) denote the canonical Wiener measure space and 
let Mn = L((R“)®", R), the space of n-linear forms furnished with the 
standard operator norm. If for each t € I, and y € D(A) N Buo(E), 
ltl) € Gg = Le2(Q0, Bo, uY) = La(Qo, u), then it follows from Theo- 
rem 2.3.4 that there exists an element K (t, p) € Gg such that p(y) has a 


unique Wiener-It6 representation giving 
oO 
=O fa(Kn(t, 9)) 
n=0 


DF Kn(t,9;71,°+* ,Tn)dV (T1) B -++ O dV (Tn). (6.40) 
=0 FP 


This means that for each t € I, p —> K(t,y) is a bounded linear map 
from Bo(E) to Gg. And so, for each t € I and n € N, y — Knit, p) is 
a continuous linear map from Bœ(FE) to L2(I", Mn). Further, by virtue of 


the isometry, we have 


{o)l} = yon | Kalt, P) Woot.) < 04 = [0,4], (6.41) 
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for all t € 7 = [0,T],T < œ, and y € D(A) NB, (E£). This is the regular 
case. But it is conceivable that, under relaxed assumptions on the pair of 
operators {A,B}, u(y) may be a generalized functional as discussed above. 
More precisely, u € M fabww(BE, F4) or equivalently p(y) € Fq for some 
q € [1,2] and every y € D(A) N B(E). In other words, for every such y 
and every f € Fp, we have 


|< fue) >r z, | Sil Nel mel) Ile, (6.42) 


and there exists an element K (t, p) € F} such that p(y) = ®(K(t,y)) and 


ee) 1/q 
I wel) Iz, =I KE) l= (Lam || Kat, 9) lice) , 


n=0 
Clearly, this shows that the space of vector valued measures M faw (Br, F) 
offers a much wider scope for the existence of solutions of the filter equation 


(6.39) corresponding to a larger class of determining operators {4, B}. 


In the sequel we will return to this problem and consider optimization 


of observation operator B. 
6.8 Some Problems for Exercise 


P1: Refer to Remark 6.2.5. Construct an example verifying this remark. 


P2: Consider the Banach spaces Gp, Gq, for 1 < q < 2 < p < œ satisfying 
(1/p) + (1/q) = 1, and verify that the dual of Gp is Gg. 


P3: In reference to Remark 6.3.3, construct an example verifying the 
nonexistence of a continuous inclusion between the spaces Gp and Gq, where 


{p,q} are conjugate pairs with 1 < q < 2. 


P4: Expand on the Remark 6.3.4 asserting its practical usefulness in the 
approximation of generalized functionals of Brownian motion. Hint: Sup- 
pose M is a weakly dense subset of the closed unit ball B1 (Gp). Show that 
G,/M+ =. 


P5: Let Kı, K2 E€ L,(L) for 1 < q < 2 and consider the random variables 
Zi = J, Ki(t)dw(t),i = 1,2 where w is a standard Brownian motion. Use 
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the duality argument to verify that Zı = Zə in the sense of generalized 
random variables if, and only if, Kı = Kə in the Lq(I) sense. 


P6: (a): Consider the input-output relation given by the expression (6.20) 
and prove the inequality given by (6.23) under the stated assumptions. (b): 
Consider the measure driven input-output model given by equation (6.27) 
and prove the inequality (6.29). 


P7: Consider the stochastic partial differential equation (6.32) and verify 


if its solution u € L&¢(I x RI, Fa). 


(P8): Consider the infinite dimensional filtering problem given in example 


6.7.3 with measure solution pu, E€ M fabv(BE, Fq) for some q € [1, 2]. Verify 


that each of the representing kernels 
Kult, -) E Mfaw(BE, L(I, M,,)). 


Hint: Read the last part of the discussion following the example. 
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Chapter 7 


W?:™-Based Generalized Functionals 
of White Noise IV 


7.1 Introduction 


In this Chapter we introduce several classes of generalized functionals, in 
the order of increasing generality, that cover the generalized functionals 
of Hida [Hida (1978)], Nualart and Zakai [Nualart (1989)], Ustunel [Korez 
(1990)] including those presented in the preceding chapters. We present also 
vector measures with values in the space of generalized functionals (Wiener- 
Ité distributions). Further, we present several interesting applications of the 
abstract results to problems in nonlinear filtering leading to optimal choice 
of observation operator, stochastic Navier-Stokes equations and optimal 


control of turbulence etc. 


7.2 Homogeneous Functionals 


Let W?:™” denote the Sobolev space of functions defined on I” whose 
distributional derivatives up to order m belong to L,(I”) with the usual 
norm topology. The space Wi?" is the completion in the topology of 
wP™” of C° functions having compact supports. The Sobolev space with 
negative norm (meaning negative exponents) denoted by W7”, where 
(1/p) + (1/q) = 1, is the dual of WI", and it is a class of distributions 
on I”. 

Throughout this section, whenever we repeat notations from the pre- 
ceding chapter, we shall use the hat symbol to distinguish the generalized 


functionals constructed using Sobolev spaces from those constructed using 
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Lp spaces. 


1 


Let 1 <q < 2 < p< œ satisfying p7! + q7! = 1. For each positive 


integer n, let m(n) be a real number such that m(n) > (n/p) and con- 
sider the Sobolev space WP?” and it’s dual WE-"™™.", Recall that 
wy" is the completion in the topology of WP:™»” of C% functions on I” 
with compact supports. By Sobolev embedding theorem [Adams (1975)], 
wpm) <> C0(7") and therefore point values of elements of WP?” 


are well defined. We shall need the following vector spaces. Recall that by 


L,(I”) we mean the space of symmetric kernels from L,(I”). Define 
Grima t= (he L (Myo e wpm 
Coit = (GP) — topological dual of GRO, (7.1) 
Furnished with the norm topology, 


|| Ln Wem cnn = (0) || Ln lwem, (7.2) 


the space GP)” is a Banach space. It’s dual Gi—-™(”).” is endowed with 


it’s natural topology given by 
| Kn lga—miny.n = (0) || Kn [wa-ma (7.3) 


where the norm of any f € W2-™"™.", is given by 


Il F llwa-mcomn= Supt] fO ‘ll hypes 1}. (7.4) 


Recall that S*, the dual of a nuclear space S, supports the measure u 
induced by white noise. As introduced in Chapter 5, we use M(S*, u) to 
denote the vector space of u measurable functions defined on $*. Let oy 
denote, as in (6.1), the homogeneous functionals of degree n and define the 


linear vector space 
Grim(n).n = {z € M(S*, u) 12 = bn(Ln), Ln E Grn). 
Furnished with the norm topology, 


|| z hee maitre || Ln ERRERA (7.5) 


this is a Banach space and it is isometrically isomorphic to Ĝpm(n)n. Since 
I is a finite interval, G27" c L,(I") C Êa(I”) for p > 2. Thus, these are 
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the regular functionals of white noise or, equivalently, Wiener-Ito function- 
als. The generalized functionals are the images under ¢,, (strictly speak- 
ing its extension denoted by the same symbol ¢,,) of the Banach space 
Ga-m(”).”, Indeed the following result holds. 


Lemma 7.2.1 For each Kn € Ce (1 < q < 2), the functional 
z* = dbn(Ky) is a well defined generalized random element of M(S*, u). 


Proof The proof is based on Lemma 6.2.2 and the fact that the completion 
of L,(I") in the topology of W277." ig Worm”). itself. For y € 
L(I”), define 


IID lwa -mn= supilin lwem 1}. 


As stated above, the completion of L(I”) in the topology induced by the 
above norm is precisely the Sobolev space W2-™")", Thus, for any Kn € 
Wr-™™). there exists a sequence {Kns}sen € Lq(I") such that, for 


p.m(n),n 


every Ln E€ Wo 3 
(Kays; Ln)wa -minn wrmon —> (Kn, Ln) yya—min)n yr min),n 


as s + œ. Hence, for each Lyn € GPim(n).m, 


(Kons; Ln) Ga,—miny.n Gpsm(n)in =} (Kn, Ln)ĝa-min),n Gp.m(n).n 
as s —> oo. We have seen in chapter 6 (see Lemma 6.2.2, Lemma 6.2.3) 
that for such kernels {Kn,s,s € N} C GU” c Ĝa-mln)n, we can define a 
sequence of generalized random variables {z*} C G9” c ĝo", Then, 
it follows from the same arguments as in section 6.2 of chapter 6 that there 
exists a unique z* € Ĝo-mn)n such that, as s > oo, 


z2(z) — 2*(z) 
for all z € GPm(n),n, Hence z* is a well defined generalized functional. This 
completes the proof. For details see [[Ahmed (1983)], Lemma 5.1]. e 
The class of generalized functionals following from Lemma 7.2.1, is de- 
noted by G277™(™-” and is given by $n(G27™™)”), We can topologize this 
vector space by a norm. For each 2* € G1~™™")." we define it’s norm by 


ie ligaman = Sap 2A) ee GP I All naoa Lhe (76) 
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In this case the natural duality pairing between 2* of t70)” and z of 


Gpim(n).m is given by 
e (2) =e ez > Ga—m(n).n Gpym(n)n = < Ln, Kn > Ga.—m(n)in Gpim(n)iny (7.7) 


where z* = n(Ln) for some Ln € Ga-m(r).2 With this introduction, we 
can now present the following fundamental result. Again we use (<+) for 
embeddings and ¢ for isometric isomorphism respectively. 


Theorem 7.2.2 For each positive integer n, and 1 < q < 2 < p < œ with 
p t'+q'=1, and m(n) > (n/p), the following results hold: 


(i): Ga-m(n),n = (Grmi) m)" and Ĝao-m(n)n = (ĝem n)", 
(ii): 
ĜÂP™(n),n oy G20. &ş Ga-m(n),n 


t f t (7.8) 


GPir(n) nm ey G20. fy Ga-m(n).n 


with continuous and dense embeddings. 


Proof The proof follows from Lemma 7.2.1 and the above discussion. For 
details see [Ahmed (1983)]. 


Remark 7.2.3 Note that for the special case with p = q = 2 and 
m(n) = (n + 1)/2, we obtain the generalized functionals due to Hida as 
given by equation (5.18) of Theorem 5.4.1. The example given in the follow- 
ing remark also shows the power of the generalized functionals introduced 


above. 


Remark 7.2.4 Since m(n) > n/p, WPO)” <4 C(I") and hence one 
can easily verify that for any T € I,2* = (ù(r))® € G2-™(™™, Indeed, 
for zn € GP.” with kernel Kn € Gpim(n).n we have < 2*,z, >= 
nKy(7,7,°:+,7). Since, by the embedding theorem, Kn is continuous it 
is clear that | < 2*, zn > | = n!|Kn(7,7,--- ,7)| < oo. Thus z* is a well 


defined bounded linear functional on Gpim(n), 
of L2(S"*, u). 


, while it is not an element 
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7.3  Nonhomogeneous Functionals 


Like in the preceding section, for nonhomogeneous functionals we need 
appropriate Sobolev spaces. We start with the nonhomogeneous generalized 
functionals of degree N € N4. Define the vector spaces 


N 
ĜIN = II GRIM, 2<p<%0 (7.9) 
n=0 
A N A 
Gye [[ Gr", 1<q<2; (7.10) 
n=0 


where m(n) > (n/p) for each positive integer n and 1/p + 1/q = 1. These 
vector spaces, furnished with the norm topologies: 


N 
1 
IŁ let, = (X I Ln Iemon) (7.11) 
n=0 
and 
N 7. 
EADE mtn) (7.12) 
n=0 


respectively, are Banach spaces (reflexive if q > 1) and further G, n= 
bg N 
(GF wy) j 
Using ®y as in the expression (6.11), we introduce the vector spaces 


Gin = {2 € F(S*, p) : z = Oy (L), LE GE yt, (7.13) 


for 2 < p < ov. In this case the dual Ga of ÔT y is a very large class of 
generalized functionals of white noise covering those given by Theorem 5.4.1 
and Theorem 6.3.1. The following theorem is their generalization [[Ahmed 
(1983)], Theorem 5.2, 1983]. Again, we use — for embeddings or injections, 
and ¢ and/or + for isometric isomorphisms. 


Theorem 7.3.1 Given the topologies as defined above, for 1 < q < 2 < 
p < œ, the following results hold: 

(i): ĜIN and Ga are the (topological) duals of Gry and Gry respec- 
tively. 
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Gis + Gon > Gay 
1 t t (7.14) 
OF => Gon =X Gos 

where the injections are continuous and dense. 


Proof For detailed proof see [[Ahmed (1983)], Theorem 5.2]. e 


Theorem 7.3.1 can be partially generalized as follows. Let 1<q<2< 
p < oo and introduce the vector spaces 


co co 1/p 
Gt = fi € II Cipm(n),n i | L llar= (> | Ln ade) < oo, 
n=0 


n=0 


love) co 1/q 
Ge = {x E€ II Gino : | K lé;= (> | Kn lice) < co} 
n=0 n=0 


Completed with respect to the norm topologies introduced above, these are 
Banach spaces. Consider ® as the limit of ®,y and introduce the vector 


space 
A+ Bp at ial a A+ 
Gp = {27 E€ F(S", u): z = (L), L E G }. 
Again, furnished with the norm topology given by 
Il 2 llgr=ll £ llez for z= (£), L € GF, 


it is easy to see that Gt is a Banach space and that it is isometrically 
isomorphic to the Banach space Gt . Similarly, we introduce the norm 


topology on 
Gr ={zeF(S* yp): 27 =O(K), K€ ĜI} 
by setting 


I| 2° | 


g- = sup{l2* (2)l, z € Gt, I| z llgz < 1}- 

By virtue of the principle of extension by continuity the map ® defined 
on Gt admits an extension to Gr We denote this extension by the same 
symbol. Thus, we have the following result which generalizes Theorem 6.3.2 


and it is the limiting version of Theorem 7.3.1. 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


WP:™ -Based Generalized Functionals of White Noise IV 165 


Theorem 7.3.2 Forl<q<2< p< œ, (i) Gt, Gr, Ge Öz are reflex- 
ive Banach spaces. (ii) Gt > Gt, Gr + Gr and (Gt) = Ges (Gr) = 
Gat 

There is no inclusion relation as in (7.14). 


Proof For detailed proof see [[Ahmed (1983)], Theorem 5.3].« 


For p € [2,o0], and q € [1,2], (1/p + 1/q = 1), introduce the linear 
vector spaces = and X7 as defined by 


Di = {K = (Ko, Kı, K2, Kne) : Ky E WDN n € N} 


= [[ wore; (7.15) 


TE fr = (Lo, Lr, La, Lines)? Lp E WIM" n € Ns) 


= [[ women. (7.16) 


Note that Xù is the algebraic dual (not topological) of EF for 1 < q < 
p < œ. These spaces can be furnished with a family of seminorms {q7 , q3 } 
as seen in chapter 2 for the space Ka, in particular, the expression (2.6). 
Here, they are given by 
+ = + 
{gi (K) = || Kn Ilyyeemcndins for K € Df, ne N} 
and 
{an (L) = || Ln |lwa-mmn, for LE E7 nE N}. 


Furnished with this family of seminorms, both D and Xq become Fréchet 


spaces. 


As in Chapter 6, we shall use the same symbol W for the algebraic iso- 
morphism between these linear spaces and proper subspaces of the universal 


space F'(S*, 41) for the white noise functionals. Thus we have 


by = U(Sy) and $7 = U(E)). (7.17) 


Now we shall introduce several norm topologies and construct normed 


spaces so that this algebraic isomorphism becomes an isometry. Let 
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{a(n,s),n E€ N,,s E€ R} denote the class of weights introduced in the 
Definition 6.4.1. For p € [2, 00), s > 0, define 


ioe) 1/p 

yt = {Ke pe (Stam, s))? || Kn ve Bis ) < co, (7.18) 
n=0 

Similarly, for q € (1, 2], the conjugate of p, and s > 0, define 


Yg = [Le zg (S(oln,-8))" En PE < col. (7.19) 


n=0 
Endowed with the norm topology as defined above, Y+, is a Banach space 


Ds 
and for a fixed p, Yos C Yp for s >r. Fo 1<q< 2< p< œ, the 


ps is given by Y,_,, that is, (Y;*,)* = Y,_.- 


Now we can introduce the following spaces of generalized functionals of 


topological dual of Y, 


white noise through the isomorphism W: 


VEs = WY), Ve. = WY; s). (7.20) 


q,—s 
In view of the norm topologies, the algebraic isomorphism W now turns into 


a topological isomorphism. More precisely, we have the following results. 


Theorem 7.3.3 For1<q<2<p<o ands E€ R4, the following results 
hold: 


(i) Ys: Yo—s1 Vis: and Vz _., are reflexive Banach spaces. 
+ + - + +y 
(i) Vis e Y, Vy-s © Y;—s and (Ype) = Y;—s, and (VZ,)* = 


p,s? =s 
Tea 


Corollary 7.3.4 Fori <q <2 < p< œ, {p,q} a conjugate pair, and 
s = 0, results of Theorem 7.3.2 follow from those of Theorem 71.3.3; and, in 
particular, Y; —o = =ĝ7. The family of Banach spaces {V,_,,8 € Ry} is an 
expanding Ta of spaces of generalized functionals of white noise more 
general than those of Theorem 7.3.2, and they are the duals of the Banach 
spaces {V}, s € Ry}. 


Remark 7.3.5 The results presented in the previous sections including the 
current one, are also valid for Gaussian random fields with J replaced by 
any bounded open domain D C Rĉ with smooth boundary OD. 


Remark 7.3.6 Choose a(n,s) = (n!)* and s = 1/q where {p,q} are the 
conjugate pairs used above and also take m(n) = 0 for all n € N and replace 
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I by Ix D. With this choice, we recover the results stated in Theorem 6.5.5 
from those stated in Theorem 7.3.3. 


An Example We present here briefly an example from partial differential 
equations with nonhomogeneous boundary data that contains white noise. 
This example will justify the need of generalized functionals of Brownian 
motion based on Sobolev spaces with negative exponents. Consider the 
one dimensional heat equation with the Neumann boundary condition as 
described below 

du/Ot = 0?u/dz?,0< x < 00,t >0 

Ou(t, 0)/Ox = —g(t), t > 0; (7.21) 

u(0,z)=0,0 < z< œ, 
where the boundary data g(t) = 8(T(t) — u(t, 0)) for convective heat trans- 
fer, and g(t) = y(74(t) — ut (t, 0)) for radiative heat transfer. Here 6, (> 0) 
are the corresponding heat transfer coefficients and 7 is the temperature of 
the flame in which one end of the rod is immersed. Due to chaotic nature 
of the flame, T(t) = m(t) + n(t), where n = w is the white noise and m is 
the mean flame temperature. The temperature of the immersed end of the 


rod is given by the integral expression 


u(t,0) = J a EN (7.22) 
In fact, this is an iatebtal equation since g depends on the unknown 
u(t,0),t € I. In the case of convective heat transfer, we obtain a linear 
stochastic integral equation for u(t,0) which contains an additive term of 
the form : 
S(t) = ef (1/vVr(t — T)Jù(T)dr. (7.23) 
In the case of radiative heat chaafet. the corresponding term is given by 


i=4 
S(t) = J avza —71))6(™ — T2) (T1 — 73)0(71 — Ta) | [odr (7.24) 
é i=1 
where J}! = [0,¢]*. In the linear case it is clear that the kernel Ky(t,7) = 
(1/./n(t — T)) € L,(0,t) only for 1 < q < 2 and in the nonlinear case the 
kernel K4 E€ W2-™+4 for m > (4(q—1)/q). Clearly, in both the cases S(t) is 
a generalized functional of white noise and belongs to the class considered 
in Chapters 6 and 7 but not in the Hida class (see Chapter 5). 
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7.4 Inductive and Projective Limits 


The ultimate generalization of the results of the previous section is given 


in the following theorem. 


Theorem 7.4.1 Let q,p be the conjugate pair and 1 < q < 2 < p < œ. 
Then, 

(1): For 0 < r < s, the injection (identity map) Vy_, => YVj-s is 
continuous. 

(2): Va = U,>0 Vey oe is the inductive limit of the spaces Me, which 


has the finest locally convex topology for which the imbedding Y}, -r > Yy 


<T. 


is continuous for each r > Q. 
(3): Yq is the topological dual of the projective limit YF = N->0 Vans 


For 1 < q < 2, the space Yy is the space of generalized functionals of 
Brownian motion and the space A , for œ > p > 2, is the space of test 


functionals. 


The question of regularity of the inductive limit topology is significantly 
important in applications [see [Mujica (1977)]]. This is also evident from 
the following definition. 


Definition 7.4.2 (D1): The space Y7 ,1 < q < 2, is said to be regular, if 
for every bounded set B C Y} , there exists a finite r > 0 such that B is a 
bounded subset of ese 

(D2): it is said to be compactly regular if every compact subset B of 
Vy is a compact subset of Vz, for some finite positive real number r. 

(D3): it is said to be Cauchy-regular if, given a bounded subset B of 
V7, there exists a finite positive number r such that B is a bounded subset 
of en and, furthermore, both Yg and V; 


nets. 


induce the same Cauchy 


=F 


Consider the spaces {Y,_,,7 = 0} endowed with the standard weak 
topology inherited from that of the associated Sobolev spaces as seen above. 
Thus the phrase compact(Cauchy) used in the above definition (see (D2) 
and (D3)) means compact(Cauchy) in the weak topology. Recall that a set 
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B in a topological space is said to be bounded if, for every neighborhood 
U of the origin (zero vector), there exists a finite positive number a such 
that aB C U. 


Proposition 7.4.3 Let 1 < q < 2 and consider the space Yy with the 
inductive limit topology. The space Yy is regular and hence compactly 


regular. 


Proof We prove this by establishing a contradiction. For every bounded 
set BC Vy , there exists a finite positive number ro such that B C Ve. Sa 
If it is false, then for every r € [0, o0), there exists an element f, € B such 
that || f || vz 2r This implies that there is no neighborhood U of zero 
such that aB c U for some finite positive number a. This is a contradiction 
and hence there exists a finite positive number r such that B is a bounded 
subset of Y,_,. This proves that Y7 is regular. Now we prove that this 
regularity implies that Yy is compactly regular. Let B be a compact subset 
of it. Evidently, B is then a bounded set. Since Yy is regular there exists a 
finite positive number r such that B C Yz,- and it is bounded. For q > 1, 
Y7,-r is a reflexive Banach space and therefore B is relatively compact with 
respect to the weak topology. This completes the proof. e 


Remark 7.4.4 For 1 < q < oo, the Banach spaces {))_,.,7 > 0} are re- 
flexive and so weakly sequential complete. Hence {V} _,.,r > 0} is Cauchy- 


regular. 


Example 7.4.5 Here we wish to mention that the Example 6.7.8 on un- 
correlated filtering given in chapter 6 can be further generalized by using 
the topological space Y7 instead of F; (see the expression (6.31)). This 
provides a much broader class of spaces of generalized functionals of Brow- 
nian motion in which one may seek for (measure) solutions of a very large 
class of filtering problems. These spaces may also find applications in the 
study of nonlinear SPDE’s. 
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7.5 Abstract Generalized Functionals 


In this section, we present a class of abstract generalized functionals, in 
particular, with reference to Gaussian random fields of section 2.5 of chap- 
ter 2. Let Vp, furnished with the norm || - ||y,, be a linear subspace of 
Gn = L2(D", Mn) carrying the structure of a reflexive Banach space with 
continuous and dense embedding Vp —> Gn. Identifying Gn with its dual 
G>, we obtain the Gelfand triple 
with continuous and dense embeddings. Using the family of maps {hn} as 
introduced in section 2.5 of Chapter 2, we can construct the vector spaces 
Vn = {hn(K), K E Va} 
(7.26) 
Gn = {hn(K), K E Gy}, 
with norms given by || - Iv, = vn! || - ilv, and || - |lg,= vn! || - Ila, - The 


following Lemma characterizes the topological dual V% of the space Vn. 


Lemma 7.5.1 For each n E€ N, the map hn admits a unique continuous 
extension hn from Vn to V,* and the dual Vš of Vn is a class of generalized 
functionals of the Gaussian random field {W(T),T € Bp}, characterized by 


Vx = {ha(L),L € V,*} 
with V, being the space of test functionals. Further, the injections 
Vn > Gn > V3 
are continuous and dense. 


Proof For detailed proof see [Ahmed (1995)]. Here we give a brief outline. 
Since Gn is dense in V,*, for each L € V,* there exists a sequence {L,} € Gy 
such that L, —> L in V,* . Thus, for each K € Vp, the following pairings 


are well defined 
< hn(Lr), hn(K) PV Vn = (hn(Lr), hn (K))pe 


where (,),,~ denotes the expectation with respect to the Wiener measure 
induced by the Gaussian random field. Since K € Vp C Gn, we have 
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hn (K) E€ Vn C Gn. Thus it follows from the above identity and the embed- 
ding Gn — V,* that 
< hn(Lr), tn) PVs Vn = (hn(Lr), hn(K)) pe 
=n! < Lr, K >a,,c, 
=n! < Lr, K >v vn. (7.27) 
Clearly, limp+o < Lr, K >vx,v,=< L, K >v»,v, and hence 
Jim < hn (Ly), hn(K) >V Vn = n!< LK >V*,Vn > 
Since the right hand expression of the above identity defines a natural 
duality pairing, it is well defined and finite, and so the left hand limit 
is also well defined and finite. We denote this limit by An(L). Thus, for 
each L € V,*, hn(L) makes sense as an element of V*. The uniqueness 
follows from the fact that the limit is independent of the choice of the 
approximating sequence. This also shows that to every L € Vš, there 
corresponds a unique z* € V* through the map L —> h,,(L) = z*. Now, 
we show that every f € V> has this representation. Since, by construction, 
each y € Vn has the representation y = h(L) for some L € Vn, it is clear 
that f(y) = f(h(L)) = (foh)(L) is a continuous linear functional on Vn. 
Hence, the composition map foh € V,* and there exists a unique K € V,* 
such that f(y) = (foh)(L) = n! < K, L >v; v, = < h(K),R(L) >yxy, - 
This proves the first part of the statement. The second part follows from 
the fact that the embeddings V, > Gn —> V,* are continuous and dense 
by our construction and these properties are preserved under isomorphism. 
Thus the embeddings Vn —> Gn — Vă are also continuous and dense. This 
completes the proof. e 
Since the pair of Banach spaces {Vn, V,*} is assumed to be reflexive, it 
is clear that the pair of Banach spaces {V,,, Vš} is also reflexive. We shall 
prove that the norm topology of the Banach space Vž, which is compatible 
with the duality pairings of Lemma 7.5.1, is given by 


|| hn(LZ) |lvs= vn! || L |lvs, for L € Vš. 


For convenience of notation, we set Vz = V/7!Vn, Gn = V/n!Gn, and V* = 


Jn'V,*. We need the following result before we can state our main result 


of this section. 
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Lemma 7.5.2 For each n € N, and for the given topologies for the spaces 
{Vi, Gn, V,7}, the following diagram holds 


n > Ĝn > Ve 
t t. f (7.28) 


Vn > Gn > VŠ, 


with the embeddings being continuous and dense, and the vertical pairs be- 
ing isometrically isomorphic. Further, the Banach spaces {Vn, Gn, V3} are 


reflexive. 


Proof The continuity and density of the injections follow from Lemma 
7.5.1. The isometries in the first two columns follow from the definition 
of norms following the introduction of the spaces {Vn,Gn} (see (7.26)). 
It remains to justify the isometry of the last column. Without loss of 
generality, we may assume that the spaces Vp and V,* are strictly convex. 
This follows from Asplund’s theorem that states that every reflexive Banach 
can be renormed in such a way that the unit ball is strictly convex and that 
the new norm is equivalent to the original norm. Let Jn : Vž \ {0} — Vn 
denote the duality map. By virtue of strict convexity, the map Jn is single 
valued. Thus by Hahn-Banach theorem, for each e* (Æ 0) € V,*, there exists 
a unique e € Vp such that e = J,(e*) and 


< ee Surv, = <, Jae) > = lle" li = Ihe lly, = Il Ane") lly, - 


By Lemma 7.5.1, for each L € V,* and K € Vn we have 


< h,(L), hy(K) PVE Vn =< hn (L), hn (K) >V Vn 
=ni< LK >V, Vn z (7.29) 
Choosing K = ((1/v7!) || £ ||v) Jn(L) and substituting in (7.29), one can 
easily verify that 


< h,(L), hn (K) PV Vn = Jn! | L DA ‘ (7.30) 


Note that for this choice of K, || hn(K) ||v,= 1. On the other hand, for 
every K € Vn, 


| < An(L), hn(K) >vev, |< (VALLE liva) I| bn (4) llv - 
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This shows that 


|| Pn (Z) | 


veS Val || Eve (7.31) 


Hence, it follows from (7.30) and the above inequality that 
v=] ha (D) Ilvs= Val || L Ive 


for all L € Vž. Thus we have justified the isometry indicated by the 


I| n (2) | 


last column. The last statement follows from the reflexivity of the spaces 
{Vn, Gn, V,*} and the fact that reflexivity is preserved under isomorphism. 
This completes the proof. e 


An Example Let D C R? be an open bounded set with smooth boundary 
and 1 < q < 2 < p < œ satisfying (1/p) + (1/q) = 1. For any n > 1, 
choose any number m > (nd/p) + 1 and take V, = W? (D”, Mn) C 
Lo(D", Mn) = Gn (Mn = symmetric n-linear forms as introduced in section 
2.3) with the dual V = W-™4(D", Mž) giving the Gelfand triple Vp, © 
Gn => V,* with continuous and dense embeddings. Clearly, the larger the 
value of m is the smaller are the spaces Vp and Vn, and the larger are the 
corresponding duals V,* and Vš. The space V* consists of a very large class 
of n-homogeneous generalized functionals of Gaussian random fields. 

This result generalizes the results of Ahmed [Ahmed (1968, 1973, 1969)], 
Hida [Hida (1978)], and Nualrat and Zakai [Nualart (1989)]. 


Now we are prepared to extend these results to cover nonhomogeneous 


generalized functionals. First we introduce the product spaces 


pie vs z= 1%: £(5,8) = [I conv) 


Each of these spaces can be furnished with a countable family of suitable 
seminorms which turn them into Fréchet Spaces. Clearly, = is the algebraic 
dual of ©, and L(%,2) is the space of Linear operators not necessarily 
bounded though each component L(V, V,*) is the space of bounded linear 
operators. Using these spaces one can construct various locally convex 
topological vector spaces of generalized functionals of Gaussian random 
fields. For simplicity, here we consider only Hilbertian topologies. From 
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now on, it is assumed that the sequence of spaces {V,,, V,;*} have Hilbertian 


structure and we can then introduce the following Hilbert spaces: 


V= Vn =X ovn Vn CE 
n>0 n>0 

G= Gn = X ®VnIGn CK 
n>0 n>0 

Vr= Vx = X evn V; cE 
n>0 n>0 


with the corresponding norms given by 


IRI (UR Ik.) 


n>0 
where Xn = {Vn, Gn, V>} and X = {V,G,V*}. Using these spaces and 
identifying hp with its extension Ap, we construct the vector spaces of 
generalized Gaussian random fields as follows: 


V={¢:ġ¢= 5 hn(Kn), K = {Ko, K1, e } EV} (7.32) 


n>0 
V* = {4p : p = X ha(Ln), L = {Lo, L1} E V*}. (7.33) 
n>0 
By virtue of Lemma 7.5.1 and Lemma 7.5.2, the natural duality pairing 
between these spaces is given by 
< Y, o >y*, V = DD < hn(Ln), hn(Kn) PVs Vn = 5 n! < Ln, Ky > Ve Vn 
n>0 n>0 

for Y € V* and @ € V. In view of Lemma 7.5.2, one can introduce norm 
topologies in V and Y* as follows. 


IAK) lly = (X || tn(Kn) 1B,.) 7” 


n>0 
(7.34) 
1/2 
IYL) llv = (D5 I hn lEn) 2) 
n>0 
From the pairing defined above, one can easily verify that for each e* € V* 


there exists a unique e € V with ||e||y = 1 such that < e*, e >y» y = || e |y». 


Now we are ready to state the main result of this section. 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 


by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


WP:™ -Based Generalized Functionals of White Noise IV 175 


Theorem 7.5.3 The spaces V and V* are isometrically isomorphic to V 
and V* respectively. Further, if Cn is the embedding constant for the inclu- 
sion Vna > Gn and there exists a constant c such that œ > c > sup{cn, n > 


0}, then the following diagram holds: 
VoGov 


rr ? (7.35) 
Vo Gon, 
where the embeddings are continuous and dense with the embedding constant 


given by c. 


Proof The isometries follow from the definition of norm topologies and the 
Lemma 7.5.1 and Lemma 7.5.2. For continuity of the inclusions, let K € V. 
Then computing its G norm we have 
| Ee = Son! || Kn le, < D5 mien)? || Kn li, e IE Mit - 
n>0 n>0 

Hence || K |ia < c || K ||v which proves continuity of the inclusion V > G. 
For the continuity of the second inclusion, note that it follows from reflex- 
ivity of the Banach spaces that the imbedding constant for the inclusion 
Gn © V,* is also cy. Hence || K ||y*< c || K ||@ for every K € G. 
Thus, we have shown that the embeddings V ~ G — V* are continu- 
ous with embedding constant c. Hence by virtue of the isomorphism, the 
inclusions V —> G —> Y* are also continuous with the same embedding con- 
stant. The density follows from those of the inclusions of the components 
Vn => Gn > V,*. This completes the proof. e 


The Gelfand triple {V,G, V*} has been constructed using G as the pivot 
space. If instead, we use H which is the isomorphic image of the Hilbert 
space given by 

= = 1/2 
H ={K eK: K |a= (J Il Kn Ilar) © <b 
n>0 
that is, H = (H), we can construct yet another class of Gelfand triple. 
This is done as follows. Let b: N —> |1, co] be a monotone nondecreasing 
function satisfying b(n) > 1 for each n € N. Introduce the vector space 


1/2 
Zy ={K EK: Kn € Vp and 2 b(n) || Kn I =e 
n>0 
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Under the assumptions of Theorem 7.5.3, it is easy to verify that the in- 
jection Z — H is continuous and dense. Identifying H with its dual, 
as before, we obtain the Gelfand triple 2, ~ H — Z where Z; is the 
topological dual of Zp. 

Now we can introduce the generalized functionals of Gaussian random 
fields through the isomorphism ®5 and its extension (which we denote by 
s again) of section 2.5 of chapter 2 giving 


®5(Z) = Zo, O5(H) =H, and %5(Zj) = ZF. 


Choice of the map b(n),n € N, is determined by the requirements of 
applications. Note that the norm for the space Zf is given by 


I| L | 


1/2 
z= (Ea) | Ln Ie) < 00 (7.36) 


n>0 
and the duality pairing between Zř and Z, is given by 
< 2*,2 >z: Z= X (1/n!) < hn(Ln), An(Kn) >v; vn (7.37) 
n>0 
This leads us to the following result. 


Theorem 7.5.4 Suppose the embedding constants for Va —> Gn satisfy the 
conditions of Theorem 7.5.8 and the map b : N — |1,00) is a nondecreas- 


ing function of its argument. Then the following diagram holds: 
Z= H> Z% 
t wog (7.38) 
ZOHO Zz, 

where the embeddings are continuous and dense with embedding constant c. 


Remark 7.5.5 Following identical procedure, the results presented in the 
preceding sections can be easily extended to cover generalized functionals 


of fractional Brownian motion and Lévy process. 


Functionals of Brownian motion have many applications in physical and 
biological sciences. The results presented in this chapter have applica- 
tions in stochastic differential and functional differential equations and sys- 
tems theory [see [Ahmed (1968)], [Ahmed (1973)] [Ahmed (1969)] [Ahmed 
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(1970)] [Ahmed (1983)]], in Malliavin calculus [see Bell [Bell (1987)]], and 
in stochastic partial differential equations [see Nualart and Zakai [Nualart 
(1989)], Nualart and Rozovskii [Nualart (1997)], Ahmed [Ahmed (1983)], 
Ahmed, Fuhrman and Zabczyk [Ahmed (1997)]], [Oksendal (1996)], in 
quantum mechanics [see Hida, [Hida (1978)], [Hida (1980)]]. The prob- 
lem of analysis and synthesis of input-output maps based on optimization 
in the Hilbert space L2(Q, B, ua) = Gy for stochastic functional differential 
equations was studied in [Ahmed (1973)]. 

Interesting and new areas of applications are nonlinear filtering, control 
theory, stochastic Navier-Stokes equations and associated control problems. 
We discuss them in details in the next few sections after presenting some 


additional results. 


7.6 Vector Measures with Values from Wiener-It6 
Distributions 


In this section we wish to consider vector measures like those considered 
in section 6.5 of Chapter 6. All the results of the preceding sections can 
be readily extended to Gaussian random fields. Particularly interesting 
is the space of vector measures similar to those of Theorems 6.5.6, and 
Theorem 6.5.7. Let D be any separable complete metric space and Bp the 
sigma algebra of Borel subsets of the set D. The most interesting space of 
vector measures is the space of finitely additive measures having bounded 
variation and taking values from the Banach space of generalized functionals 
of Brownian motion and random fields {Vy -s4 È 1,s > 0} as introduced 


in section 7.3. This is denoted by 

M fawo (bD, Vos: 
This space can accommodate solutions of stochastic differential and integral 
equations which are measures taking values from the space of Wiener-Itô 


distributions. We just state the results similar to those of Theorem 6.5.6 
and Theorem 6.5.7 as mentioned above. The proofs are identical. 


Theorem 7.6.1 Let {p,q} be the conjugate pair with 1 < q < 2 < p < œ, 
s > 0, and {Vis V] oak be the dual pair of Banach spaces as introduced 
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above. Then, the following representation (isometric isomorphism) holds 
(Bæ (D, D = M fabv (Bo, Memeo 


Proof Proof is similar to that of Theorem 6.5.6. 


Closely related to Theorem 7.6.1, is the following result for stochastic 
processes defined on J = [0, T] with values in M fapy (Bo, ve _,): We have 
the following result. 


Theorem 7.6.2 The topological dual of the Banach space 
L(I, Bœ(D, Y$.)) 


is the space of weakly measurable finitely additive bounded vector measures 
with values in Yy, —s which is denoted by LZ, (I, M fabo (BD, Vz,_s)). In other 


words, 
(na, Bu(D.Ji5))) = LUM fabv (BD, Yg, —s))- 


Proof Proof is identical to that of Theorem 6.5.7. 

Similar results hold for the spaces {Z,, H, Z;} as presented below. 
Theorem 7.6.3 Consider the dual pair of Banach spaces Z, Zý as intro- 
duced above. Then the following representation holds 


(Bx (D, 25)" = M favo (Bo, Zi). 


Proof Proof is similar to that of Theorem 6.5.6. 


Again, for stochastic processes, closely related to Theorem 7.6.3 is the 


following result. 


Theorem 7.6.4 The topological dual of the Banach space Lı (I, Bx.(D, Z»)) 
is the space of weakly measurable finitely additive bounded vector measures 
with values in Zf which is denoted by LY (I, M faww(BD, Z)). In other 


words, 


(na, Bx(D, 2») = LL (I, M faw (BD, BP). 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 


by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


WP:™ -Based Generalized Functionals of White Noise IV 179 


Proof Proof is identical to that of Theorem 6.5.7. 


Remark 7.6.5 If D is compact, then finitely additive measures have 
simple countably additive extensions. Hence, in this situation we may 
replace M favo (BD, Vy,_s) by Meaby (Bp, Ygs) and M fabv(Bp, Z) by 
Mcecaww(BD, Zë). 


We expect these vector measures to find applications in filtering and 
in the study of measure solutions [Ahmed (2005)] [Ahmed (2007)] [Ahmed 
(1996)] [Ahmed (1999)] of equations of population dynamics, plasma dy- 
namics, Navier-Stokes equations [Ahmed (1998)], and McKean-Vlasov and 
Maxwell-Vlasov equations, and in general Physics. In the following two sec- 
tions we consider application to Nonlinear Filtering and stochastic Navier- 


Stokes equations in some details. 


7.7 Application to Nonlinear Filtering 


Here we consider Nonlinear Filtering equations in infinite dimensional 
space. We discuss its approximation, representation and optimal choice 


of observer. 
Generalized Filtering GF: 


We consider the filtering problem in the correlated case where the ob- 
servation operator 6 is a differential operator (thus involving unbounded 
observation operator). In particular, the filtering example considered 
in section 6.5, can be substantially generalized by admitting solutions 
u E€ LSU, M faw BD, Vy_5)) or u E€ LEU, M fabv(Bo, Zy )). If the mea- 
surement noise affects the dynamics, the filtering equations are given by 


dé = A€dt + B(€)dt + RY? dW + CdW2 (7.39) 
dy = h(é)dt + R}? daWw> (7.40) 
where the first equation is the state equation and the second is the measure- 
ment equation. This is the correlated case. Note the distinction between 


equations (1.39) and (7.39). In this case the filtering equation has the same 
form as that of Chapter 6, given by (6.39). Written in the weak form, this 
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is given by, 

dr(y) = pe(Ag)dt + pr (By) - dV,t > 0, polyp) = vip) (7.41) 
with y € D(A) N Bx(D), D = H, and V an R? valued innovation process. 
But now the operator B is an unbounded operator and it is given by 

By = (R3 h + C* Dro = (T+C"Dr)y 

where T = Ry 1/2} is the observation (or measurement) operator which 
is multiplicative and Dp a first order differential operator in the sense of 
Fréchet. For this problem, the space of measure valued processes introduced 
above are more suitable than those used in section 6.5. It will be interesting 
to prove existence of measure valued solutions for the equation (7.41) in 
either of the spaces LY (I, M fabv(Bp, Yg,—s)) and LX (I, M favv (BD, Zg))- 


We leave this as an interesting problem for future research. 
Yosida Approximation YA: 


Note that the unbounded operator 6 may be approximated by a se- 

quence of bounded operators given by 
Bn = nBR(n, A) 

where R(A, A) denotes the resolvent operator corresponding to the prin- 
cipal operator A and A € p(A), the resolvent set of A. Clearly, {Bn} is 
a sequence of bounded linear operators in Bx.(H) and it converges in the 
strong operator topology to B on its domain. In view of the bounded case, 
as in Example 6.7.8 of Chapter 6, with Bn replacing B of equation (7.41), 
we have for each y € D(A) N Bæ(H), wi(y) € Le(u’, R) for each finite 
n € N}. And its projection to m-th homogeneous chaos is given by 


Tm (ue (P)) = fm(Bn (t, &)) 


= | Kalt, Pi Ti > Tm)dV(11) @--- @dV (Tm). (7.42) 

Ig 
Thus, for each t € J, and n € N}, p — K” (t, p) is a bounded linear map 
from Bæ(H) to Gg, and so for each t € I, and m E€ N, y — Ki (t,p) isa 
continuous linear map from Bæ(H) to L2(I™, Mm). Further, by virtue of 


the isometry, we have 
Co 
PC) lga = BY {EOP = Som! | KRG) Maam, mn) 
m=0 


(7.43) 
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for each n € N,, t € I = [0,T],T < œ, and y € D(A) N By (HA). For 
n E€ N4, large enough, pu? is a good approximation of the true solution of the 
equation (7.41). Since the observation operator B is unbounded, it is possi- 
ble that the limit may escape the space of vector measures M fabu(Bp, Ga). 
This is where the space of generalized functionals of Brownian motion is 
most appropriate. For example, the space M faby (Bp, G3) which may con- 
tain the limit. In this case the expression (7.43), measured in terms of the 


norm topology of Gj, is given by 


IL ee) s= X O/M E{ lm (HP)? 
m>0 
= > (1/m!) || Kit, 9) Eam, Mm) - (7.44) 


If this series is uniformly convergent with respect to n € N,, then we have 
Le(-) E M fabo (Be, G3) or equivalently p(y) € G3. Clearly, this shows that 
the spaces of vector valued measures M Faby (Be, G3), M fabv(Br, Zg) and 
M favv (Be, Y}, s) offer a much broader scope for the existence of solutions 
of the Zakai equation (7.41) including the correlated case where 6 is un- 
bounded. 


Optimal Choice of Observation Operator T: 


We return to the problem concerning optimal choice of the observation 
operator I for the infinite dimensional filtering problem. Let BM(H, R?) 
denote the space of bounded Borel measurable functions from the Hilbert 
space H to the Euclidean space R?. As seen in Chapter 4, the perfor- 
mance measure is given by the mean square error between the actual pro- 
cess ¢(a(t)) and its best estimate E{¢(x(t))|F/} corresponding to a given 
observation operator I. We are interested to find an observation (mea- 
surement) operator that minimizes the terminal estimation error. Let u" 
denote the measure solution of the filter equation (7.41) corresponding to 
the choice of an observation operator I as defined above by the expres- 
sion following equation (7.41). Considering any finite T > 0, the objective 
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functional denoted by @ is given by the expression 


o(t) =H (1/15 (uan OTONI ate)ub(te))”). 


-EJ (ih) = a J(u) (v) W (dv) (7.45) 


where (Q, W) is the classical wiener measure space induced by the innova- 
tion process V as seen in equation (7.41) and W is the Wiener measure. 
Since t — yt is weakly continuous J(ju/-) is well defined. The form of 
the expression is identical to that of equation (4.21) for the finite dimen- 
sional case. The expectation is with respect to the Wiener measure denoted 
here by W(-). Clearly, J(4,)(-) is nonnegative and our objective now is 
to choose an operator I from an admissible class Hag C BM(H, R®) that 
minimizes the functional o([). We follow the same procedure as in the 
finite dimensional case treated in section 4.6 of Chapter 4. 

To proceed further, we must choose a suitable class for the admissible 
set Haad- 


The admissible set Haa is a family of continuous functions from H to R? 
furnished with the compact open topology see [[Willard (1970)], p278-287]. 
More precisely we use the following abstract Ascoli theorem. 


Theorem 7.7.1 (Ascoli) The set Haa is compact in the compact-open topol- 
ogy if and only if 

(a): Haa is point wise closed 

(b): for each « € H, the closure of the set {T (x), T € Haa} is compact, 


(c): Haa is equicontinuous on each compact subset of H. 


Using this result we can prove existence of optimal observer I for the un- 
correlated filter equation which, by definition, is given by equation (7.41) 
with C = 0. This is stated in the following theorem. 


Theorem 7.7.2 Consider the Filter equation (7.41) with the observation 
operator T as defined above and suppose the admissible set of observers 
Haa satisfies the conditions (a)-(c) of Ascoli Theorem. Then there exists 


an optimal observer T° € Haa at which o attains its minimum. 


Proof Let Co(H) denote the space of bounded continuous functions on H 
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having compact supports. Using the Markov semigroup S(t),¢ > 0, gener- 
ated by the operator A (more precisely its extension), and the variation of 


constants formula, we can write equation (7.41) as the integral equation 


lp) = v(S(t)y) +f by (S(t—r)ly)-dV,t €I,p € Co(A). (7.46) 


Let || ||, denote the variation norm of any bounded Borel measure u 
on H. Since Co(H) is dense in Cy(H) and the set Haa is bounded, and 
S(t),t > 0, is a contraction semigroup, using Gronwall inequality it is easy 
to verify that 


sfe af 2}, T € Haast € r} TA 


Now we verify that T — pl is continuous with respect to the compact open 
topology on Haa and weak convergence topology on the space of bounded 
regular Borel measures on H. Let T'a be a net in Haa that converges to To 
and let u” and u° be the corresponding solutions of equation (7.46). Then 


it is easy to see that 
t 
29(¢) — n(v) = i (u2 — w2)(S(E— NP) - dV (r) 
0 


+ J u=(S(t—r)(Po —Pa)(y)) dV (r),t € I. (7.47) 


Since {~~} is bounded as shown above and I, net converges to lo on 


compacts, we have 
t 
im f we(S(t—r)(T, —-Ta)(p))-dV(r)=0 W -a.s (7.48) 
~*~ Jo 


for every y with compact support and t € I. Thus taking the limit in (7.47) 


along a sub net, if necessary, we arrive at the following identity 


vle) = ih 8,(S(t— roe) -dV(r),t € I, (7.49) 


which holds W-almost surely for all y having compact supports. Since this 
is a linear homogeneous equation on the space of bounded regular Borel 
measures, with Vo = 0, we have J; = 0,t € I, W-almost surely. Thus we 
have shown that u% — u° W-almost surely. This proves that T — pl 


is continuous with respect to the compact open topology on Haa and weak 
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convergence topology on the space of bounded regular Borel measures on 
H. Now considering the objective functional (7.45) given by 


o(C) = J(u) (v) W (do) 


and noting that J(u} )(v) is W-almost surely bounded from above by the 
quantity || @ ||2,, we use Lebesgue bounded convergence theorem, as seen 
in the finite dimensional case of Chapter 4, to conclude that r —> 0(T) is 
continuous on Haa. Since the admissible set Haa is compact, ọ attains its 
minimum on it proving the existence of an optimal observer. This completes 


the proof. e 


Remark 7.7.3 In case we are interested in cumulative filtering error over 


a finite time interval J, the proper objective functional to consider is 


aT) = f | I(pih )(v) A(at)W (dv) 


where A is a bounded positive measure designed to assign weights according 
to importance of time periods. We leave it for the reader to verify that this 


functional also admits an optimal observer. 


7.8 Application to Stochastic Navier-Stokes Equation 


Here we consider measure valued solutions for stochastic Navier-Stokes 
equations and their optimal control. For convenience of the reader we first 
present the deterministic model. Navier-Stokes equation is derived from 
the basic principle of conservation of momentum. For incompressible fluid 


with nonslip boundary condition, the Navier-Stokes equation is given by 


ðv/ðt-v Av+ (v: Jv +Vp=g,t>0,E€ DCR"; 
div(v) T 0, v(0, €) = volg), £ € D,v\lap = 0, (7.50) 


where D is an open connected bounded domain in R” (n = 2,3) with 
smooth boundary, v is the fluid velocity vector, v is the kinematic viscosity, 
A is the Laplacian , p is the pressure and finally g is the volume force. 
This equation can be reformulated as an abstract evolution equation by 
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projection to the space of divergence free vector fields. Define the following 
vector spaces 

V= dosure O ty € C° (D, R”) : div(v) = 0} 

H = dosure fy € CF (D, R”) : div(v) = 0}. 
Clearly, V C Hj and one can easily verify that the embedding V > H is 
continuous and dense. Let ie denote the corresponding embedding constant. 
Identifying H with its dual, we arrive at the Gelfand triple V ~ H = V* 
where V* is the topological dual of V. The injections are also compact. Let 
P denote the orthogonal projection of L2(D, R”) onto H, the Hilbert space 
of divergence free vector fields. Define 


Ay = -P(A4), blip, Y) = P(e: VH), Bly) = ble, p), f = P(g) 
for p, Y € V N H?(D). The operator A, known as the Stokes operator, is an 
unbounded positive self adjoint operator in H with strictly positive eigen 
values. Hence, A has continuous inverse A~! which is a compact operator 
in H. The reader can easily verify that P(Vp) = 0. The most important 
component in the dynamics is the convective term which is a nonlinear 
operator denoted by B. The properties of this operator is studied through 
the trilinear form 
Lanz) = | < (ole) VIE) E > nm a. 

This is a well defined function on V x V x V and the reader can easily verify 
that on the divergence free vector fields, L(x, y, y) = 0 for all z,y € V. 
Further, it follows from this that the operator B(-) = 6(-,-) maps from 
V to V*. For further details on the properties of this trilinear form see 
Temam [Temam (1988)] and [Foias (2001)]. Now applying the projection 
operator P on both sides of equation (7.50), we obtain the following abstract 
differential equation on the Hilbert space H 


(d/dt)u + vAv + B(v) = f,v(0) = vo. (7.51) 
For simplicity, we assume that the volume force f is given by the sum of 
there components f = fo +W+Cu where fo is the deterministic component 


of natural forces, W is the random fluctuation part given by 


d 
W = So aivi; (7.52) 
=i 
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where a; are locally square integrable functions, {v;} € H is a complete 
orthonormal system (normalized eigen functions of the positive self adjoint 
operator A), and w = (w1, w2, ++ , wa) is an R? valued standard Brownian 
motion on a complete filtered probability space denoted by (9, £, F;’, P), 
with F? C X,t > 0, being an increasing family of right continuous subsigma 
algebras generated by the Brownian motion w. The last term of f is the 
control force. Substituting these in equation (7.51) we obtain the stochastic 


differential equation 


du + (vAv + B(v))dt = Fo(t, u)dt + F(t)dw,t > 0, 
v(0) = vo, (7.53) 


where w is the d-dimensional standard Brownian motion and F € 
Lo(I,£2(R%, H)) determined by {a;,1 < i < d} and {v;} through the 
expression (7.52). Note that Fo(t,u) = fo(t,-) + Cu, where C € L(U, H) 
with U being another Hilbert space and F is a bounded operator valued 
function with values in L(R?, H) generating the random volume force given 
by the expression (7.52). It is a well known fact that, under standard as- 
sumptions, the deterministic 3 — d Navier-Stokes equation may not have 
a strong solution globally though weak solutions do exist [Leray (1934)| 
[Leray (1933)] for all finite intervals [0,7]. Here, we are interested in mea- 
sure valued solutions. Measure solutions for infinite dimensional systems, 
both deterministic and stochastic, have been studied by Fattorini [Fattorini 
(1997)] and the author in several papers [Ahmed (2005)],[/Ahmed (1996)] 
[Ahmed (1999)][Ahmed (1999)] [Ahmed (2006)]. See also the references 
therein. For deterministic Navier-Stokes equations, the author has stud- 
ied measure solutions and their optimal control in [Ahmed (1998)] using 
semigroup approach. Fursikov has studied stabilization problems of strong 
solutions of deterministic Navier-Stokes systems using boundary feedback 
controls [Fursikov (2004)]; see also the references therein. Using energy 
spaces, here we consider the stochastic version. Though it is a special case 
of the general results of [Ahmed (2005)], it has some interesting and phys- 
ically important characteristics not found in the abstract case. To proceed 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


WP:™ -Based Generalized Functionals of White Noise IV 187 


further, we must introduce the following operators, 
APE) = (1/2)Tr[D* PEFFE), 
Biy)(f) =< —vAg — BEE), Del) >v+v; 
Cilu) (tpl) = < Folt,u), Del) >u, Catel) = F De), 
where ọ is any test function on H, twice Fréchet differentiable, so that the 
functions defined above belong to C (H). Using these operators and the 


NSE, we can now write the evolution equation in its weak form on the 


space of measures as follows 


du(p) = m(Ap)dt + m(Bp)dt 
+ p(Ci(u)p)dt+ < m(C29), dw >, poly) = volp), (7.54) 


for t € I = [0,7]. The measure vo represents the probability law of the 
initial velocity distribution, L(vo) = vo. If vo € H is known, vp is a 
Dirac measure on H and (vy) = (vo). To solve the NSE (7.51) it is 
necessary to specify the initial velocity vo throughout the domain D and 
this is not always practically feasible, for example the wind velocity in a 
large geographical region. However, an approximate distribution of initial 
velocity is not difficult to specify. 

For definition of measure solutions, and their existence and regular- 
ity properties, see Chapter 1, section 1.4. The questions of existence and 
regularity properties of measure valued solutions for stochastic infinite di- 
mensional systems in general have been studied by the author in several 
papers [Ahmed (2005)][Ahmed (1999)] [Ahmed (2006)] (see also the ref- 
erences therein). For measure solutions of deterministic NSE see [Ahmed 
(1998)] and for general nonlinear deterministic systems see [Ahmed (1999)]. 


As seen in Definition 1.4.5, a random process {i,t € I}, satisfying 
we MX o(I x Q, ,Wroa(H*)) C Maal x Q, Mrva(H*)), 


is a measure solution of equation (7.54) if, for every y € D(A) N D(B), the 
following identity holds with probability one 


Cee | pis(Ag)ds + f j14(By)ds 


+f paler(upeyas+ f < ps(Coy), dw(s) >, (7.55) 
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for all t € I. This is the abstract case where the process takes values from 
the space of regular, bounded and finitely additive measures. In the case of 
NSE, we have countably additive measures given that the initial measure is 
so. It is important to mention that in the infinite dimensional spaces even a 
deterministic system may not have a pathwise solution while it may have a 
measure valued solution [Godunov (1974)], [Fattorini (1997)]. In any case, 
pathwise solutions are also measure valued solutions (Dirac measure along 
the path) and therefore can be embedded into the class of measure valued 
processes. For measure solutions of deterministic Navier-Stokes equations, 
semigroup approach was used in [Ahmed (1998)] following the general tech- 
nique developed in [Ahmed (1999)]. Using this approach combined with 
stopping time, one can prove the existence of measure solutions for the 
stochastic Navier-Stokes equation. Another technique is based on the well 
known fact that for every initial state vp € H, the NSE has a weak solu- 
tion (a path process). This is due to the celebrated result of Jean Leray 
of 1933-34 [Leray (1934)] [Leray (1933)]. Hence, given the distribution of 
initial states, one can use the Krein-Milman theorem to approximate it by 
Dirac measures and take the convex combinations of the Dirac measures 
corresponding to each of the path processes to construct the measure valued 
solution. This is the approach taken by Foias, Manley, Rosa and Temam 
[Foias (2001)]. 

Here we concentrate on the regularity properties and feedback control 
of the measure valued process. For existence and uniqueness of measure 
solutions we refer to the papers [36, 60, 84] [Ahmed (2005)] [Ahmed (1999)], 
[Ahmed (2000). 

For correct physical interpretation, it is better to consider the natural 
energy space H x V and the associated norms. We show that the measure 
solutions for the NSE have better and interesting properties. Let M(H) 
and M(V) denote the space of finite signed Borel measures defined on 
the respective Borel fields. These are Banach spaces with respect to total 
variation norm. By virtue of Jordan decomposition, any signed measure u 
can be written as u = u* — u` where ut and u` are positive measures. 
The total variation norm is then given by || u ||v= ut(H) + u~ (H). We 
use |u| = |u| + |u| to denote the nonnegative measure induced by the 
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variation of u. If u is nonnegative, |u| = u itself. We introduce the following 


linear subspaces of signed measures 


M(H) = {p € M(H y: f IE: Il(dE) < 00}, 
M(V) = {u € M(V y: f enè \ul(de) < co}, 


and define the associated norms by 


eae ( [et alae) and | 1 lla) ( MGE alae) 


respectively. These are closed subspaces of the Banach space of signed 
measures and hence are Banach spaces. Let L¥@(I, £1(Q, M2(H))) 
(L¥°(I, Lı (Q, Mz(V)))) denote the space of stochastic processes {}1,,t > 0} 
taking values from the space M2(H)(M2(V)) and weakly adapted to 
F}’,t > 0, that is, for each test function y, t — p(y) is FP measur- 
able (adapted). We have used F#,t > 0, to denote the filtration generated 
by the Brownian motion w of equation (7.53). 


We prove the following existence result and the energy estimates giving 
useful bounds and also characterizing the measure solutions of NSE. Let U 
be a separable Hilbert space and L3(I,U) denote the space of F}’-adapted 
processes with values in U. Endowed with the standard norm topology, 
| u |= (E f, |u(t)|?-dt) Me this is a Hilbert space and it is chosen as the 


control space. 


Theorem 7.8.1 Consider the evolution equation (7.54) in the weak form 
(7.55) and suppose the initial measure vo is a probability measure (possibly 
random and weakly Fo adapted) satisfying E|vo|m,(m) < œ and that F € 
Io(I,L2(R4,H)). Then, for every admissible control u € Uaa C LS(I,U) 
satisfying E f, |Fo(t, u)|z,dt < 00, equation (7.53) equivalent to the equation 
(7.55) has a probability measure valued solution u satisfying the following 


energy estimate, 


t 
TIE| Ht] mcm) + ve | || Hs llac) ds < Eļvo| m (r) 
0 


+f Tr(FF*)ds + ((ie) me f |Fo(s, u)|2,ds, 
(7.56) 
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where i, is a positive constant associated with the embedding V > H. 
Hence, p € LY (I, £1(Q, Mo(A))) O LY, £1(Q, M2(V))) and further, 
u € C(I, M2(H)) almost surely where C” (I, M2(H)) denotes the space 


of weakly continuous functions on I with values in M(H). 


Proof Fix a control u € Uaa. Now, taking y(€) = |El}, £ € V and sub- 
stituting in the expression (7.55) and using the fundamental property of 
the trilinear form giving L(x,y,y) = 0 for all z,y € V, we arrive at the 
following identity 


t t 
[utlu (H) + 2v f || Hs |m) ds = |Yol aoe) +f Hs(Tr(FF*))ds 
0 0 
t 


+f u (Fols, u), De)jds + | < pig(F* Dy), dw(s) >, 
(7.57) 


which holds with probability one. Since by our assumption F € 
Lo(I, L2(R%, H)), independent of £, and the measure solution u is a prob- 


ability measure valued random process, we have 


t t 
| pa(Pr(PE*))ds = | | F |lFr¢ ds P — a.s. (7.58) 
0 0 


Using Cauchy inequality and our assumption that Fo is independent of the 
state, the integrand of the third term on the right hand side of the identity 
(7.57) satisfies 


Hs ((Fo(s,u), Dẹ))| = 2| f (Fols, 0), Eue) 


= af |Fo(s, u)la élans (d£) < (ic/e)|Fo(s, u)li + (ice) || Ms Ilua) 


P-almost surely for any £ > 0, where ie(> 0) denotes the embedding con- 
stant V —> H. Thus the third integral is bounded above as shown below, 


| f jta((Fo(s, ), De))as| < (ée/e) i Fo(s,u)2-ds 


t 
+ (ice) l Wide 0 


P-almost surely. Now considering the stochastic integral (last term of 


(7.57)), it is easy to verify that the integrand satisfies the following in- 
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equality 
lue(F* Dep) le <4 T |E*E lha pos (dé) 
<4 F(s) E T P—a.s, (7.60) 


where H.S denotes the Hilbert-Schmidt norm. It follows from this estimate 


that the stochastic integral is well defined provided 


sup{E| u| m(t € I} 


is finite. Thus, a-priori, we cannot set the expected value of the stochastic 
integral to zero. So we proceed as follows. Using (7.60) it is easy to verify 
that 


t t 
ef f < (FD) du(s) >} < af f IEG) Ihs Eluslanands. 
0 0 


Applying the expectation operation on both sides of equation (7.57) and 
choosing £ = (v/i) and using the above estimate we arrive at the following 


inequality 


t t 
Biel anc +E I jee ds < Bint f Il F les ds 


t t 
+ (B/E J |(Fo(s, u)lžrds + 24/ Í IF 2g Eleelaqunds. 
0 0 


(7.61) 
It follows from our assumptions on the data that 
T T 
Ci = Bjvolinan + f IF les ds + (B/E f (Fols )ds < o. 
0 0 


Thus by setting A(t) =| F(t) lhs zt) = Elmi|ma ay, and noting that 
all the terms in the expression (7.61) are nonnegative, it follows from this 


inequality that 


z(t) < Ci +2 i h(s)z(s)ds,t € I = [0, T]. 


Now we use the well known Winter’s inequality [[Ahmed (1981)], Lemma 
5.2.1, p338]. Define v(t) = ie h(s)z(s)ds. Clearly, this is a nondecreasing 
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continuous function on J. Multiplying either side of the above inequality by 
h and integrating over the interval [0, t], we obtain the following inequality 


t 
v(t) < Cy || R lizo +2 f h(s)/v(s)ds,t € I = [0, T]. 
0 
Define b = sup{v(t),t € I} = v(T) and Č = C; || h Ilzi) - Now, if b < C1, 


z is uniformly bounded on J and the conclusion follows. On the other hand, 
if b > C1, we have the inequality, 


[ dujo < of hil a\iis 


Hence, 


Vb = Vv(T) < VEi+ f Mods < 
0 


and therefore 
sup{z(t),t € I} < Cy +2Vd < œ. 
This proves that 


sup{E| Hel m(t € I} < œ, 

and hence the expected value of the stochastic integral in the identity (7.57) 
vanishes and therefore the inequality (7.61) also holds without the last term. 
Thus we have proved the estimate as stated in the theorem, and hence 
u E€ LY? (I, Li (Q, Ma(H))) O LY. (I, L1 (Q, M2(V))). Weak continuity of the 
map t —> pz, follows directly from the expression (7.55) and the estimates. 
Existence follows from the same basic technique as used in the proof of 
existence of measure solutions for general stochastic differential equations 
such as [Theorem 3.3 [Ahmed (2005)]]. See also [Ahmed (1999)] [Ahmed 
(2000)]. This completes the proof. e 


Following result is an immediate consequence of the above result. 


Corollary 7.8.2 Consider the evolution equation (7.54) and suppose the 

assumptions of Theorem 7.8.1 hold. Then, for each fixed T € [0,co),I = 

[0, T], and u € Uaa and p E BC(A), u(y) € L2(Q) and it possesses the 

Wiener-Itô expansion given by 

HEC) = DO AEDI |, Kilo addol) 8-8 del) 
n>0 n>0 É 


(7.62) 
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with K“(p) € Gg that is 


I KC) lés = J n! ll KR) WIE, < 2 (7.63) 
n>0 


where Mn = Lo(RI®”, R). 


Proof For each fixed u € Uaa and y € BC(H), it is clear from the above 
theorem that t — uy (p) is an FY adapted continuous scalar valued ran- 


dom process satisfying 
sup E(u¥(p))? < oo. 
tel 


Hence p(y) € L2(Q) and therefore it follows from Theorem 2.3.4 that there 
exists a K“(y) € Gg and hence a sequence {KY (4) € Lo(I", Mn)},n E€ N, 
such that 
Elur(y = a! | Ane ) Ilža I”, Mn)S ©- 
n>0 


This completes the proof. e 


Remark 7.8.3 By virtue of Theorem 7.8.1, for each u € Uaa and T < œ, 
u+ E€ M(H) with probability one. Thus, the above Corollary holds not 
only for y € BC(H) but also for any y € C(H) having at most quadratic 
growth. Further, it follows from this result that the kernels are vector 
valued measures, K¥ : By — Î(I”, Mn). 


This remark prompts the following definition. Let x : H —+ [0, o0] be 
given by «(€) = (1 + |l} ). Let C (H) denote the space of (not necessarily 
bounded) continuous scalar valued functions defined on H characterized as 


follows: 
C,(H) = fe € C(H) : sup{(|y(x)|/k(x)), x € H} < cob, (7.64) 


Endowed with the sup-norm topology || Y |c. an= sup{(|y(«)|/«(2)), £ € 
H}, C,(H) is a Banach space. It is interesting to note that its dual 
(C,(H))* = Mo(H), the space of finite signed Borel measures on By hav- 
ing finite second moments. Since the dual of any Banach space is a Banach 
space, M2(H) is a Banach space as mentioned earlier. In view of this, for 
each n € N, KY € Mo(H,L2(I",M,,)). In other words, the kernels are 
vector valued measures on By with values in the Hilbert space Lo(I n Ma) 
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Some Optimal Feedback Control Problems: 


Consider the controlled NSE given by (7.53). Suppose we want to design 
a feedback controller with measured data as its input contained in a suitable 
function space. Suppose it is possible to measure the flow velocity in a given 
region Do C D and use this information as the input to a linear controller 
giving u. The problem is to find the best linear controller (from a given 
class) that minimizes the excursion of flow velocity beyond a pre-specified 
regime. Consider the observation space (space of measured data) as 


Y = {y € Lo(Do, R”) : div(y) = 0} 


furnished with the standard Hilbertian norm. Clearly, by extending each 
element of Y outside Do by setting it equal to zero, we have Y C H. Let 
XD, denote the characteristic function of the set Do. Define the operator 
Lo from H to Y by 


(Lo¢)(a) = xp, (a)¢(x),2 € D,¢ € H. 


Clearly, this is a bounded linear operator from H to Y. The observed data 
is given by y(t, x) = (Lov)(t, x) for a period of time say I = [0, T] where v is 
the velocity field. This data is then passed into a controller giving u = Ty 
where I € L£(Y,U) is a linear (time invariant) operator mapping Y to U. 
Thus the volume force generated by the feedback control law I alone is 
CT(y) = CT (Lov). Hence the deterministic component of the total volume 
force is given by 


Fo(t, u) = Folt, Ty) = fo + CT (y) = fo + CT (Lov). (7.65) 


For admissible feedback-control laws denoted by FCaa, we choose, without 
any loss of generality, the closed unit ball By(L(Y,U)) c L(Y,U). Clearly, 
the composition map CTLyo € L(H). In this case the estimate (7.56) is 
slightly modified and the upper bound now follows from Gronwall Lemma 


applied to the following inequality 


t t 
E| m) + ve | | Hs mv) ds < IB|Yo| m (r) +f Tr(FF*)ds 
0 0 


EFIA f Lfo(s) pds + HE | lis lata ars 
(7.66) 
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where Y% =|| CT Lo lean 3 


Now we introduce the objective functional. Choose any desired r > 0, and 
consider the closed ball B, (H) of radius r in H around the origin and define 
w,(€) = bd (€, B-(H)),€ € H and any £ > 1, where d(£, B,(H)) denotes 
the distance of the point € from the ball B,(H). For each T € FCaa, define 


the objective functional as 
IT) =E | uh (or) AC), (7.67) 


where u” is the solution of the evolution equation (7.54) corresponding to 
u = ly =T Lo€é for IT € FCaa, and A is any nonnegative countably additive 
measure having bounded total variation on J. The problem is to find a 
T € FCaa that minimizes the above functional. This is an average measure 
of excursion of fluid (kinetic) energy outside the desired level B,(H). Our 
objective is to find a feedback control law T € FCaa that minimizes this 


energy (reduce turbulence). 


For any positive measure u € M2(H), define the covariance operator 
QF as 
(Qese) = | € ePad) e € H. 
H 


For (nonnegative) measure valued stochastic processes {Ht w}, the covari- 
ance operator is denoted by Q; w and it is given by 


(Quere) = f (€ Pud) e € H. 
H 
Consider the controlled evolution equation (7.54) with the operator C1 (u) 
given by 
Ci(u)(y) = (fo, Do) + (CTLo(:), De(-)) a 
for T € FCaa. This turns (7.54) into a feedback system. The reachable 
set for this system is given by the set of all (probability) measure valued 


stochastic processes determined by equation (7.54) as I describes the ad- 
missible set FCaa. This is denoted by 


R= fn € L(I, Li (Q, Ma(H))) 0 L?°(I, L1 (0, M2(V))) : 


u= u", sol. of (7.54) for some T € Fes}. (7.68) 
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Theorem 7.8.4 Consider the system (7.54) with the cost functional (7.67) 
and control laws given by FCaa which is endowed with the relative weak 
operator topology of L(Y,U). Suppose the assumptions of Theorem 7.8.1 
hold, the operator C(of the expression (7.65)) € L(U, H), A is a countably 
additive positive measure having bounded variation, {e;} any complete or- 
thonormal basis of H and the reachable set R satisfies the following prop- 
erties: 

(P1): For every € > 0, there exists a finite positive number Ce such that 
for all wE R, 


hiw EEH: \El4 >C} <e, for Xx P almost all (t,w) € I x Q. 


(P2): iMn isn (Qf wei ei) = 0 uniformly with respect to u € R, 
for àx P almost all (t,w) E€ I x Q. 
Then, there exists an optimal feedback control law T° € FCaa at which the 


functional (7.67) attains its minimum. 


Proof First, we prove that the reachable set R is weakly compact in the 
sense that every generalized sequence {u” } from R has a weakly convergent 
subsequence converging to some u°. Let £ denote the Lebesgue measure on 
R and P the probability measure on Q. It suffices to show that for every 
p E Ck N CÌ, 


Jim. mu") = him, f, ittee) AAD Pas) 


= f | Role) et) Pldw) = nl). (7.69) 


For any y € Ck N CÈ, define the linear functional 


H=E | mlo) L(dt) = | f muot P(dw) 


on L2°(I, Lı(Q, M2(H))) evaluated at u E€ R. Since t > pur is weakly 
continuous P-almost surely, and y € Ck, the function t — p(y) is Fy 
adapted and so (t,w) —> Ht w(p) is a measurable scalar valued function 
(with respect to the predictable sigma field). Hence, the integrand of the 
above functional is a measurable scalar valued function. Since the reachable 
set R satisfies the properties (P1) and (P2), it follows from a well known 


theorem on weak compactness of bounded measures on infinite dimensional 
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Hilbert spaces [Gihman and Skorohod, [Gihman (1971)], Chapter 6, The- 
orem 2, p377] that {ut w, u E€ R} is weakly compact for £ x P almost all 
(t,w) € Ix Q. Now, let {uw} C R be any sequence. Then due to weak 
compactness £ x P almost surely, there exists a generalized subsequence 
(subnet), relabeled as the original sequence, and an element u° such that 
Hewl P) —> Houl) £x P almost every where. Since almost every 
where convergence preserves measurability, the limit ~°(y) is a measur- 
able function on I x Q (with respect to the predictable sigma field) and 
hence u° € LX9(I, £1(Q, Mo(H))). Using the identity (7.57) and the esti- 
mate (7.66) and recalling that y € Cx, it is not difficult to verify that the 
sequence {u} „(p)} is dominated by a function in Li(J x Q, x P). Thus, 


it follows from Lebesgue dominated convergence theorem that 
oe a PAA 


= f [ue P(dee) = n(u?). 


This shows that R is weakly compact. We use this result to prove that 
the functional given by (7.67) is continuous on FCaa. Let {[”} C FCaa be 
any generalized sequence (net). Recall that, for any pair of Banach spaces 
{X,Z}, the closed unit ball in £L(X, Z) is compact in the weak operator 
topology if and only if Z is reflexive [Dunford (1958)]. Since Y(C H) and 
U are Hilbert spaces, it is clear that FCaq = Bi(L(Y,U)) is compact in the 
weak operator topology Two. Thus, there exists a generalized subsequence 


(7.70) 


(subnet), relabeled as the original sequence, and an element T° € FCaq such 
that T” 78 T°, Let {u”, u°} denote the corresponding weak solutions of 
equation (7.54) which is equivalent to the integral equation (7.55). Clearly, 
by definition of the reachable set, {", u°} C R. We show that py” > p°. 
Let Bo denote the operator 


Bo(y)(E) =< fo + CT°Lo(§), Del§) >x 


and {C3} the sequence of operators given by 


(C3 p)(E) =< CT? — I") Lok, Del§) >x (7.71) 
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defined on C N Ch. Define v” = p° — p”, C = A+B+ Bo. Clearly, 
these are well defined for each y € Ck N C2. Then using the expression 
(7.55) corresponding to {T”, w”} and {T°, u°} respectively, and taking the 
difference, we obtain the following expression 


vP(p) = J: “Un(Co)ds + I 


t € I. Clearly, this identity holds for any y € C, N C} having compact 


t 


t 
v(Cap)-dw+ | we(C3e)ds, (7:72) 
0 


support. Since FCaa is compact in the weak operator topology, it follows 
from the expression (7.71) that lim,_,.. C3 — 0 uniformly on H for every 
p E€ Ck N Cz having compact support. By virtue of weak compactness of 
the reachable set R, along a subsequence if necessary, ju” converges weakly 
to some mM? € L¥*(I, £1(Q, Mo(H))). Therefore it follows from these strong 
and weak convergence properties that w?(C?y~) — 0 for all s € [0,t] and 
hence the third term of equation (7.72) converges to zero for each t € I 
P-a.s. Thus v” also converges weakly to some element, say v which is 
e —m°. Letting n > œ, it follows from the above equation that v satisfies 


the following linear homogeneous functional equation, 


vilo) -f vs(Co)ds +f Vs(Coy)- dw,t € I, (7.73) 


for every y € Ck N CÈ having compact support. Hence v = 0 implying 
that u” converges weakly to u°. This proves the weak continuity of the 
map I —+ pu”. Clearly the distance function Y, € C,, and hence uF (,) 
is well defined. Since A is a countably additive positive measure having 
bounded total variation, and t — u! (Yp) is P almost surely continuous, 
the objective functional given by (7.67) is continuous in the weak opera- 
tor topology on FCaa which is compact in the weak operator topology of 
L(Y,U). Hence there exists a feedback control law T° € FCaa at which J 


attains its minimum. This completes the proof. e 


Remark 7.8.5 For admissible feedback controls, we have considered con- 
stant operators from Bı(L(Y,U)) for the entire period I. By partitioning I 
into a finite number of disjoint measurable sets covering J = UJ; and choos- 


ing any r > 0, the above result can be easily extended to admit piecewise 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


WP:™ -Based Generalized Functionals of White Noise IV 199 


constant operator valued functions as controls such as 


FCaa = {T : I — BEY) : 
I(t) =r; t € G, T; € B (L(Y, U))} c | [ BL, 0)). 


Since each factor space is compact (in the weak operator topology), it 
follows from Tychonoff product theorem [[Willard (1970)], Theorem 17.8] 
that this set is also compact. We leave it to the reader to consider the 


limiting case allowing arbitrary refinement of the partition. 


Another problem of significant interest is the terminal control problem 
as described below. Let f : R* — [0,00] be a continuous function bounded 
on bounded sets and {y;,1 < i < k} € Ck N C} a family of nonnegative 


functions. Define the cost functional, 


TE BÍ flene) z blow). (7.74) 


The problem is to find a feedback control law IT € FCaa that minimizes this 


functional. 


Corollary 7.8.6 Consider the system (7.54) with the terminal cost given by 
(7.74) and suppose the assumptions of Theorem 7.8.4 hold. Let f : Rk — 


[(0, co] be a continuous nonnegative function satisfying 


k 
(z1, a0" aac ai} (7.75) 
= 


for certain constant c > 0. Then, there exists a feedback control law T° at 


which J attains its minimum solving the terminal control problem. 


Proof By Theorem 7.8.4, T —+ pl is weakly continuous, and for each 
yi E Cy C2, t — u! (pi) is P-almost surely continuous and hence u} (p:) 
is well defined. Let {Ta} C FCaa be a net. Since FCaq is compact in the 
weak operator topology, there exists a subnet, relabeled as the original 
net, and a T'o € FCaa so that Ta —$ To. Letting {u%, u°} denote the 
corresponding solutions of the system (7.54/7.55 ) with feedback law given 
by (7.65), it follows from the weak continuity, as proved in Theorem 7.8.4, 
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that along a subnet, if necessary, u“ -= u°. Since f is continuous, this 


implies that 


go = f(ut(er), HTCP) EE (eR) — Furlo), urle): UT (R)) = Go 


P-almost surely. Clearly, it follows from the property of f given by (7.75) 
that 
k 


Igo(w)| < e(1 +S |uh(yi)(w)|, Vw € Q. 


i=l 


Since y; E€ Ck, there exists a finite positive number k; such that 


ME (ei) Ww) S kifl + [eT ace) (@)} Vw ER. 


Hence there exists a finite positive number Č such that 


Iga(w)| < CLI + [ut laracen)(w)} Y w € Q. 


By virtue of the estimate (7.57), the expression (7.65), boundedness of the 
set FCaa, and the above estimate, it follows from the same arguments as 
in Theorem 7.8.4 that {ga} is dominated by an element of Lı(Q). Hence, 


again it follows from Lebesgue dominated convergence theorem that 
lim Ega = tim f Jo (w)P(dw) = | Jo(w)P(dw) = Ego. (7.76) 


This shows that the functional J given by (7.74) is weakly continuous. Since 
FCaa is compact in the weak operator topology, J attains its minimum on 
FCaa proving existence of an optimal linear feedback control law. e 


Another terminal control problem of significant interest is described as 
follows. Suppose at the end of the time horizon (0, T], it is required to reach 
a target set C, a closed subset of H. We can formulate this as an optimal 


control problem: Find I € FCaq that maximizes the functional 
J(T) = E{47(C)}. (7.77) 


If C C V, the above problem is equivalent to demanding smoothness of the 
flow at the end of the active period. If C c H\V, the problem is equivalent 
to requiring the kinetic energy to satisfy certain energy constraints. If C is 


a finite dimensional closed linear subspace of H, the problem is equivalent 
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to demanding certain limits on the Hausdorff (or Fractal) dimension of the 
flow. 

For the benefit of the reader we digress a little and introduce what is 
known as the Hausdorff dimension. First, let us consider R” and let K 
be a bounded subset of it and r > 0 and let Nx(r) denote the minimum 
number of balls of radius r required to cover K. Then define the Hausdorff 
dimension dy of K to be 


For example, if K is the unit cube in R”, it is clear that the number of r 
cubes (cubes of side r) required to cover it is N(r) = (1/r”). Thus it follows 
from the above expression that dy(K) =n. 

In fact the Hausdorff dimension is well defined in any metric space. Let 
(X, p) be a metric space with the distance function p. Define the diameter 
of any bounded set C C X by D(C) = sup{p(x,y),x,y E€ C}. For any 
ô > 0, let IIs denote the class of all countable 6 covers of C, that is, a 
collection of sets {C;(0),7 E€ N} each of diameter less than ô such that 

cc UGC). 
ieN 
For each number d > 0, define the function 
H§(C) = inf Y[D(C.(6))|" 
ieN 
where the infimum is taken over all countable 6-covers IIs; of the set C. 
Note that 6 —> H¥(C) is a monotonically decreasing function and hence 
the limit 
lim H3(C) = H“(C) 

exists with values in R+ = [0,00]. This is called the d-dimensional Haus- 
dorff measure of the set C and it is well defined on the Borel sets of (X, p). 
If X is R” with any of the equivalent metrics, and d < n it is easy to see 
that H4(C) = +00. On the other hand, if d > n then H4“(C) = 0. In the 
general case, it was shown by Hausdorff that there exists a critical number 


d*, not necessarily an integer, for which H¢(C) = +00 for all d < d* and 
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that H¢(C) = 0 for all d > d*. This very critical number is called the 
Hausdorff dimension of the set C and it is formally defined as 
dy(C) =inf{d>0: H?(C) = 0} =d*(C). 

In the study of dynamic systems one is interested in the dimension of com- 
pact attractors. For stochastic systems, one is interested in the Hausdorff 
dimension of the support of the measure induced by the system. More 
precisely, in the case of infinite dimensional state space, one is interested 
to determine the Hausdorff dimension of the e-support, that is, a compact 
set K+ such that u(K/) < e. For example, any tight measure on a metric 
space has a compact ¢-support and it is interesting to find the Hausdorff 
dimension of the set. It is intuitively clear that the larger the dimension is 
the greater the complexity (measured in terms of degrees of freedom). We 
return to this problem later. The reader may be familiar with the complex- 
ity of determining these geometric dimensions [Temam (1988)] of attractors 
for dynamical systems. 

So, for practical applications, it may be sufficient to choose a finite 
dimensional subspace C of the state space H and design a controller that 
maximizes the expected mass of the measure on C. The following general 


result can be interpreted in this sense. 


Theorem 7.8.7 Consider the feedback control problem with the objective 
functional (7.77). Let C be a closed subset of H and suppose the assump- 
tions of Theorem 7.8.4 hold. Then there exists a feedback control T° € FCaa 
such that 


IOVS IO" L € FCaa. 


Proof It suffices to prove that the functional J given by (7.77) is upper 
semicontinuous in the weak operator topology on FCaq. Let {T°} be a 
net in FCaq and T° € FC,q such that T° “8 T°. Let {pu}, u? be the 
corresponding set of solutions of equation (7.55). Following the same argu- 
ments as given in the proof of Theorem 7.8.4, we conclude that there exists 
a subnet, relabeled as the original net, such that u% — u°. Since these 


measures are weakly continuous on I with probability one, we have 


pt = u% P= as. 
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Then it follows from a well known theorem given in Parthasarathy 
[[Parthasarthy (1967)], Theorem 6.1,p40] that 


lim pp(C) < up(C) P- a.s. 
Clearly this implies that 
lim E{u?(C)} < E{lim wp (C)} < E{ue(C)}. 
Thus by definition of the objective functional (7.77), we have 
Tm J(T®) < I(T’) 
and hence J is upper semicontinuous on FCaqa in the weak operator topol- 


ogy. Since FCaa = Bi(L(Y,U)) is compact in the weak operator topology, 
J attains its supremum on it. This completes the proof. e 


However the above result does not solve the problem that demands a 
control law which minimizes a cost functional subject to a constraint on the 
Hausdorff dimension of the support of the measure valued process. Towards 
this goal we consider an objective functional that includes the Hausdorff 
dimension. 

Let K(H) denote the class of nonempty compact subsets of the Hilbert 
space H and suppose that this is endowed with a metric topology py so 
that (K(H), p) is a complete metric space. The most popular topology 
on K(H) is the metric topology given by the Hausdorff metric py which is 
defined by 


pu(K, L) = max{sup{d(a, K),« € L},sup{d(y, L) y E K} 


for K,L € K(H). Since H is assumed to be separable, (K(H), pp) is a 
Polish space (complete separable metric space). 


Now we can introduce the appropriate cost functional. Let uF denote 
the solution of equation (7.55) corresponding to the feedback control T € 
FCaa. The cost functional corresponding to I is then given by 


J(T) = nft dn (C) + AC. T : pe (H \ Chat P(t) :CeE Kun} 
(7.78) 


where K(H) = K(H)U0 and A is a large positive number weighing the leak- 
age of mass from compacts. The problem is to find a control law T° € FCaa 
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for the system (7.54) (equivalently (7.55)) that minimizes the functional J. 
In other words, we would like to prove the existence of an optimal control 
law. Unfortunately there are technical problems. It is shown by Mattila 
and Mauldin [Mattila (1997)] that the Hausdorff dimension function dy (-) 
is not lower semicontinuous with respect to the Hausdorff metric pz. It is 
a function belonging to the Baire’s class 2 [[Mattila (1997)], Theorem 2.1, 
p83]. It is also known that the Baire class 1 is dense in Baire class 2. Baire 
class 1 consists of semi continuous functions. However, it is not known if 
the function d7(-) can be approximated by lower semicontinuous functions. 
To avoid this technical difficulties we choose a set function which is lower 
semicontinuous with respect to the Hausdorff metric and also carries some 
relevant properties of the Hausdorff dimension function. 

Let M denote the class of sets consisting of singletons and finite sets 
including the empty set. Consider the set function v : K(H) — [0,00] 
satisfying the following properties: 

(P1): v(F) = 0 for every F € N, (P2): v(K1ı) < v(K2) for Kı C K2 
and Kı, K2 € K(H), (P3): limg,(1)+0 V(L) = 0, L € K(H). 


We replace the functional (7.78) by the following one 


Ar fE = 
JT) = int{ 1) + > | | Hi „(H \ C)dtdP,C € Ky} (7.79) 
0 Joa 
which serves the original purpose. Here we prove an existence theorem. 


Theorem 7.8.8 Consider the system (7.55) with the admissible controls 
FCaa, and the objective functional given by (7.79). Suppose the assumptions 
of Theorem 7.8.4 hold. Further, suppose the set function v(-) satisfies the 
properties (P1)-(P3) and that it is lower semi continuous on K(H) with 
respect to the Hausdorff metric py. Then there exists an optimal control 


law minimizing the cost function (7.79). 


Proof Define the functional £: FCaa x K(H) — [0, œ] as follows 


er, C) =u(C raf J EANO dt dP, 


and note that J (T) = inf{4(T, C), C € K(H)}. Let Ny C K(H) denote the 
class of finite subsets of H including the singletons and empty set. It is clear 
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that £ satisfies the following properties: (1): 4(T,C) >0, (2): 4T, F) =A 
for every F € Ny, and (3): Imcek(m) &(T,C) = ov. The first property 
is obvious. The second property follows from the property (P1) and the 
fact that the elements of R are non atomic. It is clear that 4(T,C) < 
v(C) +X for all T € FCaq and all C € K(A). It follows from this and 
the property (P3), that C —> ¢(T,C) is coercive on K(H) in the sense 
that limg,,(c)+00 £T, C) = +00. By assumption v is lower semicontinuous. 
We prove that for any fixed I’ € FCaa, the second term of @ is also lower 
semicontinuous. Let C, “4 Co. Clearly, for any € > 0, there exists an ne € 
N such that Cp C C§ for all n > ne where C§ = {€ € H : d(&,Co) < €}. 
Hence for any fixed T 


À e T À j r n 
— Ht (H \ Co)dtdP < = Lo (H \ C”)dtdP 
T Jo Ja ” T Jo da” 


for all n > ns and therefore 


A T T . À k T n 
a HE (Hl \ C5)dtdP < lim = H (H \ C” )dtdP. 
T Jo Ja ’ n T Jo Ja” 


Since this is true for every ¢ > 0, we have proved that the second term of 
£L is lower semicontinuous in C on K(H). Hence, for each T € FCag, C — 
(T, C) is lower semicontinuous with respect to the Hausdorff metric py. 
Thus it follows from the coercivity of the map C — ¢(T,C) and its lower 
semicontinuity that it attains its infimum on K(H). This shows that J(I) is 
well defined as a functional from FCaa to [0,00]. Let {Ta} C FCaa, aE A 
(directed set), be a minimizing net for J(T). It follows from the preceding 
analysis that J a net {Ca}aca E€ K(H) such that J(Ta) = (a, Ca) and 
that 


J(Ta) > inf{J(T),T E€ FCaa} =m. 


In fact it follows from the coercivity property of Z (in its second argu- 
ment) that there exists a set X € K(H) such that {Casaea C X. Clearly, 
K(X) with the relative metric topology py (inherited from K(#) containing 
K(X)) is a compact metric space (K(X), oz) | [Papageorgiou (1997)], The- 
orem 1.34, p15; Theorem 2.11, p687]. It follows from this and the fact that 
By(L(Y,U)) = FCaa is compact in the weak operator topology, that there 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


206 Generalized Functionals of Brownian Motion and Their Applications 


exists a subnet of the net {I a, Ca}, relabeled as the original net {T a, Ca}, 
and {T°,C°} € FCaa x k(X) C FCaa x k(H) such that 
To @$T°, & Cys O. 
Let {u°} € R denote the solution of (7.55) corresponding to Ta. By Theo- 
rem 7.8.4, Rẹtw is uniformly tight for a.a (t,w) € I x Q and therefore there 
exists a u°? E€ R such that, along a subnet if necessary, 
Uo > ue, dt x dP aa (t,w) EI x Q. 
Since {Ca, C°} are compact sets and {ufu}, a@ E€ A, is uniformly tight for 
almost all (t,w) € I x Q, it follows from similar arguments as in the proof 
of Corollary 7.8.7 that we have 
lim pf,,(Ca) S wp,(C°®) dtxdP aa (tw) €IxQ. 


From this it is easy to verify that 


1 øT toT 

af | oN CdP < tim f f uo Ca)atar, 

T Jo Ja ” T Jo Ja ” 
By lower semicontinuity of v on K(H), we have v(C°) < lim, v(Ca). Thus 
it follows from these results that T —> J(T) is lower semicontinuous in 
the weak operator topology on B,(L(Y,U)) = FCaa. Since By (L(Y, U)) is 
compact in the weak operator topology J attains its infimum on FCaa. This 


proves the existence of an optimal control law in FCaaq. © 


For computational purposes, it may be more convenient to replace K(H) 
by the class fcl(H) of all finite dimensional closed linear subspaces of H. 
For more on hyperspace topologies see [Papageorgiou (1997)]. 


Remark 7.8.9 In order to prove the existence of an optimal control law 
for the cost functional (7.78) with the Hausdorff dimension function dj (-) 
included, it is necessary to develop a technique that does not require the 


lower semicontinuity condition. We leave it as an open problem. 
Next we consider the question of control of explosion or blow up time. 


(Control of Blowup Time) Let B,(V) denote the ball of radius r > 0 in 
V, and V, its closure in H. Suppose the initial measure vo is supported on 
a closed set D» C V N Vp, that is vo(D,) = 1. Define the random time 


TT) = inf{t > 0: f u! (H \ V,) ds > 0}. 
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We use the convention inf Ø = oo. Since FY” is right continuous, it is easy to 
see that the set {7,([) < t} is F¥ measurable for every t > 0. Thus 7, is a 
stopping time and so integrable possibly taking values from (0,00) U {oo}. 
The problem is to find a feedback control T € FCaa that maximizes 


JT) = Er, (T). 
This is solved in the following theorem. 


Theorem 7.8.10 Consider the system (7.54/7.55) with the admissible 
feedback operators FCaa = Bi(L(Y,U)) and suppose the assumptions of 
Theorem 7.8.1 hold and the reachable set R satisfy the properties (P1) and 
(P2) of Theorem 7.8.4. Then, there exists a feedback control law T° E€ FCaa 
that maximizes the blowup time in the sense that J,(T°) > J-(T) VT € 
FCaa- 


Proof Let A be any directed set and {Ta}aca C FCaa be a maximizing 
net. Since FCaa is compact in the weak operator topology, there is a subnet 
that converges Two to a unique limit (because Hausdorff) T° € FCaa. By 
virtue of weak convergence (Theorem 7.8.4) of 


hiw = Bi as Zy jes = pe, dtx dP a.e. 
and the fact that H \ V,. is an open set we have 
lim uso (H \ Vr) 2 usw (H \ Vr) dt x dP ae. 


Hence 


t 
im fw o(H\ V) ds > f limpo (HN\ Ve) ds 
0 


t 
2 | Ue (HH \V,) ds P- a.s, (7.80) 
0 
and therefore 


t 
inf {t > 0: tim f Uw (H \ Vr) ds > 0} 
0 


<inf{t>0: [ Ms »(H \ Vr) ds > 0}. (7.81) 


It is clear that for every € > 0, there exists a. E€ A such that 
t 


£ 
lim WH Vs) ds cet | poH NV) ds 
BeAJo gine 
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for all a > a, uniformly in ¢ on any finite interval I C [0,00). Then a little 


reflection reveals the following inequality, 
t 
inf{t > 0 tim f Ue (H \ Ve) ds > 0} 
B JO 


t 
>inf{e>0: f US w(H \ Vr) ds + € > O} 
0 


for every a > as. Thus it follows from (7.81) and the above inequality that 
for every £ > 0, 


t 
Tf in >0: | Usu lH \ Vr) ds +€ > oy} 
G ) 


<inf{t>0: Jean V,) ds > 0}. 
Since € > 0 is arbitrary, this ie. that 
imr (Ta) <r?) P-a.s. 
Then 
Tm J, Ta) = m E{r,(P)} 
< E{limr, (Ta)} < E{r,(T°)} = J, (T°). 


Thus we have proved that T —> J(T) is upper semicontinuous on 
Bı(L(Y,U)) with respect to the weak operator topology. Since FCaa is 
Two compact and J is Two upper semicontinuous, J attains its supremum 
on FCaq. © 


7.9 Some Problems for Exercise 
Here we present some interesting problems which have substantial practical 
significance. This is evident from their descriptions given below. 


P1: Give a detailed proof of Theorem 7.5.4 following the discussion pre- 
ceding the statement. 


P2: Justify the definition of the duality pairing for the pair {Z, Z;} given 
by the expression (7.37) and verify that 


[<z>] |] 2" zzl z lle, - 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


WP:™ -Based Generalized Functionals of White Noise IV 209 


Hint: Follow the steps in the construction of these spaces. 


P3: Consider the problem stated in Remark 7.7.3. For cumulative filtering 


error over the time interval J, the proper objective functional is 


at) =f f suf y@acanw de 


where À is a bounded positive measure. Verify that this functional admits 
an optimal observer (observation operator I). Hint: Follow the steps in the 


proof of Theorem 7.7.2. 


P4: Consider the example of the abstract Gelfand triple Vn > Gn > V,* 
given after Theorem 7.5.2. Here V, = Wọ ”(D”, Mn), n > 1, with m > 
(nd/p) + 1. Justify the necessity of choosing m as stated. Hint: Recall 


Sobolev embedding theorems. 


P5: In certain problems of hydrodynamics it may be desirable to use 
feedback controls to smooth the flow. According to Theorem 7.8.1, u € 
LY? (1, £1(Q, M2(V))) O L2! (7, £4 (Q, M2(H))). Thus another natural con- 


trol problem is to find a € FCaaq that minimizes the functional 


IE) =f fH lao d} + Efes — sup lac} } 


Find suitable conditions under which this problem has a solution. Hint: 
The identity (7.57) and the expression for the feedback control operator 
given by (7.65) are useful. 


P6: Another interesting stopping time problem is given as follows. Let 


r > 0 be a finite number, and define 


t 
7(C) =inf{t>0: i I| af lma) ds >r} € [0, oo], 
0 


and J(T) = E{r2(T)}. Prove the existence of a feedback control law T° € 
FCaa that maximizes J(T). Hint: Give sufficient conditions so that the map 
[> J(T) = Er(T) is upper semi continuous on FCaq which is assumed 
to be compact in the weak operator topology. 

P7: (Evasion of danger zone) Consider the stochastic NSE (7.54) and sup- 


pose the assumptions of Theorem 7.8.4 hold with the admissible feedback 
controls given by FCaq = Bi(L(Y,U). Let D be an open subset of H and v 
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a nonnegative countably additive measure on J having bounded variation. 
The problem is to find a feedback control law IT € FC,q that minimizes the 


cost functional 
I(L) = f E{ul (D)}v(dt). 


Prove the existence of an optimal feedback control law. Hint: FCaa is 
compact in the weak operator topology. It suffices to verify that J is weakly 


lower semicontinuous. 
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Chapter 8 


Some Elements of Malliavin Calculus 


8.1 Introduction 


Malliavin Calculus is a stochastic calculus of random variables defined on 
the Wiener measure space. It was originally introduced by Paul Malliavin 
in the mid seventies and since then it has been extensively studied and ex- 
tended by many authors such as Malliavin himself [Malliavin (1995)] [Malli- 
avin (1976)] [Malliavin (1997)], Bell [Bell (1987)], Stroock [Stroock (1981)] 
[Stroock (1981)], Watanabe [Watanabe (1984)], Nualart [Nualart (1989)] 
[Nualart (2009)] [Nualart (1997)], Shigekawa [Shigekawa (1998/2004)], Da 
Prato [Da Prato (2007)], Øksendal [Oksendal (1997)], Friz [Friz (2002)] and 
many others. 

In this chapter we present some elements of this calculus and its ap- 
plication to stochastic differential equations and central limit theorem. In 
particular, we are interested in the Malliavin derivative and its adjoint. For 
simplicity, we concentrate on functionals of R? valued Brownian motion as 
introduced in Chapter 2. In fact, these results also hold for infinite dimen- 
sional Hilbert space valued Brownian motions with nuclear covariance. We 
consider the Ornstein-Uhlenbeck operator given by the negative of the com- 
position of the Malliavin derivative (operator) and its adjoint. Further, we 
study the associated semigroup T, t > 0, known as the Ornstein-Uhlenbeck 
semigroup. Using the Ornstein-Uhlenbeck operator, we construct Sobolev 
spaces on the Wiener measure space. We study the questions of existence 
and smoothness of densities of measures induced by the solutions of finite di- 


mensional stochastic differential equations using Hormander-Malliavin hy- 
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poellipticity conditions. In the final section, we present some results on the 
central limit theorem in relation to Wiener chaos taking values from the 
real line. This result is due to Nualart and his school [Nualart (2009)] (see 
also the references therein). We extend this result to Wiener chaos taking 
values from infinite dimensional Hilbert space and conclude the chapter 


with some comments. 


8.2 Abstract Wiener Space 


Let (Q,8,P) be a complete probability space and I = [0,T] a closed 
bounded interval and {w(t),t € I}, a d-dimensional standard Brown- 
ian motion on (0,8, P) starting from the origin with probability one. 
We set Q = C(I, R4), the canonical sample space, where Co(I, R?) = 
{x € C(I, R?) : x(0) = 0}, and let B denote the Borel o-algebra gen- 
erated by open or closed subsets of the set Q and let ww” denote the 
canonical Wiener measure. This is the classical Wiener measure space 
(Q,6,u”) as introduced in Chapter 1. Furnished with the sup-norm 
topology, E = C(I, R?) is a Banach space. Consider now the subspace 
H, = {x € E : & € Lo(I, R?) = H} of E. We furnish this with the follow- 


ing scalar product 


(z,y) = | (a(t), H(t) ped. (8.1) 


I 


Completed with respect to this scalar product, Hı is a Hilbert space with 
the associated norm given by || x | = /(#,2)1 = || x ||, . Note that for 
x € H, if || x ||1= 0, then z(t) = 0 for all t € I. From Sobolev embedding 
theorem, it follows that the inclusion Hı — E is continuous and dense. In 
the context of stochastic process, this space is known as Cameroon-Martin 
space. The triple (uw, Hı, E) is known as the abstract Wiener space. This 
space was originally introduced by Gross [Gross (1965/66)]. Note also that 
the Wiener measure of H4 is zero. This follows from the fact that Brownian 
motion is nowhere differentiable. And also recall that w is only Hélder 
continuous exponent a for 0 < a < (1/2). 

Some elementary functionals of the Wiener process are as described 
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below. Let Sı denote the class of functionals of the form 


Sı = {F : F(w) = f((11, w(t1)), (x2, w(t2)), + , (En, w(tn))} 


where w is the d dimensional Wiener process defined on the probability 
space (Q, B, P), x; € R? for all 1 < i < n and f : R” — R is a contin- 
uous map having at most polynomial growth. Let S2 denote the class of 


functionals of the form 
So = {F : F(w) = f(hi(w), ha(w), --- ,hn(w))} (8.2) 


with f having no more than polynomial growth, where, by h;(w), we mean 


a linear functional of w given by the Wiener integral, 
d 
hi(w) = f < hilt), dw(t) >ga = 5 | Owl, h; € Lat, R?) = H, 
I 41 
j=l 


with h;i = {h}, h2,--- hd} for 1 < i < n. The elements of Sı and S2 
are known as cylindrical functions defined on the Wiener measure space 
with S& C S2 and that they form an algebra under addition and scalar 


multiplication. 


8.3 Malliavin Derivative and Integration by Parts 


Malliavin derivative is a special case of Gâteaux derivative which is a di- 
rectional derivative. Let F : E — R; then its Gateax derivative at x € FE, 
in the direction h € E, is defined if there exists an 7 € E* such that 


ipf AF) = (n,h)e+.p 


giving DF (x) = 7. Note that the dual E* is the space of vector valued Borel 
measures M (I, R4). Often, the derivative may exist only in the direction 
of a proper subspace of the space E. For functions on the abstract Wiener 
space, the correct direction is provided by the Cameroon-Martin space Hy 
and in this case 7 = DF(x) € Hy. Thus the proper duality pairing is 
Hy — Hı product (pairing). 

Let us now consider the Brownian functionals from Sz. Since h;(w) is 


a Gaussian random variable with mean zero and variance || h; ||?7, and f is 
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a polynomial, every F € Sə is in L2(Q), that is, Sg C L2(Q). In fact, it is 
easy to verify that S2 C L,(() for all p > 1 as long as f has polynomial 
growth. Even exponential growth is admissible. Without loss of generality, 
assume that {hi} € H = Lo(I, R?) are orthonormal. In that case, it is easy 


to compute and verify that 
a OC (8.3) 
for every finite p > 1, where u” denotes the standard Gaussian measure on 
R” given by 
yi” (dar) = (1/27)"/? exp{—(1/2)|al3n} dex (8.4) 


with dx denoting the Lebesgue measure. Let us compute the Malliavin 


derivative of the functional F given by 
F(w) = f(hi(w),: +- ,hn(w)) 
in the Cameroon-Martin direction h € H4. This is given by 
< DF(w),h >= X. A; f(ha(w), +++ hn (w)) (his h) (8.5) 


where 0;f denotes the derivative of f with respect to its i-th argument. 
Hence, 


DF(w) = X` if (ha(w), an (w)) hi. (8.6) 

Again, since ð; f is a polynomial, DF € L2(Q, H), in fact, it is in L (Q, H) 
for every p> 1. 

For illustration, why the Malliavin derivative has to be computed in the 

direction of Cameroon-Martin subspace, consider the elementary function 


F(w) = g(w) = i < g(t), dw(t) >,g € H. 


Let € € My, then 
poo w) 


E 


= f < o4), a8(t) > = f <9(0).& > dt, 
I I 


Since ¿£ € H, EE H = L2(I, R?) and so the scalar product and hence the 
derivative is well defined. Trying with € € E, the reader can easily see that, 


lim 
e—0 


in general, E g H and hence the above scalar product is not defined. The 


same statement applies for any € outside of Hı. 
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To proceed further we need some elementary identities involving Malli- 
avin derivative. The following two lemmas provide integration by parts 


formulae. 
Lemma 8.3.1 For every F € S2 andhe H, 

E(< DF,h >g) = E(Fh(w)). (8.7) 
Proof Let F be given by F(w) = f(hı(w),--- ,hn(w)) for any given n € N 


where, without loss of generality, we may assume that {h;} is any orthonor- 
mal basis of H. Then, clearly 


DF(w) = X (2: f)hi € L2(Q, H), 
and for any h € H, 
E{< DF, h >g} = E{X_ (8: f)(hi, h) a}. 


Since {x; = h;(w)}?_, are independent random variables with zero mean 


and unit variance, we have 


E{< DF,h >g} = a NOOSE) (hi, h)a u” (der) 


7 7 FENY (u, h) vi} u” (dz) 
= E{Fh(w)}. (8.8) 


This proves the identity for any finite n € N. Since Sz is dense in Lo() 
the identity holds for all F € L2(Q) for which DF € L2(Q, H). e 


An alternative proof is given by the well known Girsanov formula ac- 
cording to which the shifted measure ju;,(-) = (- + h) is absolutely contin- 
uous with respect to the original measure u without a shift. In this case, 
the Radon-Nikodym derivative of un with respect u is given by 


p(h) = expt | <h,dw > —(1/2) | nae} 


and dup, = pdu. Recall that unlike Lebesgue measure, Gaussian measure is 


not translation invariant. Clearly, 


J Feodulw) = f Pw + nduro), 
Q Q 
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where the positive translation of the argument of the function is compen- 
sated by the negative shift of the measure. Now replacing h by eh, and 
taking the derivative of the resulting expression with respect to € and let- 
ting € + 0, while noting that the left hand member of the above identity 


is independent of €, we obtain 
0= [is DF(w),h >g —F(w)h(w)} du. 
Q 
This leads to the same result. We need another elementary identity. 


Lemma 8.3.2 For every F,G € S2 C L2(Q) and h € H, the following 
identity holds 


E{F < DG,h >u} = E{GFh(w)} — E{G < DF,h >p}. (8.9) 


Proof Clearly 
D(GF) = GDF + FDG. 
Thus 
E{< D(GF),h >} = E{G < DF,h >g} + E{F < DG,h >}. 

Hence, it follows from Lemma 8.3.1 that 

E{GFh(w)} = E{G < DF,h >y} + E{F < DG,h >} 
and we have 

E{F < DG,h >} = E{GFh(w)} — E{G < DF,h >p}. 
This completes the proof. e 
For symmetric appearance, it is preferable to write the above expression as 

E{GFh(w)} = E{F < DG,h >g} + E{G < DF,h >p}. 

Remark 8.3.3 It is well known that Lebesgue measure is translation in- 


variant and as a consequence the integration by parts formula is simple and 


it is given by 


| (Df. ygae =- | (Dg, y) fda 
Rr Rr 
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for any y € R” and for all f,g € Ct (C! functions vanishing at infinity). 
In contrast, if R” is given the standard Gaussian measure u” as introduced 


earlier, the formula is very different and it is given by 
f Divgwld)= f (w2)fo wr(ax)— f (Daf wae) 
n R” R” 


Compared with the Lebesgue measure, the Gaussian measure produces an 
extra term (first term on the right) and this is due to lack of translation 
invariance of the Gaussian measure. 

Also note the similarity of this expression and (8.9) which is proved for 
Wiener measure space (Q, u”). Evidently, the integration by parts formula 
given by the expression (8.9) is the infinite dimensional version of the finite 


dimensional case given above. 


For convenience of the reader, we recall some basic definitions. Let X, Y 
be a pair of Banach spaces and A: D(A) C X —> Y a linear operator with 
domain D(A) C X and range R(A) C Y. The set 


r(A) = {(a,y) E€ X x Y: a2 € D(A), y = Az} 
is the graph of the operator A. 


Definition 8.3.4 The operator A is said to be closed if its graph is closed, 
that is, if (£n, Yn) E T(A) and £n > x in X and yn > y in Y imply that 
(x,y) € T(A). The operator A is closeable if (0,y) € T(A) implies that 
y = 0. 


As seen above, the Malliavin derivative D is well defined on S2 in the 
direction Hı. For construction of Sobolev spaces on the Wiener measure 
space 2, we need to verify that D has a closed extension with dense domain. 
In the case of finite dimensional spaces (Q = R”), the differential operator D 
is a closed densely defined linear operator on the Banach space L,(R”) and 
hence the Sobolev spaces {W"?(R”), 1 < p < oo} are well defined Banach 
spaces having continuous duals W™™:4 (1/p + 1/q = 1). These spaces are 
absolutely essential and are widely used in the study of partial differential 


equations. The following result plays a crucial role in this direction. 


Lemma 8.3.5 The operator D defined on S2 C L2(Q) is closeable from 
L2(Q) to L2(Q, H). 
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Proof Let {Gn} € D(D) and Ga — 0 in L2(Q) and DG, > 7 in 
L2(Q, H). We show that 7 = 0. Let F € S2 C L2(Q) and h € H. Then it 
follows from Lemma 8.3.2 that 


IE{ F < DG,,h >g} = E{G, Fh(w)} — E{G, < DF,h >}. (8.10) 
Letting n — oo, we arrive at the identity 
E{F <nņ,h >g} =0. 


This is valid for every F € Sp and every h € H. Since Sz is dense in L2(Q) 
it is clear that < ņ,h >= 0, u” almost everywhere. Again, this is true 
for every h € H and hence ņn = 0, u” almost surely. Consequently, the 
Malliavin differential operator D is closeable. This completes the proof. e 


In view of the above Lemma, the operator D, representing the Malliavin 
differential operator (in the Cameroon Martin direction), admits a unique 
closed extension with domain which is dense in Lə(Q) and it is precisely 
the Sobolev space W1:?(Q) with the norm topology 


IF lws2= (IF Ilža +11 DF Wien)”: (8.11) 


This is in fact the extension of the weighted Sobolev space for functionals 
belonging to S2. Without loss of generality, we may assume that {h;} are 
orthonormal in H. Then using the standard Gaussian measure u” on R” 
as mentioned above (see (8.3)) one can construct the family of weighted 
Sobolev spaces {W1?(R", u”)}n with the norm topology 


1/2 


lfm (f ORU) f Wenda) (812) 


Note that for every F € S2 with the representing function f, the two norms 


coincide giving 


Il F |lw22=|| f llw22ce pr) 


for every finite integer n. Since the Malliavin differential operator admits 
extension to a closed operator with dense domain in L,(Q), for all p > 1, 
one can define the entire family of Sobolev spaces on NQ = (Q, u”) as one 
does on R”. Thus W1?(Q) is well defined along with its dual W~14(Q). 
We discuss this later in the sequel. 
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8.4 Operator 6 the Adjoint of the Operator D 


The adjoint of the Malliavin differential operator D, denoted by ô, is very 
useful for analysis of Wiener functionals. In this section we present some 
basic properties of this operator. First note that D : D(D) C L2(Q) —> 
L2(Q, H) and hence formally ô : D(é) C Lə(Q, H) — L2(Q) and so by 
definition, for F € D(D) and u € D(ô), 


IE{ (DF, u)q} = E{Fô(u)}. (8.13) 


We present some basic identities involving the adjoint operator ô. 
Lemma 8.4.1 (Identity A) For Fj € S2 and h; € H, define u = 
jet Fyh;. Then 

5(u) = X` Fyhj(w) — XC < DF}, hj >n . (8.14) 
Proof Starting with the following expression and using Lemma 8.3.2 we 
obtain 

XO < D(FjG),h; >u= XG < DF;j, hj >g +X F; < DG, hj >H 

=X_G< DFj,hy > + < DG, Fjh; > 
=X G< DFj,hj >+< DG,u>. 


By Lemma 8.3.1, 


Using this on the left hand side of the preceding identity we arrive at the 


following expression 
E{) > FjGh;(w)} = E{X_G < DFj, hj; >} + E{< DG, u >} 
=E{X_G < DFj,hj >} + E{Gô(u)}. 
Hence we have 
E{GY_ Fyh;(w)} =E{G > < DF}, hj >} + E{Gô(u)}. 


Since this holds for every G € Sg it follows from this that 


d(u) = X Fyhj(w) -5 < DF;,h; us 
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This completes the proof. e 


Remark 8.4.2 (Wiener Be It follows from the above result that if 
u =h € H = L(I, R’), (u) =h(w) = f, < A(t), dw(t) >ra . This is just 


the Wiener integral. 


Let Da(F) =< DF,h >p denote the directional derivative of F in the 
direction h € Hı C H. 


Lemma 8.4.3 (Identity B) For u = X Fjhj, 


Dp(d(u)) = 8(Dru)+ < h,u >g. (8.15) 


Proof Using the expression (8.14) and basic chain rule, we obtain 
Da (ôlu)) = Da (X F;h;(w)) — Da(X L < DFj, hj >u) 
=) {< > hj(w) + Fj < D(h;(w)),h >} — XC Dn < DFj, hj > 


= 5° Da(F;)hj(w) + XCF; < hj,h > -X` < D(D,F;), hy > 
=X DilF; hj(w)+ < u,h >g — X< D(DaF j) hj > 
=X D,(F;j)h;(w)- X` < D(D,F;), h; >+<u,h>. 


Define v = Eke = Dpu and note that the first two terms give 
(v) = ô(Dru) and hence follows (8.15). e 


Lemma 8.4.4 (Identity C) For F € D(D) and u € D(8) 
ô(Fu) = Fé(u)— < DF,u >p. (8.16) 
Proof Taking any G € S2 N Lə and using the duality and Lemma 8.3.2, we 
compute 
E{G6(Fu)} = E{F < DG, u >} 
= E{< D(FG),u > -G < DF,u >} 
= E{FGô(u)— G < DF,u >} 
= E{G|Fô(u)— < DF, u >y]}. 
Since this holds for all G in a dense subset of Lə(Q), we have 
6(Fu) = Fô(u)— < DF,u >g. 
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This completes the proof. e 


It is clear from the above result that if the assumptions of the identity C 
hold and 


[Fo(u)— < DF,u >p] € L2(Q) 
then Fu € D(6). 


Lemma 8.4.5 (Identity D) Let {e;} be a complete orthonormal system 
for H and suppose u,v € Sy, the space of H-valued cylindrical functions. 
Then the following identity holds 


E{5(u)6(v)} = efo, dn + YO (Da 0e) (Del), an} 


= efeu, v)g + > (D; (u), De, u} (8.17) 


J 


Proof Using completeness of the family {e;} in H, and the fact that ô is 
the dual of the operator D, we obtain 


E3} = B< u, DOU) >n} = BÈ Dle euD) e)n } 
= eZ e;)De, (600) }.8.18) 


Then using the Identity B given by (8.15), we obtain 


BEOS) = Bf F(a, eD) + (e) } 
= Ef (uv) +DlwenstD.(o)} 
= B{ (ue) +X < D(u,ei), De; (v) >n} 


= B{ (ue) + 5 < De, (u), De; (v) >n} (8.19) 

This is identity D as given by (8.17). e 
Identity (D) has important implication. This is given in the following 
corollary. Let £2(H) denote the Hilbert space of Hilbert-Schmidt operators 


on H furnished with the scalar product < T,S >= Tr(S*T) and norm 
Il S$ lleoxun= VTr(S*S). 
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Corollary 8.4.6 If u € Lo(Q, H) with Du € Lo(Q, La(H)) then u € D(8) 
and 6(u) € Le(Q). 


Proof This follows from the identity (D) given by (8.17). Indeed, for u = v 
it follows from this that 


IE{(5(u))?} = E{luli +) De ulir} 


= efu, +X (Dule:), Dulei))n} 


= Ef jhe || Du Baca } (8.20) 

This proves the assertion of the corollary. e 
In view of the above corollary, we may introduce the Sobolev space 
W£?(Q, H) as the space of H valued Wiener measurable functions {u} 


on the Wiener measure space 2 such that u € Lə(Q,H) and Du € 
L2(Q, £2(H)). This is furnished with the norm topology given by 


1/2 
ae (efu + | Du I2.an } ) f 


Clearly, with respect to this norm topology, W+? (Q, H) is a Banach space. 
And the adjoint operator 6 is a continuous linear operator from W+? (Q, H) 
to L2(Q) and we may write 


ô € L(W'?(Q, H), Lo(Q)). 
It is also an isometry. 
If F and u, appearing in the following identity 
(Fu) = Fô(u)— < DF, u >a, 


are independent the last term vanishes. This is proved in the following 
Corollary. 


Corollary 8.4.7 If the random elements F € D(D) C L2(Q) and u € 
L2(Q, H) are independent, the last term vanishes leaving 6(Fu) = Fô(u). 


Proof Let J be a nonempty subset of I = [0, T] and J’ = I \ J. Let Fy 


denote the sigma algebra generated by the increments of Brownian motion 
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w on the interval J’ and suppose F is Fy; measurable and u = y;(t)hA(t). 
Then 


(Fu) = | < FMO, dolt) >a — | < (DENH, A(t) >ne dt. (8.21) 


Since F is Fy measurable, (DF)(t) restricted to J is zero. Hence the last 
term vanishes leaving 6(Fu) = f, < Fh(t),dw(t) >. Thus 6(Fu) = Fd(u) 
whenever F is independent of u. è 


This is also the fundamental basis of It6 integral as stated in the follow- 
ing result. Let L$(Q, H) denote the space of F;-adapted random processes 
with values in H = Lo(I,R¢). This is a closed subspace of the Hilbert 
space Lə(Q, H) and so a Hilbert space with the standard norm topology. 


Corollary 8.4.8 (It6 Integral) Let u € L$(Q, H) so that u € D(d). Then 
(u) = Ito — i; < u(t), dw(t) > 
I 


Proof Since u is F; adapted, there exists a sequence of simple functions 
un such that un — u in L3(Q, H) and un is given by 


t) — 5 F.C yn (t) 
k=0 


where Jg = (t%,t2,,] for 0 < k < n with tọ = 0 and t} = T; Co is the 
characteristic function of the measurable set o and Fy is Fin measurable 
and belongs to L2(Q, R°). Then letting {v;} denote the unit vector basis of 
R?, it follows from the Identity C given by (8.16) that 


=X 5(FeCup) =X 0 X Fk, vi )uiC yn ) 
=X < Fr, (w(thy1) — w(t) >ra D yD < D(Fr,v;), Vi > pa dt. 


Since Fy, is F yn-measurable, by virtue of Corollary 8.4.7 the last term van- 
ishes and we are left with 


— < Fr, (w(tk+1) — w(te)) > 


Letting n — oo we obtain 


su) = Tto- | < u(t), dwt) > 
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This completes the proof. e 


In view of the Remark 8.4.2 and Corollary 8.4.8, we have the following 


important conclusions: 


Important Conclusions: (i): The adjoint operator (divergence operator) 
ô gives the Wiener integral if u is deterministic, (ii): It gives the Itô integral 
ifu € Lo(Q, H) and adapted, and (iii): It represents a generalization of the 
above integrals if u is merely an element of Lo(Q,H) and this is known as 


Skorohod integral. This includes anticipating functions. 


From classical analysis we know that the indefinite integral of a function 
in L,(Z) is absolutely continuous and every absolutely continuous function 
is an indefinite integral of some function from L(I). The following result 
is the stochastic analog of this classical result. See the concluding remark 


of this section. 


Clark-Ocone Formula Any F € L2(Q) having the Malliavin derivative 
DF € L2(Q, H), has the representation 
F = IEF) +f < y(t), dw(t) > (8.22) 
I 
where p € L$(Q,H) is uniquely determined by F and it is given by the 


conditional expectation 
plt) = E (DF) H| Fe}. 
Proof For any u € L£3(Q, H) it follows from the duality relation (8.13) that 
E{6(u)F} = E{< u, DF >p} = ef < u(t), (DF) (t) >pa dt 
-E f E{< u(t), (DF)(t) > |r, }at 
= ef < u(t), E{DF(t)|F,} > dt. (8.23) 


The last line follows from the fact that u(t) is F; measurable. Alternatively, 
since u is adapted, (u) is the Ité integral given by 


ô(u) = < u(t), dw(t) >. 


I 
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Multiplying (8.22) by (u) and taking the expectation of the product we 


have 


E{d(u)F} = E | < u(t), v(t) > at. (8.24) 
I 
Evidently, it follows from (8.23) and (8.24) that 
0=B | < u) olt) -E{(DF\(O)|x,} > at 


Since this equality holds for all u € D(d) N L$(Q, H) and 6 is densely 
defined, we conclude that y(t) = IE{(DF)(t)|z,} for almost all t € I. In 
other words, y is the optional projection of the Malliavin derivative of F. 


This completes the proof.e 


Remark It is interesting to note that the representation (8.22) is the 
stochastic analog of the classical representation of absolutely continuous 


functions by the Lebesgue integral of its derivative 


8.5 Ornstein-Uhlenbeck Operator L 


The Ornstein-Uhlenbeck operator, denoted by L, is defined as the composi- 
tion of the Malliavin differential operator D and the negative of its adjoint 


6 giving 
L = —ôD. 


We study some basic properties of this operator. Recall that ô : D(d) C 
L (Q, H) — L(9) and D : D(D) C La(Q) —> Le(Q, H). 


Lemma 8.5.1For G, F € D(L) the following relation holds: 


L(GF) = GL(F) + FL(G) +2 < DG, DF >y . (8.25) 


Proof It follows from Lemma 8.4.4, in particular the identity (8.16), that 


5(G(DF)) = Gô(DF)- < DG, DF >q . 
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Thus 
L(GF) = —6(D(GF)) = —ô Gas + c(pF)) 

= —0(F DG) — 6(GDF) 
= {-Fa(DG)+ < DF, DG >} + {-ca(DF)+ < DG, DF >n} 
= FL(G) + GL(F) +2 < DF, DG >p. 

This proves the identity (8.25). e 

Let us apply this relation to cylindrical functions S2 of the form 
F = f(hi(w), ha(w), ++- , ha (w)) 
where for each i, h; € H and f € C!(R”). We know that the Malliavin 


derivative of this function is given by 


DF =X (ði f)hi. 


Therefore, 


L(F) = —6(DF) = (Ze Ph ) 
=- X (8f )h(w) +) < DOF), hi >r 
=- X (ai f)hilw) +Y < (Oj0;f) < hj, hi >a 
If the family {h;} is orthonormal in H, this reduces to the form 
L(F) = Of -X ai0if 
=Anf—«-Vf, 


where A,, is the n-dimensional Laplacian and V is the gradient operator 


in R”. Thus the Ornstein-Uhlenbeck operator on n-dimensional cylindrical 
subspaces of the infinite dimensional space L2(Q, u”) is given by 


Ln = An- y. (8.26) 


In the n-dimensional space, Ln is the infinitesimal generator of a Markov 
process known as the Ornstein-Uhlenbeck process X;,t > 0. This process 
is governed by the SDE 


dX, = —X,dt + V2 dw(t), Xo = x,t > 0, (8.27) 
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where w is the standard Brownian motion in R”. Clearly its solution is 
given by 
t 
X, =e r+ vaf e7 dw(s),t > 0. 
0 
The corresponding semigroup, known as the Ornstein-Uhlenbeck semi- 
group, is given by the conditional expectation 
(T(t)p)(x) = Et y(X1)|Xo = z}. 
By using Ito differential, the reader can easily verify that 
d/dt(T(t)p) = InT(t)p = T(t) Lny,t 2 0, 
for every y € D(L,). 


These results also extend to infinite dimensional Ornstein-Uhlenbeck 
process. Here, we follow Shigekawa [Shigekawa (1998/2004)]. Consider the 
abstract Wiener measure space (Q, H1, u) where u is the Wiener measure. 
For z € Q and A € Ba, Ca the characteristic function of the set A, the 
Ornstein-Uhlenbeck transition probability is given by 


Pi(v,A) = | Calea + VI e)ul). 
The associated semigroup ai the corresponding adjoint semigroup are 
given by 
(Tiy)(a ae Pi (ax, dy)p (8.28) 


and pe, sane (8.29) 
respectively. It is easy to verify that u is an invariant measure, that is, 
Uu = p for all t > 0. Indeed, let u be a measure with mean zero and 
covariance K and let us denote by fq the same measure with mean zero 
and covariance ak for any a > 0. Using this notation, it follows from 


straightforward computation that 


Us A) = [ [ Cae te + VI- My) u(dy) (de) 
= | f Calete + IE 
II 


£ 


2 [ fi Cal + z)ui er (d2) fen (dE) 


; CA(1) H1—e2* * He-2e (dn) = p(A) (8.30) 
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where u xv denotes the convolution of the measure u and v. Thus, the 
original Wiener measure u on the Wiener measure space is the invariant 
measure of the Ornstein-Uhlenbeck process. This property is very useful in 
the study of the Ornstein-Uhlenbeck semigroup on the space L,({), for all 


p > 1, as seen below. 


Theorem 8.5.2 The Ornstein-Uhlenbeck semigroup T;,t > 0, is a strongly 
continuous contraction semigroup on L,(Q) = L,(Q, u) for all p > 1, and 


its infinitesimal generator is L = —(dD). 
Proof First we verify that it is a contraction. Clearly, for any y € L1(Q), 
RAWIS f WIPE dy) 
Q 


Hence it follows from the invariance property of the measure p that 


fv \(T.9)(a)|w(de) < a [iw oly) Pe(e, dy) (de) 
< 1 lou)u(dy) =II ¢ lz 


This proves contraction on L;(Q). Now let p > 1 and Y € L,(Q). Then, we 


have 


p 
ENWP < ( f Pea) 

Now using Hölder inequality corresponding to the conjugate pair 

{p,q}; (1/p) + (1/4) = 1, we have 


[eRe do) < (floor Pie aD) 


p a.s. Hence, 


(Tip) (a) < low)? P:(2, dy) 


H - a.s, and it follows from this that 


[Teuas | f oP, dulda). 


Again, by invariance of the measure p, it follows from this that 


T I(T:p)(2)P a(d) < f lov)” (dy). 
Q Q 
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Hence we have 


Il Te llo < e lo 


proving that 7T;,t > 0, is a contraction semigroup on the Banach space 
L,(Q) = Lp(Q, u) for all p € [1, 00). Now we verify strong continuity. Since 
the space of cylindrical functions S2 is dense in L,((), for every yp € L,(Q), 
there exists a sequence Yn € S2 such that yp —> y in Lp(Q). Hence, it 


follows from the following inequality 


ll He—-¢ |r, Sl Tee—Tegn leo + || Tenn llea + |] eae leo 


and the contraction property that 


Il Te — Y lleol & — Yn le + || Teen — Yn IIb, (a) - 


Since Yn € S2 , it is clear that for any given n € N, 


Il Tegn — Pn lle 9 


as t | 0. Then by standard {e,6} argument, we have 
li Tig — = 
im Il Te — ¥ In, 1ay= 9 


proving strong continuity. That the operator L is the corresponding in- 
finitesimal generator follows from the discussion following (8.26). This 


completes the proof. e 


Corollary 8.5.3 The infinitesimal generator L of the O.U semigroup 
T,,t > 0, is a densely defined closed linear operator (domain and range) 
in Lp (Q) with the resolvent R(X, L) satisfying 


| RA, D) EI A-A lee < C/A) (8.31) 


for A € p(L) where the resolvent set p(L) D (0,00). Further it is also 


dissipative. 


Proof The first statement follows from Hille-Yosida theorem [[Ahmed 
(1991)], Theorem 2.2.8, p27]. The dissipative property follows from Lumar- 
Phillips theorem [[Ahmed (1991)], Theorem 2.2.14, p33]. 
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8.6 Sobolev Spaces on Wiener Measure Space Q = (Q, p) 


It is well known that by use of the Laplacian in R”, one can easily construct 
the classical Sobolev spaces based on L2(R”) as well as L,(R”). Let f € 
L2(R") with 0;f € Lo(R"),1 < i < n. Then by integration by parts we 
have 
< 1-A) f >= flict Il VE liaere ell f livers), 
where 
Wi? = {f € La(R”) : Vf € La(R”, R”)} 


is the classical Sobolev space which is furnished with the norm topology 


1/2 
Il f lw:2= (Ifat Il vf [acan ) . 


Note that the operator (1— A) is a positive selfadjoint unbounded operator 
in D2(R”) having bounded inverse. Therefore, by use of spectral theory 
one can define the square root (1 — A)!/? and introduce the scalar product 
in W! through the expression 


< fig >wi2=< (1- A)? A- A) 9 Sacre) 


for f,g € Wt? and this also provides the norm as obtained by integration 
by parts. The topological dual of W!? is W~!? which is characterized as 
follows: 


wt? = {9 : R” — R: sup{| < g, f > |:|| f llwie< 1} < co is. 
In other words, it is the class of generalized functions {g} from R” to R 
such that (1 — A)~1/2g € Lo and 
| < g, f >w-1a,wre |= |< (1 = A) "Pg, (1 — A)? f > a(R) | < 00 
(8.33) 
for every f € W?. This relation also verifies that for g € W~1?, we have 
(1 — A) tg € La(R”). 
Similarly, one can construct Sobolev spaces based on L,(R”) spaces. It 
is well known that for any integer m € N one can construct the spaces 


W™P={feL,: D°f € Ly, lal < m} (8.34) 
p p 
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where a is a multi index given by a = (a1, Q2,:-: ,Qn),a, EN & lal = 


>> a;i. With respect to the norm topology, 


I flere ( © (NDS l)”, 


laļ<m 
these are Banach spaces and their duals are given by W7'™? where {p,q} 
are the conjugate pairs, (1/p + 1/q = 1) and 1 < p,q < œ. 


Similarly, in perfect analogy with the finite dimensional case as discussed 
above, using the Ornstein-Uhlenbeck operator L one can construct Sobolev 
spaces on the Wiener measure space (Q, p). According to Corollary 8.5.3, 
we have seen that L is dissipative and so —L is accretive with 1 € p(L) 
and therefore (1 — L) is a positive unbounded operator on L2(Q) having 
bounded inverse. Indeed, it follows from the inequality (8.31) that 


MaD eesi (8.35) 


One can construct Sobolev spaces using either the Malliavin differential 
operator D or the Ornstein-Uhlenbeck operator L. The later is more con- 
venient since it’s domain and range are in the same space Lp(Q) while the 
domain of D is in L,(Q) and range in L,(Q, H). In any case they are equiv- 
alent. Once we have the operator L, the construction is similar to that of 
classical Sobolev spaces on R”. For m € N, and {p,q > 1} conjugate pair 
(1/p + 1/q¢ = 1), we define W™?(Q) as 


w™?(Q) = fo € Lp(9) : (1 — L)" € O 
This is furnished with the norm topology 


Iy llwor=|| (1-2) l0 - 


Completion of this space with respect to this norm topology turns W™? (Q) 
into a Banach space. To avoid introducing new notations, we continue to use 
the same notation for the completion. Just like in the classical case, its dual 
is given by W~'™4(Q). Indeed, for any y € W7"4(Q) and y E€ W™?(Q) 


one can introduce the pairing 


< Y, p > W-™:4(Q),W™P(Q) =< Y, (1 = LPA = Ly" > 
=< (1-L)-™*y, (1 — L)™? >1,,1, - (8-36) 
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Using this duality pairing, one can define a norm on W—™4(Q) as follows 


Il Y |lw-m.0= sup{< Y, p >w-m.0(a),wm.e(ay'll e lwes 1}. 


Again, with respect to this norm topology, it is a Banach space of (a class 
of) generalized functionals of Brownian motion. These spaces are defined 
not only for integers, but also for real numbers giving the family of Banach 
spaces {W*?, s € R} with duals given by {W7 ®4, s € R}. 

The reader can easily check the action of the Malliavin derivative and 
the divergence operators on these Sobolev spaces. For example, for all 
p € (1,00), we have 


D:W*?(Q) — Ws-}?(Q,H) and (8.37) 
6:W*?(Q, H) — WP (Q) and (8.38) 
L: W*?(Q) — W5? (Q). (8.39) 


Further, W*?(Q) is invariant under the Ornstein-Uhlenbeck semigroup, 
T; : W*?(Q) — W*?(Q). Indeed, using the contraction property, it is 
easy to see that for every y E€ W*?(Q) 
| Tey lwl (1 - L)°? Ty Iz, =I HO — L)*¢ Ia 
<|| a- L)? lza =l] e lwr) - 


Thus W*?(Q) is invariant under the Ornstein-Uhlenbeck semigroup. Let 
us verify (8.39); the others are similar. For any y € W*?(Q) we have 


I| Le |lws-2»=|| LA = DA = L)? I, 
=|| -(1- a a 
Clearly, it follows from (8.35) and the above identity that 
I Le lws-22< 2 || (L—L)°9 llz= 2 ¢ lws - (8.40) 
Thus we have (8.39). 


For more details on Sobolev spaces see the excellent exposition given 
by Shigekawa [Shigekawa (1998/2004)]. In the following Chapter, we will 
have more discussions on the Malliavin operators {D, 6, L} as we deal with 


evolution equations on Fock spaces. 
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8.7 Smoothness of Probability Measures 


In this section we discuss briefly the question of existence and smoothness 
of Radon-Nikodym derivatives of measures induced by functionals of Brow- 
nian motions. One of the major applications of Malliavin Calculus is in 
the study of existence and smoothness of densities of probability measures 
induced by the solutions of stochastic (Itô) differential equations in R”. 
This is where the Malliavin derivative D plays the crucial role. 

The general problem can be stated as follows. Let E be a Banach space 
and Bg the sigma algebra of Borel subsets of the set E and u a Borel 
measure giving the measure space (E, Bp, u). Similarly let (È, Bp, A) be 
another measure space and T : E — Ê a measurable map. Then define 


the measure 


vE) = T(u)(-) = uT). 


This is another measure on Ê (strictly on Bg) induced by the map T. The 
basic questions are: Is v absolutely continuous with respect to the measure 
A ? Equivalently, does v have Radon-Nikodym derivative with respect to 
the existing measure À on Ê giving dv = gdA where g € Li(E,\). If so, 
g is called the Radon-Nikodym derivative (RND) of the measure v with 
respect to the measure A. The second question is, if such a density exists, 
how smooth is it ? 

Here, in the study of functionals of Brownian motion, our measure 
space (E, Bg, u) is the Wiener measure space (Q,Be,u") where Q = 
Co(I, R) or Co(I, R?) is the path space of Brownian motions introduced 
in Chapter 1 and Bg is the Borel algebra generated by the standard metric 
topology on Q and u” is the Wiener measure. The target space E is the 
Euclidean space R” and A is the Lebesgue measure on Brn. The map 


T = F = (F1, F?, F”) 
is the R” valued functionals of Brownian motion. We wish to study the 
question of existence and smoothness of g (Radon-Nikodym density) relat- 
ing 


dv = gdX (8.41) 
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where v(B) = (u”F~')(B), B € Bro. As stated earlier, existence of such 
densities depend largely on the existence of Malliavin derivatives of {F*} 


and in particular, the Malliavin covariance matrix given by 


QF = {< DF, DF! >y,1 <i j <n} (8.42) 


where H = Lo(I,R) or L(I, RÌ). 


The following theorem due to Bouleau and Hirsch [Bouleau (1991)] pro- 
vides sufficient conditions under which v has Radon-Nikodym derivative 
with respect to the Lebesgue measure A implying the existence of a density. 
We present this result without proof. For proof see [Bouleau (1991)]. 


Theorem 8.7.1 Suppose the following conditions hold: 


(B1): The random variable F* € W'?(Q) for alll <i<n. 


B2): The Malliavin covariance matrix QF is almost surely invertible. 
y 


Then, the measure v induced by the map F is absolutely continuous with 


respect to the Lebesgue measure A. 


This result proves the existence of a density g satisfying relation (8.41). 
But it does not say how smooth the function g : R” —> R is. For smooth- 
ness, it is intuitively clear that the Brownian functionals {F",1 < i < n} 
must be smooth also in the sense that they have Malliavin derivatives of 


higher orders. This is transparent in the following definition. 


Definition 8.7.2 The vector F is said to be non degenerate if it satisfies 
the following two conditions: 

(ND1): Each component F* € W® = Nm>1,p>1W™?P (Q, u”) 

(ND2): The random variable det(Q*) has the property: (1/det(Q®)) € 
Lp (Q, u”) for all p > 1. 


Before we proceed further let us state the following basic result which 
is well known in the literature. The basic idea of proof is contained in the 


following lemma. 


Lemma 8.7.3 Letv be a (probability) measure on R” and suppose there 
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exists a positive number c such that for every f € C;(R") 


ne Df(a)v(dz)|a» < c || f llo = ¢ sup{lf(2)|x € R°}- 


Then, v is absolutely continuous with respect to Lebesgue measure A and 


has a unique density p € L1(R”, X). 


Proof For proof see Malliavin | [Malliavin (1976)], Lemma 3.2.10, p250]. 
Friz [Friz (2002)] gives a simpler proof based on the theory of Fourier trans- 


form. 


Based on Malliavin calculus, one can prove the following smoothness 


result. 


Theorem 8.7.4 Suppose F is nondegenerate in the sense of Definition 
8.7.2. Then the density of the measure v induced by F, with respect to 
Lebesgue measure A, is smooth in the sense that (dv/d\) = g € C®(R”). 


Proof For detailed proof see Nualart [[Nualart (2009)], Theorem 5.7,p35]. 
We present only a brief outline following Nualart. Let n € C§°(R”) ar- 
bitrary. Then consider the random variable ņn(F) = ņ o F. Clearly, its 
Malliavin derivative is given by 


n 


Dn(F) = X (3n) (F)DF'. 


i=l 


Then take the scalar product of this with the M-derivative DF! giving 


< D(F), DFÍ >y = X` On(F) < DF’, DFI >= X` QF, Oin(F) 
i=1 i 
where H = L(I, R?) and Q” is the Malliavin covariance matrix of F. 
Since, by assumption, QF is almost surely invertible, it follows from this 
that 


n 


din(F) = X (QF) yi < Dn(F), DF? > 


=< D(F), X (QF) DFI >H,1 <i <n. 
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Then, taking any G € W™® and computing the scalar product with 0;n(F) 


on the Wiener space, we have 


E{3;n(F)G} = Ef< Dn(F),G((Q")"' DF); >}. 
Now using the duality relation (8.13) and the divergence operator ô for D*, 
we obtain 
IE{din(F)G} = E{n(F)3(G((Q")*DF);)}. (8.43) 
Note that this is an integration by parts formula in the Malliavin cal- 
culus. Then, under the assumptions (ND1) and (ND2), (G(Q*)~!DF)); is 
in the domain D(d) for each i and hence the expression on the right hand 
side is well defined. Define H;(F, G) = 6(G((Q”)~!DF);) and note that 
under the given assumptions, H; € W%. Hence, there exists a nonnegative 
constant c; > 0, such that E|H;| < ci < oo. By choosing Œ = 1 in the 
above expression we obtain 
EOin(F)| < c || n llo <in. (8.44) 
This means that for the first order differentials, the above inequality holds 
and hence one can conclude that the probability measure induced by F 
on R” has a density p. That is, dv = pdX. For further smoothness, this 
estimate must be carried out for derivatives of arbitrary order. For multi 
index a = (a1, Q2,°+: ,@n) with a; € N, the expression (8.43) is more 
complex (see [Nualart (2009)], Theorem 5.9, p36; [Bell (1987)], p46) and it 
is given by 
E{Oon(F)G} = E{n(F)Ha(FG)}. (8.45) 
On the basis of this estimate it follows from Lemma 8.7.3 that v has a 
density p E€ C% giving dv = pd. This completes our brief outline of the 
proof. e 


8.7.1 Smoothness under Ellipticity Condition 


Using Theorem 8.7.1, we prove the existence of a density (RND with re- 
spect to Lebesgue measure) of the measure v induced by the autonomous 
stochastic differential equation in R” given by 

dX, = 0(X;)dt + o(Xi)dW (t), Xo = x,t EI (8.46) 
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where W is ad dimensional standard Brownian motion. 


Theorem 8.7.5 Suppose the drift and the diffusion parameters b and o 
respectively are uniformly Lipschitz with Lipschitz constant K > 0, 


IDE) = b(C) len + Il o(E) = (6) llis < KIE- Clin V EC E R”. 


Let Xı = X(x) denote the solution of equation (8.46) and let QX = 
(Dx denote the corresponding Malliavin covariance matrix. Let T 


be the stopping time 
T = inf{t € (0,T] : det(Q*) > O}. 


If the set determining the stopping time T is nonempty, the measure vi 


induced by X+ fort >7 has a density pz giving dvi = p,dd. 


Proof Under the Lipschitz assumption, it follows from Theorem 1.3.2 that 
equation (8.46) has a unique continuous solution. In view of theorem 8.7.1, 
it suffices to verify the conditions (B1) and (B2) for t > T. Let us com- 
pute the Malliavin covariance matrix. Write equation (8.46) as an integral 


equation 


X,=xut+ f b(Xs)ds + re o(X,)dW(s),t € I. (8.47) 


Now, applying the Malliavin differential operator D starting at time r € 
(0, t], and recalling that D is a closed operator, we have 


Dx, = [ dex Jesa J+ f Dox JAW (8),t € I. (8.48) 


The first term on the right is obvious, the second and the third follow from 
the following argument. Let F;,t > 0, denote the sigma algebra induced 
by the Brownian motion W and suppose F(t) is an F, adapted (matrix 
valued) process. Then for oe r € [0,¢], the Malliavin derivative of the 


random element Z; = JE ) evaluated at time r € [0, t] is given by 


D, ( f ai = F(r)+ J j D,F(s)dW(s). (8.49) 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


238 Generalized Functionals of Brownian Motion and Their Applications 


The reader can easily justify this by taking £ > 0 sufficiently small and 


writing 


D (f Fowo) zD ([ Faris) + Dy (S rowo) 


+ D,( F(s)aw(s)) 


rte 


yep: cm F(s)aw(s)) 4D, (1 F(s)aW(s)) 


and using similar arguments as in Lemma 8.4.7 and letting € + 0. Under 
the differentiability assumption on {b,o}, equation (8.48) can be written 


as 


t 
D,X, = 0(X;) +f 0b(X,,) D, X.ds 


d t 
EL f ðİ(Xs)D-X.dW;(s), (8.50) 


t € (r, T], where 0b and 0o° are the n x n Jacobian matrices corresponding 
to the n-vectors b and gt where o* denotes the i-th column of ø. Thus the 
Malliavin derivative of the process X satisfies the above integral equation. 
Similarly, we can obtain the derivative of the function x —> X(x) which 
we may denote by Y(t) = X+. Clearly it follows from equation (8.47) that 
it satisfies the following linear integral equation in Y 


t d t l 
Y(t)=I+ J A(X5)¥ (s)ds +) | f do'(Xs)Y(s)dW;(s), (8.51) 


t € I. For convenience of notation, we write 0b(X,) = B(s) and 00°(X;) = 
X*(s) and D,X; = V,(t). Using these notations we can rewrite equations 
(8.50) and (8.51) as linear integral equations given by 


V,(t) = 0(X,) + | B(s)V,(s)ds 


Oe f ¥*(s)V,(s)dWi(s),t € (r, T] (8.52) 


and 
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Since the matrices B and X? are F, adapted and uniformly bounded, these 
equations have unique adapted solutions which are denoted by {V,, Y } re- 
spectively. Note that the equations (8.53) and (8.52) are the integral ver- 
sions of the following SDE’s 


d 
dY (t) = BEY (t)dt + X- SiG)Y (AW; (t), Y (0) = I, t € [0,T] (8.54) 


d 
dV, (t) = B(t)V,(t)dt + X D'(t)V,()dWi(t), V(r) = (Xr), (8-55) 


t € (r,T] respectively. The adjoint equation corresponding to equation 
(8.54) is given by 
d l do l 
dZ (t) = —Z(t)B(t)dt — X` ZEAE (t)dW;(t) + Z(t) Y EOE E) dt, 
i=1 i=1 


Z(0) = I,t € (0,7). (8.56) 


Again, under the same assumptions on {b,c}, this equation has an F;- 
adapted solution. We show that Z(t) is the inverse of the matrix Y(t). 
Since Z(0) = Y (0) = I (identity), it suffices to show that the It6 differential 
of the product Z(t)Y (t) is zero. The It6 differential is given by 


d(Z(t)Y (t)) = dZ(t)Y (t) + Z(t)dY (t)+ < dZ (t), dY (t) >,t € I (8.57) 


where the last term denotes the quadratic variation process. Using the 
equations (8.54) and (8.56) into the above identity, we obtain d(Z(t)Y (t)) = 
0. Hence, Y(t)~* exists and it is given by Z(t) for all t € I. Thus the initial 
value problem (8.55), for the Malliavin derivative V,(t),t € (r,T], has a 
unique solution determined by the transition matrix U(t,r) = Y(t)Y~1(r) 


and this is given by 
V,(t) = U(t,r)o(X,),t >r. (8.58) 


From this we conclude that the solution process {X+} has Malliavin deriva- 


tive verifying condition (B1) of Theorem 8.7.1. Now consider the matrix 


Ke VOV- ldr = YOTO) (8.59) 
0 
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where 


and note that it is a symmetric and nonnegative random n x n matrix. 
Since Y is nonsingular for all t € I, QX is almost surely positive definite if 
and only if T(t) is positive definite. Thus if the set 


{t € (0,T] : det(Q*) > 0} 


is nonempty, and t > 7, the stopping time, the matrix QX is invertible for 
all t > T proving condition (B2). Hence it follows from Theorem 8.7.1 that 
v; is absolutely continuous with respect to the Lebesgue measure for t > T 
and hence it has a density p+, for all t > 7. This completes the proof. e 


Since T(t) is a nonnegative symmetric matrix, it is clear that if r(t) is 


nonsingular for some to € [0,00), then it is nonsingular for all t > to. 


Remark 8.7.6 From the expression (8.59) it is clear that T(t) is nonsingu- 
lar whenever the classical uniform ellipticity condition holds. That is, there 


exists a constant c > 0 such that 


S uig > clEl fn for alla € R° 
i,j 


+ + . . 
where a = (oc ). However, as seen in the above theorem, this is not a 


necessary condition. 


The ellipticity question arises in the study of general parabolic partial 
differential equations, diffusion processes and in particular Markov pro- 
cesses. Diffusion processes are related to the backward and forward Kol- 
mogorov equations, where the backward equation is given by 

Op/dt + Ay = 0, Ap = 5 Qi j (8° p/3x;ðx;) + 5 biðp/əx;, 
i,j 
and the forward equation is its adjoint. For any smooth wo, the solution of 


the forward equation 


Op/Ot = A*p, Y(0, x) = Yo(z), t > 0,2 € R” 
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is given by W(t,2) = E{uvo(Xi(x))} = (T(t)vo0)(x) where X,(x) is the 
solution of equation (8.47). Here T(t),t > 0, is the Markov semigroup 
which is strongly continuous on the Banach space of bounded uniformly 
continuous functions on R” denoted by BUC(R”). Under the ellipticity 
condition these equations have unique smooth solutions, given that the 
coefficients {a,b} are sufficiently smooth. In the following subsection, we 
present relaxed (weaker) assumptions due to Hormander under which the 


smoothness holds without the uniform ellipticity condition. 


8.7.2 Smoothness under Hoérmander’s Conditions 


The pioneering work of Hérmander [Hormander (1967)| demonstrated that 
the strong ellipticity condition is not necessary. Under much weaker as- 
sumptions, smoothness hold. The technique used to prove this is based 
on the Lie algebra. Let us consider the SDE in R” written in terms of 


coordinates 


des o x)dw*,l<i<n,t>0,2'(0)=2; (8.60) 


where w is a standard d-dimensional Brownian motion. Let y be any C? 
function on R”. Then, by use of Itô’s formula, it is easy to verify that the 
process y(x(t)) satisfies the SDE 


dp = 5 ot ðipdw® + b'O;ydt + (1/2) (< ði jp dz dxi >) (8.61) 


where repeated indices are used to mean summation. The last term, which 
is denoted by <, >, stands for the quadratic variation process. Evaluating 


this we obtain 


(1/2) (< ði jp dx’ dxi l = (1/2) (< D’ pda, dx >) 


d 
= (1/2)Tr(D?yoo*)dt = (1/2) (> 


(oiolðse) dt 
a i, j=1 

d 
= TAND n dt 
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Thus equation (8.61) reduces to 


d 
= 5 ot ðipdw® + b'd;pdt + (1/2) > aioiðse) dt. (8.62) 
Using the following notations 


Aa = 5 oð; A= 5 HO; 1 Se <a, (8.63) 


i=1 i=1 
we can rewrite equation (8.62) in the standard form used in differential 
geometry giving 


d 


dy = (40+ ( (1/2) yA 2) ES ae dw”. (8.64) 


a=1 a=1 
It is clear from the expression (8.64) that the differential generator of the 


associated Markov process is given by 
d 
A= (40 + (1/2) S° a) 
a=1 


Stratonovich Model: To convert (8.60) to Stratonovich model, we must 
adjust the drift parameter from bf to bÌ given by 


b =b í= (1/2) EE a(o 


a=1 =1 
For detailed derivation of this transformation see [Ahmed (1998)]. Thus 


the Stratonovich model, equivalent to equation (8.60), is given by 


o+ Y oil ) o dw®,t > 0,2°(0) =a31<i<n. 


Using these facts, the reader can easily verify that equation (8.64) reduces 


to 
d 


dy = Aoy dt + 5 Aap odw®. 


a=1 
This shows that the Stratonovich calculus works like the classical Newtonian 


calculus unlike It6 calculus. 
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It is the Lie-algebraic properties of this family of vector fields 
{Ao, Ai,--- , Ag} that determine the existence and smoothness of the den- 
sity of the measure valued function induced by the solution of the SDE 
(8.60). We state the celebrated Hérmander’s condition. 


H6rmander’s Condition (HO) The vectors generated by the Lie brack- 
ets 


{Aisle As} Ay, Als Ad ,1<i<dand0 < j,k, £,- < a} 


x 


evaluated at x span R”. 


Theorem 8.7.7 Consider the system (8.60) and let v; denote the measure 
induced by the state vector x(t) and suppose {A;,0 < i < d} is a family of 
C@™ vector fields corresponding to the drift and diffusion parameters {b, a} 
and that they satisfy the Hérmander’s condition (HO). Then, for each t > 0, 
the measure v, has a density pp E€ C@(R") with respect to the Lebesgue 


MeEASUTE. 


Proof The proof requires several estimates. We do not present it here. 
Interested reader is referred to the detailed proof given in Nualart | [Nualart 
(2009)], Theorem 7.4, p50]. See also Friz [Friz (2002)] where he gives a 


simpler proof using Stratonovich model. e 


This result is the probabilistic counterpart of H6rmander’s hypoelliptic 
result discovered by Malliavin [Malliavin (1976)], [Malliavin (1995)] and is 
a much weaker assumption than strict ellipticity condition. This is because 
there are examples of very simple SDE’s where o is degenerate and yet, 


under Hormander’s conditions, the induced measure has density. 
; y. 


8.7.3 Some Illustrative Examples 


For illustration we present some simple examples. Some of these examples 
are taken from Friz [Friz (2002)]. 


Example 1 Consider the 2-dimensional system 


dzı = xıdt + x dw 
dz = Odt + dw, + duo. (8.65) 
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The vector fields of the differential generator are given by 
A, = 210, + 02, A2 =02, Ao = 210). 
To determine the Hormander’s conditions, we evaluate the Lie bracket 
[A1, Ap] = A, Ag — Ap Ai = £1012 + O22 — £1021 — O22 = 0. 
Similarly we have [A;, Ao] = 0, [A2, Ao] = 0. Now look at the span 
Span{ A, A2, [A1, A2], [A1, Ao], [A2, Ao] fro 

= Span{x10) + 02, 02, O}e,=0 x R?. 
So the measure induced by the system may not have density. In fact it does 
not have. Note that the vector field evaluated at zı = 0 does not span R?. 
The implication is: if the process starts on the x2-axis (x; = 0), it remains 
locked there traveling back and forth on the x2 axis with no possibility of 
escape. Thus the associated measure cannot be absolutely continuous with 
respect to the Lebesgue measure. 
Example 2 Consider the system 

dx, = dt + xrodw, (8.66) 
dx2 = Odt + dw, + dw. 
By inspection, one can identify the vector fields as 
Ao = 01, A1 = £201 + 02, A2 = 02. 
Computing the Lie bracket [A1, A2] we have [Ai, A2] = —ô and [Aj, Ao] = 
[Az, Ao] = 0 and hence the span 
Span{ Aj, A2, [A1, A2]} = Span{a20; + O2,02,—A1} = R?. 

Thus the probability measure induced by the system (8.66) has smooth 
density. 
Example 3 (degenerate case) Consider the system 

dx, = 0dt + dw, (8.67) 

dx2 = 21 dt. 


Here the drift is b = (0, x1) and the dispersion ø equals 


SH 
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Clearly, oo =o is degenerate. On the other hand Ag = z162, A, = 0; 
and A, = 0. Thus the 


Span{Aj, Ao, [A1, A2], [A1, Ao], [A2, Ao]} = Span{d,, 02} = R?. 


So Hormander’s condition holds and the corresponding measure has density. 


It is also easy to see that, for initial condition 71(0) = x1, x2(0) = 22, 


t 
x1 (t) = zı + w(t), vo(t) = £2 + a4t+ | w(s)ds. 
0 


The process is gaussian with mean Z(t) = 71, £2(t) = v2 +a1t and covari- 


Qo) = ee a 


which is nonsingular for t > 0. The measure induced by this process is 


ance 


Gaussian and the corresponding density is given by 


pr(x) = (V3/nt?) exp{—(1/2)(Q7*(t)( — 2(t)), (£ — B@))}. 
This shows the power of Hérmander’s condition, it covers degenerate diffu- 


sion predicting existence of smooth density. 
Example 4 Consider the system 

dx, = x2dt (8.68) 

dz = x1dt + zrodw2. 
Clearly this system is degenerate. The vector fields are 

Ao = £201 + 2102, Ay =0 An = T202. 
The Lie bracket [Ao, A2] = £102 — £282. So the 
Span{ Az, [Ao, A2] }2.-0 = Span{x102} # R?. 


However, we observe that the process cannot remain locked in the degen- 
erate region {x € R? : x2 = 0} because of the presence of the term z102. It 


leaves the set immediately. Similarly 
Span{ Ao, [Ao, Aa}}x.=0 = Span{x202} # R?. 
In this case the process can remain locked in the set {xı = 0} with no 


possibility of escape and hence the associated measure does not have a 


density. 
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Example 5 This is a slightly modified example of Friz. Consider the system 
dx, = zədt + dw, (8.69) 
dx2 = f(a1)dw2 

where f and all its derivatives vanish at xı = 0. The vector fields are 

{4o = £201, Ar = 01, A2 = f (x1) Oo}. 

The corresponding Lie brackets are [Ap,Ai] = 0 and [Ao, A42] = 

tof (21)02 = f(x1)01 and [A1, A2] = f (@1)02. Then the span of these 

vector fields is 
Span{ Aj, A2, [Ao, Ai], [Ao, A2], [A1, A2] fo. =0 
= Span{A,} = Span{0,} 4 R?. 

Due to the presence of A; the process cannot stay on the set {x1 = 0}; it 

will shoot out of x2-axis instantly. Hence the density exists even though 


Hormander’s condition does not hold. Thus, Hérmander’s condition is also 


a sufficient condition, better than strict ellipticity condition. 


8.7.4 Some Comments on Degeneracy Condition 


As seen in the Definition 8.7.2, for C% smoothness of the density corre- 
sponding to the measure induced by a Wiener functional F, one needs very 
strong conditions. One of them is that F € L,(Q) = L,(Q,u™) for all 
p > 1. We present here two examples to indicate the severity of restric- 
tion imposed by this demand for smoothness. Consider the n-th degree 
homogeneous chaos 
F(w) = F(w, K) = K(t1,72,°++ ,Tm)dw(m)dw(t2)---dw(tm) 
qn 

where K € L(I”). If K merely belongs to Ly, we have F € L2(Q). In order 
for F to be in L,(Q) for every p > 1, we need a very strong condition. Let 
{yi} be a complete orthonormal basis of L2(I) and define the set 


Kn = {x e Îa(I”) : K(ti t2,- tn) 


= J. aii, Palt) Pin(tn) and X` leian] < 00}, 
ir sin 


iita, stn 
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where the coefficients {a;, i2,- inik > 1,k = 1,2,---n} are symmetric in 


their arguments. Define the set 


Mn = {F : F(w) = F(w, K), K E€ Ky}. 
We show that M, C L,(Q) for all p > 1. Let K € K,, and define the random 


variable 


Z(w) = : K (t, ta, +++ ,tn)dw(t1)---dw(tn) 
= 5 Qis izp jin Pin (W) Pin (W) 
41 jlo, in Zl 


where yj, (w) = f; Yi, (t) dw(t). Let Y € Lg(Q) for q so that ((1/p)+(1/q) = 
1). Then 


E{ZY}= O agin in EL Qi, (w) Bin (w)Y (w)}- 


t1,tay* yin 21 


By Holder inequality, we obtain 


|E{ZY}| 
1/p 1/q 
< E devas tal (Benoe) (Ero) 
iniy yin D1 
Since {y;, (w), k = 1,2,--- ,n} are independent Gaussian random variables 


with zero mean and unit variance, the reader can easily compute and find 
that 


Ely, (w): Pin (w)? = Cp = C: 1)/2)) 
Hence 
1/p 
EE E naa) (GF) Y tage 
it yiay sin D1 
for every Y € Lg(Q). Since, by definition of the set Kn, the infinite series 
is bounded, it is evident that Z € L,(Q) for every p > 1. Thus 


Mn C (N Lp(Q). 


p21 


Another class of functionals that satisfy similar properties is the class of 


cylindrical functionals of Brownian motion given by continuous functions 
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having at most polynomial growth. We denote this class by P, as defined 
below 


Pr= fz : Z(w) = f(pı(w), vo(w),--+ ,pn(w)) for some f satisfying ; 


f E C(R”), and |f (x)| < C{1 + |z|}, C > 0,r € (0,00) 


Without loss of generality, we may assume that the set {y;} is orthonormal. 
By direct computation, the reader can readily verify that every Z € Py is 
in L,(Q) for all p € (0,00). Indeed, we have the following estimate 


E|Z|? = i |Z|Pdu” < rofi + (2n)"P/2 (1 //m)0((1 + o/s. 
Q 
where I'(-) is the standard gamma function. 


Remark 8.7.8 It is important to recall that for the existence of smooth 
densities, the vector fields must be sufficiently smooth. In many practical 


applications, such smoothness conditions are rarely satisfied. 


8.8 Central Limit Theorem for Wiener-It6 Functionals 


In his monograph [Nualart (2009)], Nualart has presented interesting ap- 
plications of Malliavin calculus to central limit theorem and finance. It 
is shown in [Nualart (2009)] that under certain assumptions, Wiener’s ho- 
mogeneous chaos obeys central limit theorem. This is then extended to 
functionals admitting Wiener-It6 expansion. Interested reader is referred 
to Nualart for many details. Here we present a simple but interesting result 
originally given in [Nualart (2009)] and also some extensions thereof. Also 
we prove a central limit theorem for Wiener chaos taking values in an in- 
finite dimensional Hilbert space generalizing Nualart’s result and conclude 
the section with some brief comments. 

Denote the Hilbert space L2(I) by H and the inner product by <,>,.- 
Let Hn denote the space of Wiener’s homogeneous chaos of degree n. This 
is a closed linear subspace of the space L2(Q). We present the following 
central limit theorem in Hn. The proof is due to Nualart [Nualart (2009)| 
and we present it in details in order to be able to see the distinction in the 


proof for the infinite dimensional case to follow in Theorem 8.8.4. 
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Theorem 8.8.1 Let {Zm} C Hn satisfy the following properties: 

(P1): E|Z,,|? — o? as m > oo 

(P2): |DZm|%, — no? in L1 (9). 
Then, there exists a subsequence of {Zm}, relabeled as {Zm}, and an el- 
ement Zo € Hn such that Zm —> Zo (in law) and L(Zo) = N(0,0°), 


Gaussian with zero mean and variance o?. 


Proof Let Km € Lo(I") correspond to Zm = gn(Km). Clearly it follows 
from (P1) that the sequence {Zm} is contained in a bounded subset of Hn C 
£2(Q) and therefore it is tight and by Prohorov’s theorem it contains a 
subsequence along which it converges in law to a random variable Zo € Hn. 
In other words, L(Zm) = u™ —» p°. We show that u? = L(Zo) = N(0, 07). 
Consider the characteristic functional Ym(8s) = E{e®2"} = f ets? u™ (dz). 
Clearly, it follows from weak convergence of the sequence {u} that 


bin(8) — pols) = Efe} = / ei (dr) 


for every s € R. Since the sequence {Zm} is bounded in L2(Q), one can 
easily verify that for every s € R, 


Wm(8) = E{iZme 2" } = i | eeu" (de) —> 


iJ ze"? p’ (dx) = E{iZoe*”"} = yo(s) 
as m — co. On the other hand, using the Ornstein-Uhlenbeck operator 
L = —ôD we have LZm = —nZm. Hence we have 
bn(8) = -(i/n)E{LZme" Z" } = —(i/n)E{- (5D Zm)e" 2" } 
= (i/n)E{< DZm, D(e#4") > g} = —(s/n)E{|D Zm} e}. 

Note that the last integral is a duality pairing between L (Q) and L.(Q) 
with the first member of the integrand converging strongly by assumption 
(P2) and the second member converging in the weak star sense as seen 


above. Thus using the assumption (P2) and the fact that Zm Æ; Zo and 


letting m — oo we obtain 


lim m(s) = — (s/n) (no? )yo(s). 


m—> co 


It follows from the above two limits that 


hols) = —so?yols), Yo(0) = 1. 
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Solving this equation we have w9(s) = e~(s°/2)0" This is the characteristic 
functional of a normal distribution with mean zero and variance o”. Thus 
L(Zo) = N(0,07). This completes the proof. e 


In view of Theorem 8.8.1, it is evident that, under the given assump- 
tions, each subspace Hn C L2(Q) = G satisfies the central limit theorem. It 
follows from section 2.2 that the product space [Į [„>o Hn coincides with the 
Fréchet space Ya(Ka) which is the isomorphic image of the Fréchet space 
Ka. This is an algebraic isomorphism (not topological). Thus, in view of 
the above theorem we may conclude that this space also satisfies the central 
limit theorem. Let 

Tai II Hk — Hn 


k>0 
denote the projection of the product space to its n-th coordinate space. Let 


{Fi} € [[nh>o Hn and suppose that it converges in the product topology 
to Fo and that for each n € N, nmn(Fk) ee Tn(Fo) which has the normal 
distribution N (0,02). Let R® = Į [° R denote the Cartesian product of in- 
finite copies of the real line R. This is furnished with the Tychonoff product 
topology turning it into a topological space. Suppose that it is also endowed 
with the corresponding topological Borel field Ba generated by open sets so 
that (R®, Ba) is a measurable space. We may then consider the sequence 
of random variables {F} as well as Fp as measurable functions from Q 
to (R®, Bə). Thus Fo is an infinite dimensional random variable which 
induces a Gaussian measure v? = yw” Fy! on (R®, Ba) and it is given by 
the product measure Į | N(0, 02) with covariance operator Qo = diag {02}. 
This is generally a finitely additive cylinder set measure. If o2 = 1 for all 
n € N, Fo is a cylindrical Gaussian random variable with values in R°. 
Nualart [Nualart (2009)] calls it chaotic central limit theorem. Thus in gen- 
eral, the random variable Fy given by the infinite series Fy = Xn>o tn Po) 
may not belong to any of the Hilbert spaces D2(Q) = Ga C Ha cg. 

For the scalar valued random variable Fp to be an element of L2() = 
Ga, it is necessary that the covariance operator Qo = Cov(Fo) is nuclear. 
That is, 

Trg, Qo = >. E(tn(Fo))? = X 02 < ov. 


n>0 n>0 
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In this case the law of Fo is the Gaussian measure N (0, Trg, (Qo)) with 
mean zero and variance Trg, (Qo). Thus, if Qo is nuclear, it follows from 


the well known Minlos-Sazanov theorem that the measure v® 


is countably 
additive and its support is the Hilbert space Xı = 2 C R”. 

It is possible, as seen in the example with o2 = 1 for n > 1, that the 
preceding infinite series diverges to infinity. In other words, Fy € Ga = 
L£2(Q). In that case we may use one of the larger spaces such as Ha or Ge. 
We may caution the reader not to confuse Ha with the Wiener homogeneous 
chaos which is denoted by Hn for any integer n € N. If the trace of Qo is 
measured with reference to either of the two larger spaces, we have 

TruaQo = >_(1/n!)E(tm(Fo))? = X` o2/nl, for Ha 
n>0 n>0 
and 
Trg: Qo = NCAP E (Tn(Fo)) DIA n!)?, for Gž. 

n>0 n>0 
If Trua Qo < œ, Fo € Ha and similarly, if Trg Qo < 0, Bye Gž. In the 
first case, the measure vo corresponding to Fo is supported on the Hilbert 
space Xə given by 


Co 


X,={eeR?: elka D0 Uj < oof 


n=1 


and in the second case it is supported on the Hilbert space X3 given by 


Co 


Lapeer: |x [,= Yo(1/n)lenl? < oo}. 


n=1 
Clearly these are separable Hilbert spaces embedded in the Tychonoff space 
R®. The reader can easily check that the embeddings X; —> X2 —> X3 are 
continuous and dense. Clearly, this expands the scope of application of 


central limit theorem to a larger class of Wiener-It6 functionals. 
In view of the above analysis we have the following result. 


Theorem 8.8.2 Consider a sequence of random variables {Zm, m E€ N}, 


endo In(Kn,m), Knim E Êa(I”) 


where each member is given by Zm = 
and suppose that it’s projection T(Zm) = g9n(Kn,m) satisfies the following 


properties: 
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(Q1): For each n € N, limmo IE(tn(Zm))? = o2 


(Q2): For eachn € N, limm-soo |Dan(Zm)|%, = no? in the Li(Q) sense. 


i 
A 
Then, (A): If Tr¢,,Qo = Se, a2 = o? < œ, the sequence of random vari- 
ables {Zim} € Ga and Zm Zs Zo € Ga and it has the normal distribution 
N (0, 07). 

(B): IfTru.Qo = X pn>004/n! = 7° < œ, the sequence of random vari- 
ables {Zm} € Ha and Zm £; Zo E€ Ha and it has the normal distribution 
N(0,3°). 

(C): If Trg~Qo = > ,>0 o2/(n!)? = o < œ, the sequence of random 
variables {Zm} € GX and Zm A Zo € G% and it has the normal distribu- 
tion N (0, 0°). è 


Remark 8.8.3 Since the Hilbert spaces {Gg,Gy,Gs} are functionals of 
Brownian motions or fields and have finite dimensional range, the results 
of Theorem 8.8.1 and Theorem 8.8.2 also hold for the family of spaces 
Ge => He > Gh, Gy => Hy = GE, and Gs > Hs > GF (see Chap- 
ter 3). The reader may find it interesting to verify if this is true for the 
spaces {Gy, Hy, G5} and {Gn, Hn, G3} related to functionals of fractional 
Brownian motion and the L’evy process respectively. 

Consider now the spaces {Go,Ha,9%,} as introduced in sections 2.6 
and 3.6. These are functionals of infinite dimensional Brownian motion 
and they take values in an abstract Hilbert space H. The results presented 
above do not hold for these spaces since the elements of these spaces have 
range in infinite dimensional Hilbert space H. However, with an additional 
assumption we can extend Nualart’s central limit theorem also to these 
spaces. 

Let H be a separable Hilbert space with a complete orthonormal basis 
{hi}. Recall the Wiener space L2(Q, u; H) as seen in Corollary 2.6.2 with 


the sum decomposition 


The following result generalizes the central limit Theorem 8.8.1. 


Theorem 8.8.4 For a fired n E€ N, consider the sequence of random vari- 
ables {Zm} C Gon C Leo(Q,u;H) with covariance Pn € LT (H) given 
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by E(Zm,h)ĝ} = (Pnh,h), h € H, and suppose it satisfies the following 
properties: 

(P1): There exists a P € LI (H) such that as m > oo, 

E|Zml3z = X (Pmhi, hi) — 9 (Phi, hi) = Tr(P) = 0?(< 00) 
i>1 i>1 

(P2): limo SiS E(Zm, hi)3, = limo X i>r (Pmhi, hi)g = 0 uni- 
formly with respect to m E€ N. 

(P3): For every n, Ç € H, {< (DZm, n)a, (DZ, 6) >a} + n(Pn,¢) 


Then, there exists a subsequence of {Zm}, relabeled as {Zm}, and an ele- 
ment Zo E Gaon such that Zm £ Zo (in law) and L(Zo) = N (0, P). 


Proof Essentially the proof follows from arguments similar to those of 
Theorem 8.8.1 with some exceptions. We present an outline. In the case of 
random variables with range in finite dimensional spaces, the assumption 
(P1) is sufficient to guarantee tightness and hence the weak convergence 
of the sequence of measures {Vm} = {L(Zm)} by Prohorov’s theorem. 
For the infinite dimensional state space, this is no longer true. Here we 
need both (P1) and (P2) to guarantee the tightness. This follows from 
Theorem 2 given in [Gihman and Skorohod, [Gihman (1971)], Chapter 
6, Theorem 2, p377]. Thus, under the assumptions (P1) and (P2) there 
exists a subsequence of the sequence {Zm}, relabeled as the original se- 
quence, and an element Zo € Goin such that Zm Ease Zo. Equivalently, 
L(Zm) = Vm —> v = L(Zo). Following similar arguments as in Theorem 
8.8.1, we prove that vo is a Gaussian measure on H with mean zero and 
covariance P. We use characteristic functionals and the Ornstein-Uhlenbeck 
operator L = —dD. For convenience of notation, let Dry denote the Fréchet 
derivative of any y € C(H) whenever it exists. By definition the charac- 
teristic functionals of the random variables {Zm, Zo} (or equivalently the 


measures {Vm,Vo}) are given by 


Um(€) = E{e(4m)} = f elun (dx), E € H 
H 


Uo(€) = Efe(4o8)} = [ oP nlae).¢ €H. 
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Since Zm € L2(Q, u; H) and Zm £ Zo, it is easy to verify that, for every 
n © H, 


(Drina | (xr, mevn (der) 


= if (x, ne") vode) = (DrWo(€),n)x (8-70) 
H 
as m — oo. Alternatively, using Ornstein-Uhlenbeck operator, we have 
(DrVm(€),9) = TEL (Zin, n) E} 
= (—i/nJE{(LZm, ne 7~)} 
= (-1/n)E{< (DZm,n)H,(DZm,8)H >g && 7}. (8.71) 
Note that < (DZm, n)H, (DZm, EJH > Ae Li(Q, u) and etl E Zm) E 


Læ(Q, u). Thus, using the assumption (P3) and letting m — oo in the 
expression (8.71), we obtain 


m— oo 


Equating (8.70) with (8.72) we arrive at the following identity 
(DrWo(f), n)a = -(Pn,&)Yo(8), Vn € H. (8.73) 
Since 7 € H is arbitrary, and P is symmetric, it follows from this that 
DpWo(€) =—Wo(é) PE, for €€ H. 
Combining this with the fact that U(0) = 1, we have 


Wo(€) = eT O/D PESH, 


This is the characteristic functional of a Gaussian measure on H with mean 
zero and covariance operator P and so L(Zo) = N (0, P). This completes 


the outline of our proof. e 


Using the above result the reader can easily prove the following corollary. 


S 


Corollary 8.8.5 Let {Z™} € G» and suppose Z™ —> Z° in Qe with 
P° € LI (H) being the covariance operator corresponding to Z°. Further 
suppose that for each n € N, the sequence {nn(Z™)}m>1 satisfies the 


assumptions of the central limit theorem given by Theorem 8.8.4. Then 
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L£(Z°) = N(0,P°), a Gaussian measure with mean zero and covariance 
P° € LI (H). 

Proof Hint: {nn(Z™)}n>1 are independent H valued square integrable 
random variables with covariance {P™} € L (H). For each n € N, P™ = 
P? in the Banach space £1 (H). By virtue of independence of the random 
variables {nn (Z°)},n € N, P° = X Pe. 


Remark 8.8.6 If the sum $7; P? fails to converge in £1 (H) to an element 
P° € LÌ (H) we have to consider larger spaces. Here also one may consider 
Nualart’s chaotic central limit theorem. For the infinite dimensional case, 
we need the product space T = [[~ H (product of infinite copies of the 
Hilbert space H) endowed with the Tychnoff product topology. For any 
finite integer n, define the index set 


An = {(a1, a2,°°: ,An) : ai E N, ai Fa; for i Æ j} 


and let mn = Pa,,(7) denote the projection of T to the product of any 
n copies of H determined by the index set A, C N”. Following similar 
arguments as in Theorem 8.8.2, we obtain a Gaussian measure on the Ty- 
chonoff space T given by N(0,Q) where Q = diagP?. In general, this is a 
finitely additive cylindrical Gaussian measure well defined on the algebra 
of cylinder sets in T. Since, for each n € N, P? € LI (H), the measure 
N(0,Q) is countably additive on the sigma algebra generated by cylinder 
sets with base determined by 7;, only for finite n. In other words, N (0, Q) is 
only a finitely additive Gaussian cylinder set measure on 7. For a cylinder 
set [ based on Jn, the family of measures {u4„; n E N} given by 


pa. (E) = J[ NO Pa PAC) 


is well defined. Clearly, this family does not have a countably additive 
extension to the sigma algebra generated by the cylinder sets. 


Remark 8.8.7 Parallel to the discussion preceded by Theorem 8.8.2, the 
sum )>°°_, P? may fail to converge in £1(H) to an element P? € Lf (H). 
We leave it to the interested reader to verify that under the assumptions 
of Theorem 8.8.4, and some assumptions similar to those of Theorem 8.8.2, 
one can readily extend the results of Theorem 8.8.2 also to the case of 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 


by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


256 Generalized Functionals of Brownian Motion and Their Applications 


Gelfand triple {G,,,H.~,9%}. In this case the corresponding Hilbert spaces 
are given by similar expressions with R replaced by the Hilbert space H. 
We use mp to denote the projection map taking T to its n-th component 
space. Consider the vector space given by X1 = ¢2([[~ H) = ¢2(H) and 
let it be endowed with the norm topology || æ ||x,= n>: [tn (a)|2,) 7. 
Clearly, this is a separable Hilbert space and it is a rather narrow space and 
the measure N(0, P°) may not be supported on this. We consider larger 
spaces X> and X3 which are given by 


oo 1/2 
Xg={reT: |rl|lx,= (So O/le) < oo} 


n=1 
and 
[0.0] 


1/2 
ceker iks (Lame) Sej 


n=1 


respectively. Again the embeddings Xı — X2 — X3 are continuous and 
dense. The spaces X2 and X3 are much larger, and therefore the measure 
N(0, P?) is more likely to be supported on one of these spaces rather than 
Xı. 


8.9 Malliavin Calculus for Fr-Brownian Motion 


Before we close this Chapter, we mention some recent development towards 
Malliavin calculus. In a recent paper [Duncan (2000)], Duncan and his 
colleagues have developed a calculus similar to that of Malliavin on the 


space of functionals of fractional Brownian motion. 


It is well known that the class of exponential functionals of Brownian 
motion is dense in L2(Q). A similar result was proved by Duncan and his 
school [Duncan (2000)] for fractional Brownian motion. We present it here 
briefly. Let € denote the class of functionals given by 


E = {e(Y) sev) = epf f waBur(t) - 0/2 1 Y lgo ht E LEC} 
(8.74) 


where, as seen in Chapter 2, 


Iv go f, o- souteyatas. 
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It was shown in [Duncan (2000)] that for any linearly independent set 
{pi € LS (I)}, the functionals {e(7;)} are linearly independent and that 
this set is dense in L$ (Q). Therefore one can use them as the basis (func- 
tions) for the Hilbert space L$ (Q). These functionals are also used to define 
what is known as wick products e(w)oe(¢) = e(w+¢). Using this notion of 
wick product Duncan et al. constructed a differential calculus very similar 
to the Malliavin Calculus. The Malliavin derivatives are first defined for 
functionals belonging to the class € and then extended to L¥(Q) by conti- 
nuity and density arguments. For details see Duncan [Duncan (2000)]. 


8.10 Some Problems for Exercise 


P1: Refer to the discussion following Lemma 8.3.1. 

(a): Verify that the shifted measure pp(-) = w(h +-) on the Wiener 
measure space (Co(J, R”), Bo, u) is absolutely continuous with respect to 
the original measure jz and that its RND (Radon Nikodym derivative) is 
given by 


p(h) = expf / (haw) — (1/2) J |nl2at} 


for h € Lo(I, R”). 
(b): Repeat the problem for the fractional Brownian motion By. The 
RND of the shifted measure with respect to the measure induced by the 


fractional Brownian motion on Co(I, R”) is given by 


pu(h) = exp{ | (h,dBu) — (1/2) / Ial? edt} 


for h € L$ (I, R”). Show that lim;z)1/2 ex = p. Hint: Recall section 2.7 and 
the fact that limy)1/2 y(t — s) = ô(t — 5). 


P2: Verify the sequence of identities in the expression (8.8). 


P3: Let Q denote the Wiener measure space. Prove that the Malliavin 
differential operator D defined on Sp C L,(Q),p > 1, admits a closed 


extension on L,(Q) for every p > 1. Hint: Follow the procedure used in the 
proof of Lemma 8.3.5. 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


258 Generalized Functionals of Brownian Motion and Their Applications 


P4: Prove that the operator 6, adjoint of the Malliavin differential operator 
D, is a continuous linear map from W1:?7(Q, H) to L2(Q) and that it is an 


isometric isomorphism. Hint: Follows from definition (section 8.6). 


P5: Let Q denote the Wiener measure space and consider the Sobolev space 
W?'(Q, H). Compare this with the classical Sobolev spaces W!?(R", H) 
(similarities and differences) (see section 8.6). 


P6: Justify the validity of Clark-Ocone formula (8.22) for the homogeneous 
chaos 
F(w) = | Kn(t1,te,-++ ,tn)dw(t1)dw(t2) +++ dw(tn), Kn € Le(I”). 
Ir 
Identify the process y € L$(Q,H) in terms of F. Hint: Follow the proof 
leading to the equation (8.22). 


P7: Verify that the Ornstein-Uhlenbeck operator L = —ôD is a dissipative 
unbounded linear operator on Lp(Q) for p > 1. Hint: Follows from section 
8.6. 


P8: Give a detailed proof of Lemma 8.7.3; and prove the estimate (8.45). 
Hint: (see [Nualart (2009)], Theorem 5.9, p36; [Bell (1987)], p46) 


P9: Consider the Lotka-Volterra model for prey-predator system: 


dx, = (axı + 8121 22)dt + oi dw 
dz = (—azx2 + B9%1X2)dt + oadw 


with all the coefficients nonnegative. Use Hormander’s conditions and de- 
termine if the measure on R? induced by the process x(t), t > 0, possesses 
density for the following cases: (1) All the coefficients are positive; (2) 
o2 = 0; (3) o1 = 0; (4): The diffusion parameters are functions of state: 


01 = 01(21), 02 = 02(x2), satisfying 01 (0) = o2(0) = 0. 


P10: Extend the results of Theorem 8.8.2 to the case of Gelfand triple 
{Gua Ho, Gut. 


Hints: Use the assumptions of Theorem 8.8.4, and introduce assumptions 
very similar to those of Theorem 8.8.2. 
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Chapter 9 


Evolution Equations on Fock Spaces 


9.1 Introduction 


In this Chapter we study evolution equations on Fock spaces. We prove ex- 
istence, uniqueness and regularity properties of solutions. In section 9.2, we 
study the basic properties of the Malliavin operators on the space Gy. We 
prove that these Malliavin operators, restricted to Ga, are unbounded linear 
operators while they are bounded operators from Gy to its dual G*. In fact, 
this holds for all the Fock spaces {Ga, G8, Gy, G5, Gœ} which we may denote 
by G without any subscript. We prove existence and uniqueness of mild 
solutions for linear and semilinear evolution equation on the Fock spaces 
mentioned above. In section 9.3, we go beyond the Ornstein-Uhlenbeck op- 
erator and the corresponding semigroup. We show that there exist general 
linear unbounded operators on Fock spaces that generate a broader class 
of semigroups. In section 9.4, we use the Gelfand triple G => H — G* and 
consider linear operators mapping G to G* and evolution equations based 
on such operators. We prove existence of weak solutions both for linear and 
semilinear problems. In section 9.5 an example involving Gaussian random 
field is presented. This involves perturbation in the Fréchet space K of the 
kernels determining the unperturbed elements of the space Lo(M, u”). In 
section 9.6, we construct nonlinear, monotone and coercive operators on 
Wiener-Sobolev spaces using Ornstein-Uhlenbeck operator as the basis and 
a duality map. And then we consider evolution equations based on such 
operators. We consider linear, semilinear and nonlinear evolution equations 


on these Fock spaces and present several results on existence, uniqueness 
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and regularity properties of their solutions. 


9.2 Malliavin Operators on Fock Spaces 


In this section we want to study Malliavin operators on Fock spaces intro- 
duced in Chapter 2. For simplicity of presentation, we consider the Gelfand 
triple Ga > Ha © G* and their isomorphic images Ga —> Ha © Gx (see 
Chapter 3). We know that 


Ga = Se Goins Ho a Soe Han- 


First, let us consider the Malliavin derivative of an element fn € Gan, the 
space of n-th order homogeneous chaos. Clearly, fn has the representation 


fnr(w) = In(Kn, w), Kn € L2(I"), 


where {gn} are the orthogonal functionals of Brownian motion as intro- 
duced in Chapter 2. We recall that the Malliavin derivative makes sense 
only in the direction of the Cameroon-Martin subspace Hı C 2. Thus, for 
any element h € Hı C H = L2(I), we have 


Tim (1/e){ fu(w-+eh) — fn(w)}=<Dfalw),h>=n | (Gn—1(Kn(ts-))h) ard. 


The last identity follows from the symmetry of the kernel K,,. Hence, for 
almost all t € J, 


(Dfn)(w)(t) = (Dfn)(t) = nGn-1(Knl(t,-))- (9.1) 


For convenience of notation, we omit w. Note that this is only a (n — 1) 
fold Wiener integral and it is a stochastic process belonging to L2(Q, H) 


and 


ef (D fn H dt = (n = 1)! || Kn [lt = na! || Kn I). (9.2) 


Lemma 9.2.1 The Malliavin operator D is an unbounded operator on 
L2(Q) = Ga, and it maps D(D) C Ga to La(Q, H) or equivalently Lo(I, Ga). 
The domain is dense in Ga. Further, it is a continuous linear operator from 
Ga to the larger spaces Lo(I,Ha) C Lal(I, G3). 
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Proof The domain of the operator is given by 
D(D) = {f € Ga: Df € Lall, Ga)}- 


Let {Kn} denote the Fourier-Wiener kernels of f. Then it follows from (9.1) 
that 


(Df)(t) = X ngn- (Kalt, :)). 


n>1 


(DAs, dt = Yo n(n! | Kn lan) 2 WK WG SS, - 


I n>1 
For each integer n define Cn = pole. Clearly Cn > 0 and 
n=1 n 
yr Cn = 1. Since Ga is isometrically isomorphic to Ga, || f |lg.=l| K llaa 


and hence it follows from the first identity of the above expression that 
ll Pf lasa = 
Te) D 

Examining the series, it is clear that there exists a sequence {C9 } satisfying 
the required properties, C2 > 0, 5>; Ce = 1, such that >>, nC? = 
+oo. Hence by the isometric isomorphism, there exists an f° € Bi(Ga), 
unit ball of the Hilbert space Ga, such that || Df? ||z.(1,g,)= +00. This 
shows that the Malliavin operator D is an unbounded operator from Ga to 
Lə(I, Ga). However, if D is restricted to the subspace Ma C Ga consisting 
of those f € G for which the Fourier-Wiener Kernels {K,,} are such that 
R = {Rn = VnKn,n > 0} € Ga, then 

[PAOB = E m I Va Iar 


n>1 


= Son! || Ra II2,)=ll R lB, < 0. 


n>1 
Thus the domain D(D) 4 Ø. Now we show that it is dense in Ga. Consider 
the subspace Ga,m C Ga where 
Gam = {K € Ga: Kn =0Yn>m+1}. 


Then, it is clear that the isomorphic image ®g(Gam)(C Ga) is in the 


domain of the operator D for every finite m € N. From this it is easy to see 
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that the domain D(D) is dense in Ga. Now considering the larger space, we 
prove continuity of the map 

D : Ga — Lall, Ha). 
Note that for almost all t € I, (Df)(t) € Ha. Indeed, using the expression 
for Df and the duality pairing in Ha, we obtain 


(PN Ol. =X 0/n!)n? < gn-1(Knlt, :)), gn-1 (Enlt, )) > 


n>1 

= X (n/n})n! || Kn(t,-) llaa- 

< Son! || Fn ( ) WE. In-1)) (9.3) 
n>1 


for almost all t € I. Integrating this over the interval J, it follows from the 
isometric isomorphism between Ga and Ga that 


[iene Bat < Soa! || Ka laos UF l,- 


n>1 
In other words, Df € La(I, Ha) for every f € Ga and hence D € 
L(Ga, Lo(T, Ha)) C L(Ga, Lo(T,G*)) with bound equal or less than 1, that 
is, it is a nonexpansive operator. This completes the proof. e 


In general we can show that the higher order Malliavin derivatives exist 
and they are unbounded operators on Gy. 


Proposition 9.2.2 For f € Ga, having the Wiener-Ité expansion 
F) +X gn(Kn) 
n>1 
the k-th order Malliavin derivative is given by 
n! 

D*E t1,to,°+: , tk) = 7 Jn- Kn(ti, t2,-++ ,tk;-)), 

( f(t, 25 stk) Gaal k( (tı 2 k )) 
Vk < n,t € I. The operator D! is an unbounded operator from Ga to 
L2(I*,Ga) while it is a bounded linear operator from Ga to Lo(I*,Ha). 


Proof The expression for D* f follows from direct computation. It is not 
difficult to show that for f € D(D*), 


f | D*f ||}, dti --- dtr pa oe 
Ik 


= -5 yi | Kn Iliac) - 


ron 
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Thus the domain of D* is given by 
D(D*) = {f € Ga (l DFF laar ea = >, 


n>k 


(n!)? 
(n—k)! 


Noting that || f I, = Dnon! || Kn lza) it follows from the above 


| Kn lžaa)< oo}. 


expression that, in general, D? f ¢ Lo(I*,G.). Thus the operator D* is an 
unbounded operator from Ga to L2(I*, Ga). This proves the first statement. 
For the proof of the second statement, let us consider the larger space Ha 


and compute the corresponding norm. Accordingly, we have 


2 
k k n! 2 
i. <D f,D f >Ha dtı --- dtk = D(a) | Kn lta») 
n>k 


n! 5 
= 5 (pe)! Il Kn lta) - 


nok 
Define €(n) = n!/((n — k)!)? for n > k. The reader can easily verify that 
there exists a finite positive number Mp such that 
sup{é(n),n > k} < Mg. 
Hence, it follows from the previous equality that 
a < D*f,D¥ f >na dti: dtp < Mp XO n! || Kn laan Me ll f lg, - 
n>k 
Clearly, this shows that the operator 
A : Ga se Lo(I", Ha) 


is a bounded linear operator. This completes the proof. e 


Next, we consider the divergence operator 6. In the following lemma we 
show that it is an unbounded operator from Lə(I, Ga) to Ga. On the other 
hand, considering the larger space Ha D Ga, it is a bounded operator from 
Lə(I,Ga) to Ha. Thus the divergence operator 6 has similar behavior as 
the Malliavin differential operator D. 


Lemma 9.2.3 The divergence operator 6 is an unbounded linear operator 


from La(I,Ga) to Ga. Its domain is dense and is given by 


D(ô) = {ne L(I, Ga): = (K n(t,-)) with {Kn} satisfying 


n>0 


Snt)! e E 
32 
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Further, 6 is a bounded linear operator from L2(I,Ga) to Ha. 
Proof First we consider an elementary functional of the form 
Mn (t) = m (Kn (t, -)), Kn € L(I"*"), ne N, (9.4) 


where {gn} are the orthogonal functionals of Brownian motion as seen in 
Chapter 2, section 2.2. For convenience of the reader, we repeat 
m(t) = gn(Kn(t,-)) = Kalt; T1, T2, ,T)dw(m1)---dw(tm),¢ E€ I. 
Ir 


Clearly, 


Il n lEo.G0)= n! || Ka IE ou+) f 


Let g be any element of Ga having the kernel representation g 
So gr(Lr) for some L € Ga. Then by duality, we have 


< Ön, 9 >Ga =< Mn, Dg > =< Mn, X Dgr(Lr) > 
r>1 


= f < In(Knlt, aE yo rgr—1(L,(t, -)) >dt 


r>1 


= f <gnlKn(t,-)) (0+ Dgm(Ensalt)) > at 


= fo + 1)n! < Kilt, +), Ln+1(t, +) > L(I”) dt 
T 


= J < Kat) (0+ DY Enealts-) >ra) d. (9.5) 


The fourth line follows from the fact that the set {gn} is orthogonal. Set 
Kn, = EE and note that this is a function of n + 1 arguments. Using 
this notation in equation (9.5) and the orthogonality property of {gn}, the 
reader can easily verify that 
< Ôn, J >ga = (n + D f < Raith), Let) > dt 
I 
=< Gay Bat) g9a+1(Ln+1) > 
=< gnti(Kn41), X or(Lr) P< gn+i(Kn41),9 > (9.6) 
r>0 


This is true for all g E€ Ga = L2(Q) and hence 


Onn = gn4+1(Kn41)- (9.7) 
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Thus, the divergence operator ô transforms an n-th order chaos into n+ 1-st 
order chaos. Clearly, 


I ón lg = (+1)! || Kny lzan = (2+ 1)! || Kn lZ) - 


Now consider the functional 
=X mt) = X gn(Kn(t,-)) (9.8) 


with K,,(t,-) € ÊĈa(I”) for almost all t € I and J; || Kn(t,-) l? nrn) dt < 00. 
In other words, K, € L2(I"*"). Clearly, 
Il n@) Igo= J n! l Kalt) iac 
n>0 


and 


EO l2, dt = ont PK, ) lÈ en) at 


n>0 
= 5 n! | Kost lZaqn+1)< Co. (9.9) 
n>0 
In other words, 7 € La(I, Ga) = L2(Q, H). Now applying the divergence 
operator ô on the random variable 7 given by (9.8), it follows from (9.7) 
that 
ôn = 5 Inti (Kn41)- (9.10) 
n>0 
Then evaluating its Ga norm we obtain 


|| ên lé. = 5 < In+1(Kn41), gnti (Kna) > 
n>0 


SS (ot) Real? ey (9.11) 
n>0 
In general the operator 6 is unbounded. This follows from the fact that, for 
any given positive number r, one can construct an 7 € Lə(I, Ga) of norm 
one satisfying 7,,(n(t)) = 0, for all t € J, and all n < [r], such that 


lôn [6.2 (1 + [r}) 


where [r] denotes the largest integer not exceeding r. Thus, the operator ô 
is bounded on Lo(I,G.) if and only if the series (9.11) converges. That the 
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domain is dense, follows from the facts that every n € Lo(I,Gq) has the 
representation as given in the definition of the domain D(ô) and, for every 
finite integer N, nn (t) = sae Gn(Ky(t,-)) E€ D(d) and that it converges 
to an element of Lo(I, Ga). This proves the first assertion. For the second, 


we compute the Ha norm of d(7) giving 


Il (7) lin = X a/n +1)!) < gn4i(Kn41), 9n41(Kn41) > 


n>0 
= ST (1/ni)n! f l Kn(t,-) lÈ) at 
n>0 J. 
< A/O) In Rgaey=l 7 eae< co 9-12) 


This shows that ô € L(Lə(I, Ga), Ha) proving the second assertion. e 


It is interesting to observe that 6 is in fact a nonexpansive operator from 
Lo(l, Ga) to Ha. 


Now we consider the Ornstein-Uhlenbeck operator L = —ôD. This is an 
unbounded linear operator in Ga, but it is a bounded operator from Ga to 
the larger space Ha as shown in the following lemma. 

Let mn denote the projection of Ga into the space Ga,n of homogeneous 


chaos of degree n. 


Theorem 9.2.4 The operator L with domain D(L) C Ga has the simple 
structure 


Lf= Svan Tn(f). 


n>1 


It is an unbounded linear operator in Go, with dense domain. In contrast, 


it is a bounded linear operator from Ga to Ha. 


Proof Let f € Ga. Then by virtue of the isometric isomorphism ®,, there 
exists a K € Ga such that f = ®,(K). For any integer m define 


n=0 n=0 
Clearly, 
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and hence it follows from Lemma 9.2.3, in particular the expression (9.7), 
that 


= X (-n)ga (Ka) = So (=n) milf) 


From this it is clear that the operator L has the structure as stated. It 
follows from this that the domain of the operator L is given by 


D(L) = {f E Ga tl L(A) I, 
= =) n (n!) || Kn la I”) =n | ™(F ) Nan < co, 


n>1 n>1 


(9.13) 


By the isometry ®a, || f lé =l K l&u = X(n) || Kn IZ} < 00. Clearly, 
it follows from this that the infinite series in the above expression will not 
converge for every f € Ga . This shows that D(L) is a proper subspace of 
Ga implying that L is an unbounded operator. On the other hand, it is 
clear that hm € D(L) for every integer m and that hm > f in Ga. Hence 
the domain of L is a nonempty dense subset of Ga. This proves the first 
part. For the second part, consider the expression 


Lf) = X (~nr (f) = X. an(—n Kn) 
n>1 n>1 
By use of the norm topology of Ha and the isometric isomorphism ®,, we 


obtain 


| L(f) l= X Ca/n)) < Gn{(—NKy), 9n(—n Ky) > 
= X (a/an! || Kn UZ.) 


n>1 
SamMI nE xy( n || Kn aao) 
n>1 
< sup{(n?/n!),n € N} || K ll, 


n?/ 
n?/n!),n EN} FIÈ- (9.14) 
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Hence, 
| LF) lna < V2 IF loa (9.15) 


for all f € Ga and therefore L € L(Ga, Ha), the space of bounded linear 
operators from Gy to Ha. This completes the proof. e 


We have already seen in Chapter 8 that L generates a Co-semigroup of 
contractions on L,(Q) spaces for all p > 1. Here, in the space Gy = Lo(Q) 
the semi group has a very simple structure. We state this in the follow- 
ing corollary. For convenience and in conformity with standard notations 
used in general semigroup theory [Ahmed (1991)], we use the notation T(t) 
instead of Tų. 


Corollary 9.2.5 The Ornstein-Uhlenbeck operator L generates a contrac- 


tion semigroup in the Hilbert space Go, and it is exponentially stable. 


Proof Define 


T(t) f = emf). 


n>1 
For every f € D(L), it follows from the above expression that 


STESA 
mM ee 


in the norm topology of Ga. It is now easy to verify that 
d/dt(T(t) f) = Tt)(Lf) = LTH) 
for all f € D(L). Further, for every f € Ga we have 
Il TOF lleas e~ Il f lloat = 0. 
This completes the proof. e 


Using the Ornstein-Uhlenbeck operator L we can study very simple 


evolution equations on Ga. 


Lemma 9.2.6 Consider the following differential equation on the Fock 


space Ga 


(d/dt)p = Ly + A(t), p(0) = po,t € I = [0,b],b < co, (9.16) 
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where L is the Ornstein-Uhlenbeck operator. Then, for each po E Ga 
and h € Li(I,Ga), the evolution equation has a unique mild solution 
pe C(I, Ga). 


Proof Since the Fock space Ga is a Hilbert space, the proof follows from 
general semigroup theory [Ahmed (1991)] on Banach spaces. The solution 


is given by the well known variation of constants formula, 


t 
y(t) = T(t)vo +f T(t — s)h(s)ds,t € I, 
0 
where T(t),t > 0, is the semigroup generated by the operator L. The fact 
that t — y(t) is continuous follows from the Bochner integrability of h 
and the strong continuity of the semigroup T. This completes the proof. e 


This result can be easily extended to semilinear evolution equations on 


Ga. 


Theorem 9.2.7 Consider the following semilinear evolution equation on 
Ga 

(d/dt)p = Lp + h(t, p), p(0) = vo, t € I = [0,b] (9.17) 
where L is the Ornstein-Uhlenbeck operator and h : I x Ga — Ga is 


measurable in the first variable and locally Lipschitz in the second argument 
and there exists L € LY (I) such that 


A(t, 2)lga < e(t)(1 + zlea). 
Then, for each po € Ga, the evolution equation (9.17) has a unique mild 
solution y € C(I, Ga). 


Proof The proof follows from general semigroup theory [see Ahmed 
[Ahmed (1991)], Theorem 5.2.3]. We present only an outline. Let T(t), t > 
0, denote the Ornstein-Uhlenbeck semigroup. Under the given assumption, 


using the integral equation 


t 
y(t) = T(t)vo +f T(t— s)h(s, p(s))ds,t € I, (9.18) 
0 
one can easily derive an a-priori estimate and using this estimate one can 
then construct a closed bounded set T C C(I, Ga). Then, define the operator 
YT by 


TE) = Tyo + if T(t— s)h(s, o(s))ds,t € I, 
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and consider the fixed point problem y = Y(vy) on the set I. Using this 
operator one can prove that, for sufficiently large integer n, the n-th iterate 
of T is a contraction and hence by Banach fixed point theorem it has a 
unique fixed point on I. It is then shown that this is also the unique fixed 
point of the operator Y itself. This fixed point is also the unique solution 
of the integral equation (9.18) and hence the unique mild solution of the 


evolution equation (9.17). This completes our outline. e 


9.3 Evolution Equations on Abstract Fock Spaces 


In Chapters 2 and 3 we have constructed various Fock spaces, such 
as {Ga, G8, Gy, G8, Gw, Go, Gu} which are isometrically isomorphic to the 
Hilbert spaces {Ga, Gg, Gy, Gs,Ga, Gy, Gn}. We have also considered their 
duals {G*, G3, > G5 Gh, o Git which are isomorphic (isometric) images 
of the duals {G}, G3, G3, G3, Gh,» Go, Gu}. These spaces are constructed 
around the pivot spaces {Ha, Hg, Hy, H, Ho, Ho, Hr} and their isomor- 
phic images {Ha, H6, Hy, H, Ha, Hy, Ho}. 


We wish to consider evolution equations on these spaces and also the 
spaces introduced in Chapter 7 such as {Vp, Yq} and Zy, Z. 

To cover the first set of spaces we remove the indices and denote them 
by {G, H, G*} and their isomorphic images by {G, H, G*}, and recall the fol- 
lowing results from Chapter 3. Also, we remove the indices of the isometric 
maps introduced there by one symbol ®. We recall that ® has continuous 
extension from G to H as well as G*. Thus, we shall freely use ® also for 
the extension without further notice. According to Theorem 3.2.2 (See also 
Theorems 3.3.2, 3.4.2, 3.5.2), ® is an isometric isomorphism between G and 


G. 


Lemma 9.3.1 The triple G, H, G*, as defined above, are all Hilbert spaces 


and the embeddings G— H — G* are continuous and dense. 
Writing H = (H) and G* = ©(G*) we have the following result. 


Theorem 9.3.2 The class G is the space of regular functionals on Wiener 


measure space while H and G* are generalized functionals with G being the 
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test functionals and they satisfy the following diagram: 


GoH oG* 
‘ae ane | 
GLH G*, (9.19) 


with continuous and dense embeddings where — stands for inclusion | for 


the isometric isomorphism &. 


Naturally, for ¢* € G*, it’s norm is defined by 


Il $* llo = Sup{< 4°, 6 >g-,9,|l ¢ llo= 1}. 


We recall the practical significance of this result as follows. In case a 
given functional f on the Wiener measure space fails to have finite energy, 
that is, || f |g= +oo, it means, f does not have standard Wiener-It6 
decomposition. It may very well be an element of the dual G* having an 
elevated energy measured in terms of its Hilbertian norm. In the preceding 
section, we have seen this phenomenon in the case of the Malliavin operators 
D and ô. 


We are interested in the linear evolution equations of the form : 
(d/dt)ġ = Ap + f for t> 0, (9.20) 


on the Fock spaces G,H,G™* as discussed above. Let a be a mapping satis- 
fying a : N — R and consider the operator A given by 


Ao = X a(n) mn ($). (9.21) 
The domain of A is given by 
D(A) = {9€ 9: Ý (a(n)? || md [2< œ}: 
n=0 


For a(n) = —(n), this operator coincides with the Ornstein-Uhlenbeck op- 
erator L and it also appears in Quantum physics. And there it is known 
as the number operator [see Bell, [Bell (1987)] ,p21]. In Bell [Bell (1987)] 
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a(n) = —(n/2) instead of —n because the SDE that he chooses for the 


Ornstein-Uhlenbeck process is given by 


We show that under very general assumptions on a(n), n > 0, this operator 


generates a Co-semigroup in G. 


Theorem 9.3.3 Suppose there exists a finite (possibly nonnegative) real 
number wo such that the sequence {a(n)} satisfies 
sup a(n) < wo 
n>0 
lim a(n) =-o, (9.22) 
n— oo 


and that it is finite for each finite n and assumes positive values at most for 
finitely many n. Then A generates a Co-semigroup {T (t),t > 0} of quasi 


contractions in G in the sense that for w > wo, 


I TŒ) lles e” forall t> o0. 


Proof For detailed proof see Ahmed [Ahmed (1994)]. We present a brief 
outline. In the proof we show that (i): D(A) = G, (ii): A is closed, and (iii): 
| AZ—=A) Jleg) < (1/(A—w)) for all A > w. Hence, the conclusion follows 
from Hille-Yosida theorem see [Pazy (1983)]], [Ahmed (1991)], Corollary 
2.2.11, p30]. © 


Remark 9.3.4 For the Quantum mechanical number operator we have 
a(n) = —(n). Hence, in this case T(t),t > 0, is a contraction semigroup 
and it is the Ornstein-Uhlenbeck semigroup we have already seen. In other 
words, the semigroup generated by A covers the Ornstein-Uhlenbeck semi- 


group as a special case. 


The following result is an immediate consequence of Theorem 9.3.3 and 
it generalizes the result of Lemma 9.2.6. 


Theorem 9.3.5 Consider the Cauchy problem on G: 
(d/dt)ġ = Ap+ f for teI =(0,T), 
(0) = ¢0, (9.23) 
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where the operator A satisfies the assumptions of Theorem 9.3.3. Then, for 
every ġo E€ G and f € I1(1,G), the Cauchy problem (9.23) has a unique 
mild solution @ € C(I,G) and it is given by : 


o(t) =T(t)do + J T(t— s)f(s)ds,t € I. (9.24) 


Proof Follows from Theorem 9.3.3 and the variation of constants formula. 


9.4 Evolution Equations Determined by Coercive Opera- 
tors on Fock Spaces 


In this section we introduce a general class of evolution equations on the 
abstract spaces {G,H,G*}. Recall that G is the Hilbert space of regular 
functionals on the Wiener measure space, while H and G* are the spaces of 
generalized functionals covering G. 

For g € G* and f € G we write the duality product as < g, f >g«,g . In 
case g € H, this duality product reduces to the scalar product in H and it 
is denoted by (g, f). For convenience of notation, the norm in H will be 
denoted by |- |x. 


Let A be a linear operator from G to G* satisfying the following prop- 


erties: 
(P1): there exists a constant c > 0 such that 


| < Ap, Y >grg |< cely lely lg Y eves. 


(P2): there exist À > 0 and v > 0 such that 
< Ay, y >g Hlela Zv ll elg V ve. 
In general, operators satisfying the property (P2) are said to be coercive. 
We wish to consider evolution equations described by 
(d/dt)ġ + Ap = f for te T= [0,T], 
(0) = ġo, (9.25) 
with initial state dg € H and f € La(I,G*). We introduce the following 


definition. 
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Definition 9.4.1 An element ¢ € Lo(I,G) N C(I, H) is said to be a weak 
solution (or distribution solution) of the Cauchy problem (9.25) if, for each 
Ç E€ G, the following identity holds 


< d(t) + Ag(t) — FO), 6 >e+,g = 0 
for almost allt € I and $(0) = ¢o. 


We present the following general result. 


Theorem 9.4.2 Consider the evolution equation given by (9.25) and sup- 
pose the operator A satisfy the properties (P1) and (P2). Then, for every 
oo E H and f € L2(1,G*), equation (9.25) has a unique weak solution ¢ 
satisfying the following properties: 


(1):  € Loo(I,H) N La(I,G) NCU, H); (2): $ € Lo(I,G*); and 
(3): the map (ġo, f) — ¢ is continuous (even Lipschitz). 


Proof The basic technique of proof is based on Galerkin approach [| see 
Ahmed and Teo, [Ahmed (1981)], Theorem 5.1.1, p278]. For convenience 
of the reader we present it briefly. We use the complete orthogonal sys- 
tem {gn} or any other system that is complete in the class Lo(Q, up”) = G 
and project the infinite dimensional system to an increasing family of fi- 
nite dimensional systems of ordinary differential equations determined by 
the finite dimensional subspaces Gn = span{g,,0 < k < n}. This is the 
well known Galerkin projection method. Existence and regularity prop- 
erties of solutions for the finite dimensional systems follow from classical 
results. This sequence of solutions is then shown to converge in various 
weak topologies to a weak solution of the problem. This requires a-priori 
bounds. We present these and the necessary steps leading to the proof of 
existence and regularity properties of the solutions. By scalar multiplying 
equation (9.25) on both sides by ¢ and considering G* — G duality pairing 


and integrating by parts we obtain 
t t 
BoR +20 | | 88) lè ds < dolh +2A f 10l) ds 


+2 f ILF) llo=ll 6(8) lle ds- (9.26) 
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Using Cauchy-Schwartz inequality for the last term, it is easy to verify that 
for each t € J, 


POET l I #(s) |È ds < Idol, + 2A : 14(s) eas 


+ (1/v) f I FCs) | 


2. ds. (9.27) 


Then, it follows from Gronwall inequality that for all t € I 


LOPE TE +a) f IFO lè ds} exp{2\T} = Cr, (9.28) 


with Cr < oo. Using this estimate in (9.27) we obtain 


a I (s) ||} ds < (1/v) (1 + 2AT exp 27 y 


T 
TE +a f 1A 


It follows from the property (P1) that the operator A € L(G,G*) with 
the bound given by the number c. Hence, the distributional derivative of ¢ 


A ash, (9.29) 


satisfies the following estimate 


I$ lizas ll o lrag) + ll f Ileus) - (9.30) 


Thus every ¢, that satisfies the first identity of equation (9.25) in the distri- 
bution sense, must necessarily satisfy the (a-priori) estimates (9.28), (9.29) 
and (9.30). Let W denote the vector space described by 


W = {p : 9 E€ La(I,G) and 9 € Le(T,G*)}. 


Endowed with the norm topology, 


1/2 
piis (i v Bag, 9) tI 9 [Bea o) 


this is a Hilbert space and it follows from a well known result [[Ahmed 
(1981)], Theorem 1.2.15, p27] that the embedding W <> C(I, H) is contin- 
uous. Thus, the (weak) solution, if one exists, must satisfy the regularities: 
$ € Loll, H) N Lo(I,G) NCU,H),é € Lo(I,G*). Now we are prepared 
to use the Galerkin projection technique. By use of the finite dimensional 
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projections, as mentioned above, one can prove the existence of a sequence 


{¢,} solving the finite dimensional (n-dimensional) problems: 
< nlt), gr > +< Adn(t), Gr >=< F(t), gr > 1 Sr sntel, 


n 
n(0) = 5 < 0, Jr > Jr. 
r=1 
It follows from the a-priori estimates that the sequence {¢n, dn} is contained 
in a bounded subset of W. Thus there exists a subsequence, relabeled as 


the original sequence, and an element ° € W such that 


on —> p in Loll, H) (9.31) 
on —> p in L2(I,G) (9.32) 
on > 6° in Lo(I,G*) (9.33) 


and @,(0) + ¢o in H. Then multiplying the finite dimensional system as 
presented above by any n € CE((0, T)), Ct functions with compact supports 
in (0,7), and integrating over I we obtain 


f < dn(t), gr >g+,g n(t)dt +f < Apn (t), gr >o*,g n(t)dt 
= f <fO.9. >0-¢ (Od <r <n. (9.34) 
I 


By virtue of (9.32) and the property (P1), it is clear that Ad, a Ap? in 
L2(I,G*). Now letting n > oo it follows from this and (9.31)-(9.33) that 


| < $°(t), Gr >g+,g m(t)dt El < AP? (t), gr >g+,g n(t)dt 
al < f(t), gr >g«,g n(t)dt, 1 < r < œ. (9.35) 
I 


Since 7 € Cé is arbitrary and {gr} is complete in {G, H, G*}, it follows from 
the above identity that 


< $°(t) + AP? (t) — f(t), C >g- g= 0, a.e t € (0, T) 


for every Ç € G. In other words, the identity 


P(t) + A(t) = F(t), t € (0, T) 
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holds in the distribution sense. It remains to verify that ¢°(0) = o. Choos- 
ing any C! function 7 satisfying n(T) = 0, and subtracting equation (9.34) 
from equation (9.35) and integrating by parts, we obtain 


($°(0) — $n (0), gr)un(0) = i < $° — bn, A” gr >g,g* n(t)at 


— f - Galt), guile dt. (9:36) 
Letting n — oo, it follows from (9.31)-(9.32) that the expression on the 
right hand side of (9.36) converges to zero and hence 

Jim (6 (0) ~ n (0), g-)a(0) = 0. 

Thus, it follows from completeness of the set {g,} in G and the density 
of the embeddings G <> H <> G* and arbitrariness of 7(0), that ¢,,(0) 
converges weakly to ¢°(0). But we have seen above that ¢,(0) > @o in 
H. Hence we must have ¢°(0) = ġo. This proves that ¢° is the weak solution 
of the evolution equation (9.25) in the sense of Definition 9.4.1 satisfying 
the regularities (1) and (2). The reader can easily verify uniqueness. For 
the statement (3), note that it follows from the estimates (9.29) and (9.30) 
that (¢0, f) —> ¢° is continuous from H x L2(I,G*) —» W. This completes 


our proof. e 
We can also prove a semilinear version of Theorem 9.4.2. 


Theorem 9.4.3 Consider the semilinear evolution equation 
(d/dt)o + Ag = B() + f 


(0) = ġo. 
Suppose A satisfies the hypothesis of Theorem 9.4.2, and B is dissipative 
and hemicontinuous in H and satisfies a linear growth condition. Then, 
for each ġo E H and f € Lo(I,H), the Cauchy problem has a unique weak 
solution 6 € Lo(l,H) NCU, Hw). 


Proof For detailed proof see [Ahmed (1994)], [Ahmed (1995)]. 


9.5 An Example 


Consider the Gaussian random fields of Chapters 2 and 3, sections 2.4 and 
section 3.4. For each integer n > 1, let £L,(L2(D")) denote the space of 
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bounded linear operators in Ê(D”). Consider the infinite product space 
L = J [n>ı £n. We introduce an operator A as follows. Let B € £ with 
Bn € Ln(L2(D”) such that for each K € G, 


BK = {BnKn,n > 1} €K, 


where K is the Fréchet space introduced in Chapter 2, section 2.4. We 
know that by virtue of Theorem 2.4.1, each ¢ € G has the orthogonal 
representation ¢ = )7,,51 €n(Kn) = ®(K) for some K € G. Define 


Ap = ®(BK) = So en(BnKn), $= 0(K),K EG. (9.37) 
n>1 
Since 
|| Ag l= Xon! | Bn Kn ees 


n>1 


2m Bele ainsi: 1038) 


n>1 


unless sup{|| Bn ||?,n > 1} is finite, the operator A is generally un- 
bounded in the Hilbert space G. However, under suitable assumptions, 
it is a bounded linear operator from G to its dual G* which is a larger 


space. This is given in the following result. 

Lemma 9.5.1 Suppose there exists a non negative constant C such that 
sup{(l| Bn lle, (n,n > 1} < C. 

Then, A is a bounded linear operator from G to its dual G*. 


Proof (outline only) By virtue of our assumption on B, one can verify that 


| < Ag, >g% |< C Ilẹ lioll ¥ lle 


for all ¢,a € G. Thus we have Ad € G*; that is, A € L(G,G*). This 
completes the proof. e 


Note that the Quantum mechanical number operator is a very special 
case of this general operator. For instance, taking Bn = nI» one has the 
number operator where Ip € Ln. Note that even B, = e“” I, is admissible 
for any K E R. 
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Consider the evolution equation : 

(d/dt)é + Ad = f,t € I = [0, T]; 

(0) = ġo, (9.39) 
in the state space H where the operator A is as defined by (9.37). 


Definition 9.5.2 The evolution equation (9.39) is said to have a weak 
solution if there exists a @ € Loo(I,H) so that for each ¢° € H for which 
A*¢° € H, the following identity holds 


(d/dt) < o(t), g aS p(t), A*¢° Pa< f(t), g >, (9.40) 
for almost all t € I and ¢(0) = ¢o. 


We shall prove the following result. Let C(I, Hw) denote the space of 
weakly continuous functions on I with values in H ( H furnished with the 


weak topology). 


Theorem 9.5.3 Suppose the assumption of Lemma 9.5.1 hold and there 


exists a constant c > 0 such that 
2 
< Ap, p >g = =el ollz- 


Then, for each ġo E H and f € L(I, H), the Cauchy problem (9.39) has a 
unique weak solution ¢ € L(I, H) N CU, Hw). 


Proof See Ahmed [[Ahmed (1994)], Theorem 4.3], and [[Ahmed (1995)], 
Theorem 4.6]. 


Remark 9.5.4 The hypothesis, < Ad,¢ >> —c || ¢ ||%, for some 
c > 0, is satisfied if there exists a constant c > 0 such that ((Br + 
cI)Kn, Ka) £D») 
operator introduced in the previous section trivially satisfies this. Note 
that under this condition, even if ¢ọ € G and f € I1(I,G), there may not 


exist a strong solution. 


> 0 for all n € N. This is not a big restriction; the 


Under a stronger hypothesis on A, we can prove the existence of strong 


solutions even with milder assumptions on f and ¢o. This is stated below. 


Theorem 9.5.5 Suppose the assumptions of Lemma 9.5.1 hold and there 


exists a constant v > 0 such that 


Infuzi{((Bne,e)/n!); Il e lisom = 1} > v > 0. 
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Then, for each po E€ H and f € Le(I,G*), the Cauchy problem (9.39) has 
a unique solution @ E€ Lo(I,H)N L2,G) NCU,H), in the sense that the 
first equation in (9.39) holds in G* for almost all t € I. 


Proof Under the given assumption it is easy to verify that 
<Ay,y>g-g >| lg 
for all y € G. Thus the conclusion follows from Theorem 9.4.2. e 


Remark 9.5.6 Coercivity condition is a strong requirement compared to 
the condition assumed in Theorem 9.5.3. In any case under the assumptions 
of Theorem 9.5.5, —A generates a Co-semigroup S(t), t > 0,in H. Thus, for 
each do € H and f € Lı(I, H), equation (9.39) has a unique mild solution 
given by 


b(t) = S(t)do +f S(t —r)f(r)dr,t € I. 


9.6 Evolution Equations on Wiener-Sobolev Spaces 


Using the Ornstein-Uhlenbeck operator L we can construct interesting evo- 
lution operators. Let {p,q} be the conjugate pair with p > 1 and take any 
real number r > 0 and define the operator C by C = (1 — L)"/?. Clearly, 
C maps W™?(Q) to L,(Q), that is, 


C :W"?(2) = WO, uY) — Lp(Q) = Lp(Q, p”) 


and that it is a bounded linear operator in these spaces. Its dual, denoted 
by C*, is also a bounded linear operator 


C* : La (Q) — WA) 


where {p,q} is the conjugate pair. Let J : Lp —» Lq denote the duality 
map given by 


I(x) = {y € Lg: (Y, 2) 2,2 = £ IE, =I 9 l2 


If {p,q} € (1,00), the spaces {Lp, Lq} are strictly convex and the duality 
map J is single valued. Using the basic operator L leading to the operator 
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C, we can now construct an operator A given by A = C*JC. Generally, 
this is a nonlinear operator 
A: W°? > Wo, 

If p = q = 2, the duality map J is simply the identity map and A = C*C is 
a bounded linear map from W”? to W—™?. For simplicity of notation, we 
set W™? = X and its dual W7"7 = X*. 
Lemma 9.6.1 Suppose the conjugate pair {p,q} is such that the duality 
map J: L,(Q) — L,(Q) is single valued. Then the operator A = C* JC 
mapping X to X* is single valued and it satisfies the following properties: 

(P1): A: X —>+ X* is nonlinear ( for p # q), bounded and continuous. 

(P2): It is coercive in the sense that there exists a number 6 > 0 such 
that 

< Ay, p >x+x>Blellk Y pex. 
(P3): It is monotone 
< Ay- Ap, p = Y >x x20 Y p,p EX. 

(P4): For p = q = 2, the operator A € L(X, X*). 

Proof For any y,~ € X we have 
| < Ay, Y >x+,x | = |(J(Cy¢), Cv)z,,1, 
S|] (Ce) IIx, || C4 IIz,=Il Cg Iz, || C% IIx, - 
Since C is a bounded linear operator from X to Lp, there exists a finite 
positive number b such that for all y € X, || Cw |lz,< b || % ||x and 
consequently 
| < Ay, Y >x x |<? lix y Ix - 
Hence A is a bounded operator proving (P1). For coercivity, note that 
the operator C has a bounded inverse [Shigekawa (1998/2004)] which is 
injective. Thus, there exists a finite positive number 8 > 0 such that 
< Ap, > = (J(Ce), CP)L,, L =|| Cv l2, 2 Bll e IIx - 

This proves (P2). For the property (P3), note that, for any y,w € X, we 


have 


< Ay - Ap p -Y >x x= (J (Cp) — (Cv), Cp — Ch)ra Lp: (9-41) 
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One can easily verify that the duality map J is monotone. Indeed, for 


x,y E€ Lp, 


(J(z) — J(y), £ — y)La, Lp 
=|| |Z, + Ily lz, -J@), Y)La Lp — JY), 2) 14h, 


2 
> (læ lz,- lvls) 20. (9.42) 

Hence, combining (9.41) and (9.42) we obtain 
< Ay — Ap, p - Y >x+,x2 0 (9.43) 


proving (P3). In case p = q = 2, by the classical Riesz representation 
theorem, J is the identity map (linear) and consequently A is a bounded 
linear operator from X to its dual X*. This proves (P4). e 


Remark 9.6.2 In general, for conjugate pairs {p,q} satisfying 1 < p,q < 
oo, the duality map J may be multi valued and hence the operator A is 


multi valued. This is particularly true for p = 1,q = œ. 
Now we consider the following evolution equation 
+ Ap = f,9(0) = po,t E I. (9.44) 


For simplicity, we let p = q = 2 implying linearity of the operator A. We 
return to the nonlinear problem later in the sequel. 


Theorem 9.6.3 Consider the evolution equation (9.44) and suppose the 
operator A satisfies Lemma 9.6.1 with p = q = 2. Then, for every yo € H = 
L2(Q) and f € Lə(I, X*), the evolution equation has a unique solution y € 
Loo (I,H)N L(I, X) and ġ € La(I, X*). Further, the solution y € C(I, H) 
and it is continuously dependent on the data {%o, f}. 


Proof The proof is based on Galerkin projection method and a-priori 
bounds. First note that the embeddings X —> H — X* are continuous 
and dense. Scalar multiplying the equation (9.44) by y and using the prop- 
erty (P2) of Lemma 9.6.1 and Schwartz inequality, it is easy to verify that 
for each t € J, 


eC) li +8 Il Cs) Il ds < |volae2 + aa f Il f(s) [3+ ds. (9.45) 


Generalized Functionals of Brownian Motion and Their Applications Downloaded from www.worldscientific.com 
by KAINAN UNIVERSITY on 05/19/17. For personal use only. 


Evolution Equations on Fock Spaces 283 


Further, using Gronwall inequality and the fact that A € £(X, X*) one can 
deduce that there exists a constant y > 0 such that 


[leo Is v{ leo + [VFO Ike. at). (9.46) 


This shows that if y is any solution of equation (9.44), it must satisfy the 
a-priori bounds as given above. That is, y € Lo(I,H)M L(I, X) and 
p € Lo(I, X*). Now let {v;} be any complete orthonormal basis of H which 
is orthogonal in X and X*. Let M, denote the linear span Span{v;,1 < 
i < n} and P” the corresponding projection. Projecting the system (9.44) 
to Mn, we construct the finite dimensional system (system of ordinary 


differential equations) 
X(t) + AX(t) = F(t),t € I, X(0) = Xo (9.47) 
where X(t) and X(0) are the n-vectors 
X(t) = {27 (t) 


respectively with {x7} being the fourier coefficients in the expansion of 


sl<i<n} and Xop={a7o,1<i<n} 


the initial state yo given by 
P” (p0) = -5 Ti, „OVi. 


Clearly, yn(0) —+ yo in H. The matrix A is given by {aij =< 
Avj, vi >x» x,1 < i,j < n} and the vector F(t) = {fi(t),1 <i <n} 
with fi(t) =< f(t), vi >x»,x . It follows from the theory of linear ordinary 
differential equations with constant coefficients that equation (9.47) has a 


unique continuous solution X € C(I, R”). Using this solution, define 


t)= 3 xe (t)y; 


and note that Yn satisfies the following identity 


Multiplying this equation by z? (t) and summing over i € [1,2,--- ,n], one 
can verify that the sequence {y,,} and its derivative {%,,} satisfy the same 
a-prior bounds as given by (9.45) and (9.46). In other words, {yn} and {bn} 
are contained in a bounded subset of Do (I, H) N La(I, X) and L2(I, X*) 
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respectively. Note that Lə(I, X) and Lo(I, X*) are reflexive Banach spaces. 
Thus, considering the weak star topology on L..(I,H) and weak topologies 
on L2(I, X) and L2(I, X*), we conclude that there exists a y € Lo (I,H)M 
L2(I, X) satisfying g € Le(I, X*) such that along a subsequence, relabeled 
as the original sequence, 

Pn es yp in LQ(U,H) 

gn —>y in Lo(I,X) (9.49) 

gn —> b in Lp(I,X*) 

Apn — Ay in L(I, X*). 
Hence, it suffices to verify that the limit y as indicated above is the weak 
solution of our problem. Let 1 € C4(0, T) (C! functions with compact sup- 
ports). Multiplying equation (9.48) by 7 and integrating over the interval 


I, we have 


| Lo AiG Se aoe f SA SA 
I I 


= f < OnO >x x dt (9.50) 
I 
for all 1 <i < n. Letting n > ov, it follows from this and (9.49) that » 


satisfies the following identity 


| < Pl), n(O)oy > xox at + f < Ap(t), nivi >x x dt 
I I 


z f E OOE TE (9.51) 


for each i € N. Since n € CQ is arbitrary and {v;} is a basis, the above 
identity holds for every v € X giving 


| <GOinw Sex a+ l < Ap(t), n(t)v >x+,x dt 
I I 


=f < f(t), nv >xX* X dt. 


Hence the first identity in equation (9.44) holds in the distribution (weak) 
sense. We prove that y(0) = yo. Now choosing 7 € C! with n(T) = 0, 
and integrating the first term on the left of equation (9.50) and (9.51) and 


taking the limit we obtain 


lim (Yn (0), n(0)v:)n = (9(0), m(0)vi)a4- (9.52) 


T00 
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But we know that y,,(0) converges strongly to yg. Since {v;} is a basis 
and 7 € C! is otherwise arbitrary we have (0) = yo as desired. The 
continuity of the solution t — y(t) with values in H follows from [[Ahmed 
(1981)], Theorem 1.2.15, p27]. Since the system is linear, continuity of 
solution with respect to the data {yo, f} follows from the estimates (9.45) 
and (9.46). This completes the proof. e 


We can also consider nonlinear monotone operators and evolution equa- 
tions based on such operators. We present here a basic frame work for such 
operators and an important result on the existence and regularity of so- 
lutions of abstract evolution equations on Winer-Sobolev (Fock Spaces) 


spaces. 


Let {p,q} be the conjugate pair satisfying 1 < q < 2 < p < œ, and 
let X = W™P(Q) = W™P(Q, u”) with the topological dual given by X* = 
W-™2(Q) and H = L2(Q). Then we have the following inclusions 


X> H= X* 


with continuous and dense embeddings. Let A denote a nonlinear operator 
possibly more general than C*JC and suppose it satisfies the following 


properties: 

(A1): There exist constants cı > 0, c2 > 0 such that 

< Alp) yp >x xz ato] yl Y pEX. 
(A2): There exists a constant c3 > 0 such that 

I A@) lxs ca(1+ |l p l) Y pex. 

(A3): A is monotone and hemicontinuous in the sense that 

< Ay- Ap, p- Y >x x20, V p,pEX, 
and for every y, € X, Aly + 0¢) + A(y) as 0 > 0. 


For simplicity of presentation, here we have assumed the operator A to 
be time invariant. Extension to time varying case is fairly straightforward 
and can be carried out exactly in the same way as in [[Ahmed (1988)], 


Theorem 4.1, p96]. For study of nonlinear evolution equations involving 
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such operators, we need the following function spaces L,(I,X), its dual 
L(I, X*), and L..(I,#). Further, we use the function space 


W=t{y:peL,U,X) and g € L(I, X*)} 


where ġ denotes the distributional derivative of the vector valued function 
t — y(t). With respect to the norm topology given by 


Il¢llw = lg lza, +l 4 llea x» 


W is a Banach space and further, the embedding W — C(I, H) is con- 
tinuous. Strictly speaking, the elements of W have continuous versions 
with values in H. The proof of this statement is similar to that of Theorem 
1.2.15, p27 [Ahmed (1981)]. 


Now we can present the following general result. 


Theorem 9.6.4 Consider the following nonlinear evolution equation 


gt Aly) = f, (0) = vo, t € I, (9.53) 


with respect to the Gelfand triple X —> H © X* as introduced above. 
Suppose the operator A satisfies the assumptions (A1)-(A3), and f € 
L(I, X*) and yo € H. Then the system (9.53) has a weak solution 
p E€ Loll, H) N Lp(I, X) with ġ € L(I, X*). The solution is unique if 


A is strictly monotone. 


Proof The proof is again based on the technique of finite dimensional pro- 
jection giving a system of nonlinear ordinary differential equations and lim- 
iting arguments. Existence and regularity of solutions of finite dimensional 
nonlinear systems are proved using classical finite dimensional techniques 
with nonlinear monotone vector fields. Then, one uses the a-priori bounds 
to prove the boundedness of the approximating solutions {9n}. It is shown 
that this sequence is contained in a bounded subset of the Banach spaces 
L(I, H)A Lp(I, X). The distributional derivatives {ġn}, and {A(pn)} are 
proved to be contained in a bounded subset of L,(I, X*). Note that, under 
our assumptions, the spaces L (I, X) and its dual L,(I, X*) are reflexive. 
Then, using the weak star topology for L..(1,#) and the weak topology 
for L,(I,X) and L(I, X*) one concludes that there exists a p € W such 
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that along a subsequence, relabeled as the original sequence, 
Pn w yp in Læll,H) 
Yn—>y in L(,X) (9.54) 
n = ġ in L(I, X*) 


and that there exists an V € L(I, X*) such that 


Alyn) 39 in L,(I,X*). (9.55) 


Following similar steps as in the linear case (Theorem 9.6.3), we obtain an 
identity similar to (9.51). This is given by 


Fi LG) aie seeks f Bosses 
I I 


-=f < f(t), n(t)v; >X* X dt. (9.56) 


Since 1 € C(I) is arbitrary and {v;} is a complete basis, this leads to the 
following identity 


g+0=f in L,(I,X*) (9.57) 


which holds in the sense of distribution with y(0) = yo . The problem then 
reduces to demonstrating that J) = A(y). This is easily done by use of the 
assumption (A3) stating that A is monotone and hemicontinuous. Indeed, 


due to monotonicity we have 
ik < A(d) — Alyn), Y — Pn >x~,x dt > 0, (9.58) 
I 


for all y € L,(I, X). Since yn “> yin L,(I, X), by use of Mazur’s theorem 
we can construct a sequence using an appropriate convex combination such 
as Gn = J; ary; with {a?} > 0 and X; a? = 1 for all n € N, such 
that 


Gn —> p in L,(I,X). 
Clearly, using this sequence in the expression (9.58) we have 


f < A(Y) — AlPn), Y — Gn >x*,x dt > 0, (9.59) 
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for all Y € Lp (I, X). Letting n — œ it follows from this that 


J < AW) 00-9 oxox dt 20. (9.60) 
I 


for all y € L,(I,X). Take Yy = yp + Tp for any T > 0 and p € L(I, X). 
Substituting this in the preceding expression we obtain 


| < Alp + Tp) — 9, p >x+,x dt 2 0, (9.61) 
I 


for all p € L,(I, X). Letting T — 0, it follows from the hemicontinuity of 
A that 


| < Aly) — 9, p >x«,x dt > 0, (9.62) 
I 


for all p € L,(I,X). This is possible if, and only if, V = A(y). Thus, the 


expression (9.57) is actually 
pt+tA(y)=f in L,(1,X*) (9.63) 


with y(0) = yo. We prove uniqueness by contradiction. Suppose there are 
two solutions, y and w corresponding to the same f and initial condition 
(0) = (0) = yo. Then they must satisfy 


[<e-he-doxx a+ f LAA) ew San edi a0. 
I 


By virtue of strict monotonicity of the operator A, it follows from the above 
identity that 


f <e-be-u>arco. 
I 


Since y, Y € W and W is continuously embedded in C(I, H), these functions 
are continuous with values in H. Thus the point values are well defined. 
Then using integration by parts, it follows from the preceding inequality 
that 


|e(T) — Y(T) < 0. 


This is impossible and so the contradiction proves uniqueness. eè 
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9.7 Some Examples for Exercise 


Pi: Prove that the Malliavin operator 6 is a nonexpansive map from 
L2(I,Ga) to Ha. 


P2: Justify that the semigroup T(t), t > 0, as defined in Corollary 9.2.5, is 
the Ornstein-Uhlenbeck semigroup. 


P3: Consider the operator A given by the expression (9.21). Give a detailed 
proof of Theorem 9.3.3. 


P4: Consider the operator A as defined by the expression (9.37) and give 
a detailed proof of Lemma 9.5.1. 


P5: Consider the operator A = C*JC as defined in Lemma 9.6.1. Verify 
the estimate (9.46). Hints: Use (9.45) and the evolution equation (9.44) in 
the sense of distribution. 


P6: Consider the operator A = C* JC € £(X, X*) as defined in Lemma 
9.6.1. For p = q = 2, J is the identity map and the operator A € L(X, X*). 
Recall the Hilbert space H = L2(Q). Clearly the operator A considered as 
a linear operator on H is an unbounded operator A : D(A) C H —> 
H with domain dense in H. Prove that —A generates a Co-semigroup of 
contractions (operators) in H. Hints: Using Lemma 9.6.1, verify that 


| (AD + A) lla (1/A), VA > 0, 
and then use Hille- Yosida theorem. 


P7: Prove that the above result also follows directly from Lemma 9.6.3; 
and then the (mild) solution of equation (9.44) is given by 


v(t) = Slepo + S(t—r)f(n)dr,t > 0, 


for every pair (yo, f) € H x L4°¢([0, 00), H). 
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